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Illanoéni decamurxnachuku ma 0ecamuKiacHuyi!

IIporsirom maBuanua B 10—11 Kjacax Bu OyneTe OIaHOBYBaTU KYpPC
«Anrebpa i mouaTKu aHaJidy», Y AKOMY 00’e€IHaAHO MaTepiaa KiJIbKOX
raysyseii mareMatTuuyHoli Hayku. Ileil Kypc macTh BaM 3MOTY OBOJIOIITH
TaKOI0 CUCTEMOIO 3HAaHb 3 ajarebpu i mouaTkiB aHajidy Ta HaOyTU TaKUX
KOMIIETeHTHOCTel, SKi OyAyTh HOTPiOHI He TiBKWM B MOBCAKIEHHOMY
JKUTTI, a 1 y MaliOyTHiN TPpyROBi# nisanbHOCTI i AKX OyIe JOCTATHBO AJIA
TPOJOBXKEHHA HABUAHHSA Y BUIUX HABUAJHLHUX 3aKJAlax.

YV 10 xmaci BeamkKy yBary NOpPHUILJIEHO II€PETBOPEHHIO BUPAasiB,
pPO3B’A3YBAaHHIO DiBHAHB, HEPIiBHOCTEIl, BU TAKOK [i3HAETECS IIPO HOBIi
Ba'KJIMBI BJIACTUBOCTI (PYHKITifI, B3HAYHO POIIIUPUTE BigoMoCTi 3
TPUTOHOMETPil, TOYHeTe BUBUATU HOBUHU KypC — NOYAMKU AHANI3Y.

BuBuenns anrebpu i mouaTkiB aHasidy moTpeOyBaTUMe BiJ Bac HAIIO-
JIeTJIUBOCTI Ta JIOTiKM MUCJIEHHS.

Posriaremo ocobamBOCTi migpyuyHuka Ta pobotu 3 HuM. A 3pyd-
HOCTi MaTepiaJ miApyYHUKA CTPYKTYPOBAHO 3a JAOIIOMOT'OI0 PO3MAijIiB, Ia-
parpadiB, nmyHKTiB, py6puk. KoskeH maparpad MicTUTL TeOpeTUYHUI
Marepiaj, 3pasKu pPO3B’A3yBaHHA 3alady i BIpaB, 3alUTaHHA OO TeO-
peTmuHOro MaTepiasy, 3aBIaHHA AJIA KJIACHOI i JoMalrHboi po6oTu, mMpo-
eKTHOI IifAabHOCTi ToIo. TeopeTHUHMHN MaTepiaa HiAPyUYHNKA BUKJIAIEHO
TIPOCTOIO, TOCTYIIHOIO MOBOIO, IIPOiJIIOCTPOBAHO MAaJIIOHKAMU Ta BEJUKOIO
KiJbKicTIO IPUKJIaJiB PO3B’A3yBaHHS 3ajaua.

Jia 3pyYHOCTi B MiAPYYHUKY BUKOPUCTAHO TaKi YMOBHI ITO3HAUEHHS:

&! — BaJKJIMUBUIN MarTepiasn (osHAUEHHA, MaTeMaTUYHI TBepAKeHHH,
BJIACTUBOCTi, aJITOPUTMHU), AKUU Tpeba 3amaM’ ATaTu;

Q — BallMTAHHA 1 3aBJaHHA 0 BUBUYEHOTO TEOPETUUHOTO MaTepiany;

(I — Teopema; ﬂ — Hacaigkm; M — 3aKiHUeHHSA JOBEIEHH;

? — «KJIIOUOBa» 3amava (3amada, BHCHOBOK SKOI BHUKOPHUCTOBYIOTH
mig yac po3B’sI3yBaHHSA iHIIKUX 3a1a4);

1.2 — BmpaBa a1 BUKOHAHHS Yy KJaci;

1.3 — BmpaBa [AJ1s1 BUKOHAHHS BIOMA.

VYeci sagaui i BIpaBu po3mojijieHO BiAMOBiIAHO 0 PiBHIB HaBUYAJIbHUX

IOCATHEHD i BHOKPEMJIEHO TaK:
3 IMIO3HAYKN IIOYMHAITHCA BIIPABU IIOYATKOBOI'O piBHH;

3 IO3HAYKU TIOYNHAIOTHCA BIPABU CEPENHLOTO PiBHH;

3 IMIO3HAYKN IIOYMHAIOTHCA BIIPABU JOCTATHBOTO piBHH;

=N =

3 IMIO3HAYKN IIOYMHAIOTHCA BIIPABU BHUCOKOI'O piBHH.

Py6puka «Po3B’sokiTh 3amadi Ta BMKOHAlTE BIIPABU» MiCTHUTh

N
3HAYHY KiJIbKiCTh 3aBAaHb AJIs KJIACHOI i JOMAaIITHBOI po0OTH, YCHUX BIIPAaB,
OpaKTUYHUX 3aBlaHb, 110 BiAMMOBizar0Th TeMi maparpada Ta JIOIOMOKYTb

nmobpe i ommparoBaTu. Q «BripaBu miABUIIEHOT CKIATHOCTI» TOIIOMOXKYTh
TMOTJIMOUTH 3HAHHSA 3 ajre6pu i mouaTKiB aHANI3y Ta COIPUATUMYTD IIifr0-
TOBIIi 0 Pi3HOMAHITHMX MaTeMAaTUUYHUX 3MaraHb. Y PyOpHILi «Kur-
TEBA MaTeMaTHUKa» 3i6paHo 3amadi, moB’s13aHi 3 EKOHOMIYHOIO I'PAMOTHICTIO
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i migmpreMINBiCTIO, €KOJOTIUHOIO 6E3IEeK00, 30POBUM CIIOCOO0M KUTTH,
TPOMaAAHCHLKOIO BiAMOBiZaNbHICTIO, — yCiM THM, N0 3HAZOOUTHCSI KOXK-

HOMY B HOBCAKAEHHOMY KUTTi. ¥ pyopuri || «IlixroryiiTecsa mo BUBUeHHSA

HOBOT0 MaTepiay» IIPOIOHYETHCSA BUKOHATU BIIPABU, SAKi OIIOMOKYThH aK-
TyaJisyBaTh 3HAHHS, DOTPiOHI A BUBUEHHS HACTymHOI TemMu. PyOpuka

¢ «IlikaBi 3amauvi J1a yuHiB HellefauuX» MICTUTL HeCTaHAAPTHI 3ajzadi,

3aJadi MaTeMaTUYHUX OJiMIiaj pisHMX KpaiH cBiTy, a Takok s3azmadi, aB-
TOpaMU AKUX € BUAATHI MaTeMaTUKU.

3aBiTaBIIin Ha caiiT BumaBHUIITBA «I'eHesza» www.geneza.ua, BU 3MO-
JKeTe TepeBipuTH CBOI 3HAHHS Ta HiATOTYBATHUCA OO TEMATHUYHOTO OIiHIO-
BaHHA, AKII0 BUKOHAETE 3aBJAaHHA «J[OMaIIHBOI caMOCTiHOI PoGOTH» Ta
«3aBIaHHS IS MepeBipKu 3HaHb». Ha caliTi BU Tako:K 3HAalifieTe IOBHY
Bepciio BiAmoBimeil 40 3aBAaHb IIAPYYHUKA Ta TECTOBI 3aBHAHHSA 3 aaredpu
i mouaTkiB aHanidy, AKi He YBIANLIM B IeH IMiIPYYHUK, aje JOIIOMOXKYTb
cucTeMaTU3yBaTH i y3araJbHUTUA 3HAHHA 3 IIPeIMeTa Ta rOTyBaTUCA IO 30-
BHIITTHBOTO HE3AJIEXKHOTO OIliHIOBAaHHA 3 MaTEeMAaTUKMU.

V migpyyHUKY TaKoK IofaHo 6araTo IikaBux (akTiB 3 icTopil craHOB-
JIEHHA 1 PO3BUTKY MaTeMaTUYHOI HAYKH.

Bascaemo eam ycnixie y Hasuanhi!

IlTanoeni suumenvku ma éwumeni!

CoopiBaemocs, M0 IMiAPYYHUK CYTTEBO IOIOMOJKE BaM B OpraHisairii
Ipollecy HaBYaHHA YYHIB ajarebpu i moyaTkiB aHasiidy. ABTOPCHKUIT KO-
JIEKTUB HaMaraBCsi CTBOPUTHU HOTO TaKUM, 1100 BiH ITOBHOIO Mipoio peasi-
3yBaB METy Jep;KaBHOI IIPOrpaMu 3 MaTeMaTUKH; CIPUAB (DOPMYBaHHIO B
VUYHIB HAYKOBOTO CBIiTOIVIAZY, YCBiJOMJIEHHIO MaTeMaTHUYHUX BHAaHb SAK
HeBiZ’€eMHOI CKJIaf0BOl 3arajibHOI KYJbTYPU JIOAUHU 1 HEOOXimHOI yMOBHU
TOBHOITIHHOTO JKUTTSA B CYYaCHOMY CYCIILJILCTBi; JOIIOMIT' OBOJIOAITH CHCTE-
MOI0 MaTeMaTUYHUX 3HAaHb, HABUUKAMM Ta BMiHHAMU, IOTPiOHUMH B IIO-
BCAKJIEHHOMY JKUTTi Ta B MalOyTHii mpodeciiiniii igabHOCTI; 3a0e31meuynB
PO3BUTOK JIOTiYHOTO MHUCJEHHS, iHTYyimii, aaropurmiunoi, indopmartiiiHol
Ta rpadgivHoi KyJabTypu; (hOpMyBaB KHUTTEBI KOMIETEHTHOCTi, 3arajabHO-
JIIOACHKI IiIHHOCTI 0CO0MCTOCTi, BUXOBYBAB HAI[IOHAJIbHY CAMOCBiZOMiCTh.

Okpim Tpazuiiiinoi cTpykrypu (poszminm, maparpadu, TYHKTH, PYyO-
PUKK) Ta IIOAiAYy HABUYAJHLHOTO MaTepialy Ha TEOPeTUYHY i HPaKTUUYHY
CKJIQIOBi, HiAPYYHUK MicTUTb DPYyOpPuMKY «JKuTTEBa MaTemaTmka», IO
cIpusATHMe peaJsidaiii HacKpisdHUX JIiHiNl mporpaMy 3 MaTeMaTUKU Ta JO-
noMoske (DOPMYBAHHIO B VUHIB IPEIMETHUX 1 KJIIYOBUX KOMIIETEHTHO-
creii. [udepeHIiifioBaHicTh 3a/1aU i BIpaB 3a YOTUPMa PiBHAMU CKJIATHOCTI,
smict pyopuk «IlikaBi 3agaui as yuniB Hesremaunx» i « Bupasu migBuie-
HOI CKJAIHOCTi» [IOIIOMOJKYTH 3a0e3IeYNTH OCOOMCTICHO Opi€HTOBAHMI
migxix mo opranisariii mpoliecy HaBYaHHS Ta CIPUATUMYTH (POPMYBaHHIO
TO3UTUBHOI MOTHBAIIil YUHIB 10 BUBUEHHs ajarebpu i mouyaTKiB aHasisy.

VYV migpyYHUK BKJIIOUEHO BEJIUKY KiJbKicTh 3amau i BupaB. Kpim Toro,
Ha caiiTi BumaBHuIiTBa «I'eHesza» www.geneza.ua PO3MIIIEHO TOIATKOBi
3aBJaHHA [AJS IIOBTOPEHH:A, cUCTeMaTusalii Ta ysaraJbHeHHA HaBYaJb-
HOTO MaTepiagy OO0 KOXKHOTO PO3Aijy Ta IIOBHY Bepciio BimmoBimeii mo
3a/av i BIpaB OO MiIPYYHUKA.

IITacmu eam y sawiii Heaezkiit npayi!



PO3AI1 ®YHKLIT, MHOTOYAEHWN,
PIBHAHH4 | HEPIBHOCTI

y UbomMy POo341111 MMU...

@ npuzaadaemo desiki 0CHOBHI 8rracmueocmi (hyHKUIU; 2pacpiku i
grracmugocmi OCHOBHUX 8udie QhyHKUIU,; nepemeopeHHs epai-
Kie cbyHKUil; eidoMOcmi Npo pi8HSAHHS ma HepigHOCMI; MOHAM-
msi MHOXUHU;

@ o3HalloMumMocs 3 MOHIMMsAMU 060POMHOI | 06ePHEHOI (PyHK-
uiti; meopemoro besy; Memodom mamemamu4HoIl IHOYKUil;

@ Haeyumocs 3Haxodumu 06’cOHaHHS ma rnepepia MHOXUH, (OyHK-
uiro, obepHeHy 0o OaHoI; po38’si3yeamu pi8HsIHHS 3a OOMOMOZ0H0
srnacmusocmel ¢hyHKUil; po38’a3ygamu pi@HSIHHS ma Hepig-
HOCmi 3 napamempamu; 3acmocogysamu Memoo0 iHmepsarnis;
0inumu MHO204/1eHU.

{L MHOXXWHA.
ONEPAUII HAQD MHOXXWUHAMU

Y mpomy maparpadi 3ramaemMo BijoMi BaM YUCJ08i MHOMCUHU
Ta POBIIUPUMO CAMe IMOHSITTSI MHONCUHU.

1. Yucnosi nio oy ITonaTTs YMCNIa € ONHUM 8 OCHOBHUX
Mmuoxcuna diticnux wucen | Y KYPCL MaTeMaTuKu. YABJIEHHS IIPO
| yucaa (HaTypaJbHi, IiJgi, palioHajb-
Hi, ippamionanbHi) y JIOACTBA CKJIAAAINCA MOCTYIIOBO, y HpOIeci
NIPaKTUYHOI AiAJbHOCTI. Yci BUIlesrajgaHi BUAM YMCEJ BaM Tpall-
JAANUCA Yy HMIKIIBHOMY Kypci marematuku. Haramaemo OCHOBHI
BUJUM YUCJIOBUX MHOKUH.
Yepes nmotpedy B siubi mpeameTiB 3’ ABUINCA HAMYPAJLbHI YUC-

Ja

‘ Yucna 1, 2, 3, 4, 5, ... , AKi BUKOPUCTOBYIOTH JIJA JUOU
NpeaMeTiB, HA3UBAKTH HAMYPALbHUMU YUCAAMU.

MuoxxuHY HaTypaJbHUX YMCeJ ITo3HauaioTh Jiteporo N. Ha-
rajgaemo, o 3anuc 2 € N o3HaUae, IO YUCJI0 2 HAJEKUTHb MHO-

. 2
JKUHI HaTypaJIbHUX UNCeJI, a 3aIuc 3 ¢ N osHauae, II10 YUCJIO 3

He HAJIEKUTh MHOMKHWHI HATYPAJIbLHUX UYHCEJI.
VYuepire gid’emni uucna 3’sasunuca y CrapomaBabomy Kurail
npubausao 2100 pokiB Tomy, TaMm ixX TayMauuam SK OOpT.



Yucia n i —n HA3UBAIOTH npomuiexchumu. Hampukiazn, mpo-
THJIeXKHUMHU € uncaa b i —5, —0,8 i 0,8.

‘ HarypansHi uyucia, MpOTUIEKHI IM yneaa Ta yuceiao 0 yrBo-
&, PIOIOTH MHOKMHY YiAux wucel.

MHOXXUHY HiJINX YKCesJ M03HAYAIOTh JIiTepoo Z.
IToTrpeba y BuMiproBaHHI BeIMUMH NIpU3Beaa OO0 IIOABU APO0O-
BuxX umcesa. Tak, HAIPUKJIAMA, JOBKUHA MOTY3KH MOYKEe CTAHOBU-

™ 37 cMm, abo % M, abo 0,37 M, a cepemHsa Maca AIUKa 3

dpyrramu — 12,7 Kr.

Q IMini Ta gpoboBi YHCIA CRIATANIOTHE MHOKMHY PDOUIOHATbHUX
yucen.

MuOXUHY pallioHaJbHUX UYHCEJ II03HAYAIOTh JIiTepoio Q.
Haragaewmo, mo 6ydv-akxe payionasbHe YUCLO MONHA 3ANUCAMU

. m .
Yy eueandi —, 0e m — yiae wucno, @ n — HAMYpPaJivHe.
n

Hampuraan, 10 = E; —2l = —7; 0,8 = é; -3,17 = ﬂ
1 3 3 5 100
PamionasbHe 4nc/io MOMKHA TaKOMK IMOJATHU Y BUTJIAIL TECATKO-
BOTO Ipo0y, A IILOTO UYHCEJbHUK P00y Tpeba IMOTiIUTH Ha HOTro
3HaMEHHUK.

Hanpukiaz, g = 0,625; ‘% - 1,75 g =0,303030... =0, (30).

B ocramHbOMY BHOAIKy OTPUMAJU HECKiHUEHHUIN mepiogmy-
Hui apio.

Y mpakTuuHIA AiAJBHOCTI JIIOAWHU TPAIJIAIOTLCA YHCIa, AKi
He € pamioHanpHuMK. HampukJjaz, rimoreHysa piBHOOeZpPEHOTO
OPAMOKYTHOTO TPUKYTHUKA 3 KaTeTOM 3aBIOBKKU 1 M IOpiBHIOE

..m
V2 M. Yueno V2 me moxma HoJaTH y BUTLJIALL —.
n

. . m .
‘ Yucna, aKi He MOKHA IOJATH Yy BUIIAAL —, Jie m — Ifilme
n

YUCTO0, a * — HATyYpaJBbHC YUCJI0, HASUBAIOTH ippauionanb-
HUMU wucaiamnmu.

Haranmaemo, 1110 KodxcHe ippauioHaabHe YUCAO MONCHA nodamu
Y 8uzasldi HeCKiHUeHH020 HenepioduiHoz0 0ecamiko6020 Opoly.

Pamionasbui uwmcsma pasom 3 ippallioHaJIbHUMHU YTBOPIOIOTH
MHOMKUHY Oilichux ducen. 1110 MHOKUHY TO3HAYAIOTH JiTeporo R.

Ilpuknagamu ippallioHAJIbHUX YHCEJ € TAKOXK dYucJa \/g, T,

—J/11 Tomro. Habnam:xkeHi sHaueHHA IuX unces (TOOTO OKpPYTIJeHi
0 IEeAKOT0 PO3PAAY) MOKHA 3HAXOAUTU 3 MEBHOI TOYHICTIO 3a
JIOTIOMOT0I0 KaJbKyJIATOpa abo KoMII’ioTepa:

J3 ~1,7320508; n ~3,1415926; 11 ~-3,3166248.



2. Ilonsasmms MHOMCUHU.
ITid mnoxcuna

KpiMm MHOMXKUH, SKi MU pPOSIISHYJIN
BUIIE, PO3TISANAIOTD I iHITI MHOMKUHU.
| TloHATTA MHOKHWHHK B OiJbHI IIHPO-
KOMY PO3YMiHHi € OTHUM 3 OCHOBHUX Y MaTeMAaTHIIl i TOMy He Mae
osHaueHHdA. I[lig TOHATTAM MHOMKUHU OyZeMO PO3YMiTU IIEBHY CY-
KYOHICTH 00’€KTiB Oyab-IKOI MPUPOAU, caMi 00’€KTH IIPU I[LOMY
Ha3WUBATUMEMO eJeMeHMaAMU MHOHCUHU.

3a3BUYail MHOKUHHU ITO3HAYAIOTh BEJIUKUMHU JATUHCBKUMH JIi-
Tepamu. SIKII0, HATPUWKJIAL, MHOXKUHA A CKJIQIaeThCA i3 UmMcCesa
1, 2, 3, a mHOokuHa B 3i 3HakiB * i !, To Ile 3amHCyIOTh TakK:
A=1{1, 2, 3}, B={*!}. Yucna 1, 2, 3 — eleMeHT: MHOXUHHU A,
a sHaKu *, | — enementu muokuHU B. Toit dakxr, 1mo uwuciao 1
HaJIe)KUTh MHOMKHUHI A, 3aIMCYIOTh 34 JOIIOMOIOI0 BiJloMOI'0 BaM
cuMBoJa HajexkHocTi: 1 € A, a Te, 1m0 unciao 1 He HaAJIEKUTH
MHOKUHI B, sanucyrors Tak: 1 ¢ B.

MHuoxUHM, KiJIBKICTh e€JeMeHTIiB AKUX MOKHA 3amucaTu
HaATypaJbHUM UYMCJIOM, HA3WUBAIOTh CKiHueHHUMU. MHOXKUHY, AKa
He MICTUTBL JKOJHOTO eJIeMeHTa, Ha3UBAIOTHb TMOPOHCHbLOI MHOMCU-
Hotw. 11 mosHauaiors cumBosioMm . Tak, HaIPUKJIAL, TOPOKHBOIO
€ MHOXXIHA PO3B’A3KiB piBHAHHA x2 + 1 = 0.

MHoxUHU, KIiJBKIiCTh eJIeMeHTiB AKMX He MOJKHA 3amnuca-
TU HATYPaAJbHUM YHCJIOM i1 SAKi He € IIOPOKHIMHU, HA3WBAIOTH
HecKiHueHHUuMu. HecKiHueHHMMU MHOMKMHAMHN €, HaAOPUKJIALI,
MHOXKUHU N, Z, @, R. TakoK 10 HECKIHUEeHHNX MHOMKIH HAJIEeXKaTh
Bimomi Bam uucso6i npomixku. Hanpuriman, mpomiskku (—o0; 2],
(-1; 1), (3; +°°) € HecCKiHUEHHMMHU MHOXKWHaMH. SIKIIO KiHITi
OPOMiKKa MOMY He HaJeKaTb, TAKUU IIPOMIiKOK IIle Ha3WBAIOTh
iHmepeaiom.

MHOXUHM 3pyYHO 300paskyBaTH 3a HOomoMorow diazpam (Kpy-
2ig) Eiinepa—Benna (mas. 1.1). MHOKUHHA, 110 € YUCJIOBUMU IIPO-
MidKKaMMu, 3pyYHO 300pasKyBaTH HA YHCJIOBiH NpAMill IITpUXY-
BaHHAM (Mai. 1.2).

%
2
i
Q) g
&
3
Max. 1.1 Maa. 1.2

‘ Sxmo KoeH eleMeHT MHOKHHH B € ereMeHTOM MHOKMHH A,
&, TO Ka’KyTh, 1[0 MHOKUHA B € minMHOKMHOI0 MHOKHHA A.

3anucyoTs 1e Tak: B < A. CxemMaTuuHy ijgrocTpalliio Iboro
darTy momaHo Ha MaJOHKY 1.3.

Hexait A = {1, 2, 3, 4}, B = {1, 2},

A C = {4, 5}. Toxi mHOXNHA B € IiIMHOXHHOIO
MHOKUHEN A: B C A.

Muoxxknua C He € TiIMHOMXMHOIO MHOMKHUHHU A,
OCKinbKHN MHOKuHA C MicTUTL ejIeMeHT 5, SIKOTo
Mau. 1.3 He MICTUTH MHOMKUHA A.



g BumesragjaHUX UYHCJIOBUX MHOMKUH MOMKHA 3aIlucaTu:
NcZ, Zc@Q, Nc@, Zc R romro.

YBaKamoThb, IO MOPOXKHSI MHOMKMHA € IIIIMHOKHHOIO OyIb-
AKOl MHOYKWHU.

3. Onepayii Posrasuemo geari omeparii (amii), aAki
nad mio e MOJKHA BUKOHYBATH HAJ MHOYKIHAMH.

p ‘ Ilepepizom muoxun A i B HA3MBAaIOTh MHOXKHHY, IO CKJA-
k, IA€ThCS 3 YCiX eJIeMeHTIB, fKi HaJeKaTh IK MHOKUHI A, TaK
i MmHOxUHI B.

Ilepepiz MHOKUH, K 1 mepepi3 MPOMiKKiB, 3aIUCYIOTH 3a I0-
IIOMOTOI0 3HAKa M.

(EE¥d A =11, 2, 8, B=1{2, 8, 4, C = {4, 5}. Toxi
ANnB={2,3},AnC=0Q.
Ilepepisa MHOMMH 3pydYyHO 300paskyBaTH Ha Jgiarpamax
(man. 1.4), a Aad YKMCJIOBUX HPOMIMKKIB — HA YHMCJIOBiN IpAMii,
HampukJaang, [1; 5] n (2; 7] = (2; 5] (man. 1.5).

AnB : ANB :
[ |
“ i k
X A
1 2 5] 7
Maua. 1.4 Maxn. 1.5

p ‘ 06’ conannam mroncun A i B Ha3MBalOTh MHOXKHHY, IO CKJa-
MAETHCS 3 YCiX eleMeHTiB, sIKi HAJeKATh Xoua 6 oxHil i3 MHO-
axua A aéo B.

OG’egHaHHSA MHOMMH, AK i 00’e¢qHaHHA NPOMIMKKIB, 3ammcy-
IOTH 3a JOIIOMOIOI0 3HaKa U.

ONITOEEED A = {1, 2, 8}, B = {2, 3, 4}, C = {4, 5}. Toxi
AuB={1,2,3,4},AuC={1, 2, 3, 4, 5}.
O0’emHaHHA MHOMKUH TaKOK 3PYYHO 300pa’KyBaTH Ha miarpa-
max (maa. 1.6), a o YMCIOBUX HNPOMIiKKiB — Ha YMCJIOBiN mps-
Mii, HanpukJaazn, [1; 5] U (2; 7] =[1; 7] (max. 1.7).

AUB | AUB |
| |
. 7 § L
X N ¢
17 2 5 7
Mau. 1.6 Maxa. 1.7

@ AKi Yicna yTBOPIOKTb MHOXWMHY HaTypanbHUX YuUcen; Linux 4u-
cen; pauioHanbHWX 4ucen; ippauioHanbHUX 4ucen? @ HAki yucna
YTBOPIOIOTb MHOXWHY AiINCHUX Yucen? @ Ak nosHavyalTb MHOXWUHM



HaTypanbHWUX, UiNuxX, pauioHanbHuX, gincHux yucen? @ Lo posymi-
I0Tb Mi4 MOHATTAM MHOXWHWU? @ LLlo Ha3MBalOTL enemMeHTamMmm MHO-
XnHU? @ Konn MHOXWHY B HasunBaloTb NIAMHOXMHOK MHOXWUHU A?
@ AKi MHOXMHM Ha3WBaKTb CKIHYEHHUMW; HECKiHYeHHUMn? @ LLo
TaKke MOPOXHSA MHOXMHa? @ Lo HasvBalTb NEPEpPi30M MHOXMH?
@ LLlo HasnBaoTb 06’€gHAHHSAM MHOXMWH?

§ Fozb axims 3agaui ma bukonaime bnpabu

,.1{, 1.1. (Ycro). HYu mpaBUIBHO, II0:
: 1) 7 — HaTypaJbHE YUCJIO; 2) 3,2 — mine uwuco;

. 8 -
3) J8 - paitioHajsbHE YKCJIO; 4) "9 — miticue umciao?

1.2. I3 uucen \/5; —3%; 49; —4,(2); n; —17; —8,9; 0; —\/7; 0,444...

BUIIUIIITh:
1) HaTypasbHi unuca; 2) mini meBix’emMHI uMca;
3) pamioHanbHi Bix’eMHi uncaa; 4) ippamioHasabHI ymcia.
7 7
1.3. I3 umcen 5; _J§; -8; 5; Vv19; 2,(8); —V15; —ZH; 0; 3,148
BUMNUIIITh:
1) marypanbHi uucsa; 2) misi HemomaTHI ymcsa;
3) parioHanbHi momaTHI ymcia; 4) ippamionasbHi yuca.
1.4. (Ycuo). HaBenmiTh mpukJagy CKiHUYEHHUX 1 HeCKiHUEHHUX
MHOKHUH.

1.5. (Vcrno). HasBiTh e1eMeHTH MHOMKWHU:
1)A={4, 7,11, 18}; 2) B ={A, O, O}.
Arum uwmcaoBuMm MHOKUHAM (N, Z, @, R) HaleXUTb YUCJIO
(1.6—1.7):
2

16.1)73; 255 Im 4) 0;

5)13;  6) -T; 7) g; 8) 15?

T

1.7. 1) -9,3; 2)5%; 3)7;  4)18; 5)g  6) 113,72

300pasiTh Ha umcaoBiil mpamii mpomiskok (1.8—1.9):
1.8. 1) (-4; 2]; 2) [-1; +o0); 3) (—o0; 4); 4) [-2; 1].

1.9. 1) [4; 6]; 2) (—oo; 3]; 3) (2; +o0); 4) (3; 4).
1.10. 3 MHOXUHU {—, é, 9, Z, —} BUILIITh TiAMHOMKIUHY:
26 5 3 8
1) npaBuIBHUX APOOIB; 2) HempaBMJIBHUX JIPOOiB.
1.11. 3 muosxkunu {26, 37, 41, 38, 46} BUALIITE HiAMHOMKUHY:
1) mapHux uuces; 2) HelmapHUX YLCEJI.



1.12. (¥YcHo). Yu mpaBUIBHO, IIO:

1) 8 ¢ N; 2) -13 € Z; 3)4 ¢ Q; 4) 48 ¢ R;
5)—4,2 ¢ N; 6)-8,3 € Q; 7)—4,8 ¢ R; 8) J7 e Q;

9) V1 e N; 10) /15 ¢ R; 11)\/% ¢ Z; 12) 1%6Q?
1.13. Muosxuna C cKIaJaeTheA 3 yCixX MificCHUX KOpeHiB piBHAHHSA
x2 = -9, Illo me 3a MHOKUHA?

1.14. MuoxkuHa D cKJIamaeThCcsa 3 yCix MiiCHUX KOPEHiB PiBHSH-
us x| = =5, o ne sa MHEOxUHA?

1.15. (Ycno). HaBeniTe NpuKJIagU IMOPOMKHIX MHOMKUH.

2. Yu npasuibHe TBepakeHHA (1.16—1.17):

1.16. 1) N < Z; 2)Q c Z; 3) N c R; 4) R c Q?
1.17. 1) @ c N; 2) N c @; 3) Z c R; 4) R < N?
1.18. Yu npaBuiabHe TBEPAKeHHA, 10 A C B, SKIIO:
1) A={2}, B={1, 2, 3}; 2)A={A, U}, B={A?,1};
3)A=0, B={1, 2, 3}; 4) A ={a, v, b}, B = {a};

5) A — MHOKWHA IPOCTUX UYMCeJ, B — MHOKMHA I[IJIUX YHCEJ;
6) A — MHOXVWHa HaATypaJIbHUX uncelsl, B — MHOXXWHa HATY-
pPaJIbHUX YuceJ, KpaTHux umcay 10?

1.19. Yu npaBuiabHe TBEPA:KeHHA, 1110 C < D, AKIIIO:
1)C={1,3},D={1,5,9}; 2)C={A,!}, D={A, 1, O,!};
3) C ={a,c, d}, D=03; 4) C ={A, O}, D ={A, O}?
1.20. 3uaiigiTe 00’egHauua Ta nepepisd mEoxuE C i D, aKImo:
nc=11,2,3},D={1, 2, 5} 2) C ={*}, D ={*, A};
3) C — MHOKMHA iIbHUKIB uncia 6, D — MHOYKIHA TLILHUKIB uncia 8;
4) C — MHOXMHA KOpeHiB piBHAHHA x2 = 4, D — MHOKHMHa Kope-
HiB piBHAHHS || = -1,
1.21. 3HaigiTe 00’eJHAHHA Ta Iepepisd MHOKHUH A i B, AKIIO:
1)A={1, 3}, B={3, 5};
2)A =0, B={A, I}
3) A — MHOKMHA NPOCTUX umceJs, MeHinmux 3a 10, B — mMHO-
JKMHA HeIlapHUX HATypaJdbHUX umces, MeHIIux 3a 10;

4) A — MHO:XUHA KOpeHiB piBHAHHA |x| =3, B — MHOXHUHA
KopeHiB piBHaHHA 2x + 6 = 0.

1.22. 3uHaiigiTe HaliMeHIIe I1iJie YMCJI0, 10 HAJEeKUTh IIPOMIiKKY:
1)(0;5); 2 (—%; 1%} 3)[5; 11);  4) (0,88; +o0).

1.23. 3uaiigiTe HabiJbIIe Iije YMCI0, 1[0 HAJIEXKUTh IIPOMIMKKY:

1) (=3; 8);  2) (=905 3,7); 3) [0; 16,3); 4) (—=5; 0,98).
1.24. Muoxxuna K ckiagaeTbesa 3 po3B’A3KiB piBHaHHA x| —4 = 0,
a MHOKHHA L — 3 po3B’sA3KiB piBHaHHA x2 = 16. Yu mpasBuibHO,
o MHOKUHA K € migMHOMMHOI MHOXKUHKN L? A HaBmaxu?
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1.25. Muoxxuaa C CKJIamaeThCad 3 PO3B’sA3KIB  piBHAHHSA
(x+1)(x-2)=0, a wmHOXMHa D — 3 po3B’A3KiB piBHAHHA
x2 —x—-2=0. Yn npaBWwiIbHO, [0 MHOXHHA C € IiJMHOXXMHOIO
MHOKUHN D? A HaBmarku?

8 1.26. Banumirte yci migvmuokmHM MHOxMHEM A = {0, 1, 2},
AK1 MicTATb:

1) oguu enemeHT; 2) IBa €JIE€MEHTH; 3) Tpu eJeMeHTH.
1.27. 3anuunits yci migMHOMUHEN MHOXKUHEN B = {A, *, 1}, aki

MiCTATH:

1) oguu enemeHT; 2) ABa €JIeMeHTH; 3) Tpu eJIeMeHTH.

300pasiThy HA YMCJIOBiM mpaMiil JaHi OPOMiKKM Ta 3HAWIITHL ix
mepepis i 06’exumannsa (1.28—1.29):

1.28. 1) [-1; 4]1i (0; 7); 2) [1; 2]1i (—1; 7);
3) (=905 3) 1 (25 +0);  4) (=05 0) i (7; +09).
1.29. 1) [4; 711 (5; 9]; 2) [0; 1) i (—2; 3);
3)[-2; 3)i[4; 7); 4) (=005 0) i [-1; +0).
1.30. 3uaiigiTe, mepepis i 06’egHaHHT MHOKUH A 1 B, aKIIO:
1) A c B;

2) A — IOPOXKHS MHOKUHA, B — He € MMOPOKHBOI0 MHOYKUHOIO.
1.31. Yu vHanexxkuth npomizkKy (1,5; 3,4] uuciuo:

D2 25 3)V11; 4) 132
1.32. Yu manexkuthb npoMikKy [1,8; 3,9) uncmio:
V3 2T 315 4 1T?

1.33. 3o6pasits 3a momomoroio giarpam Eitnepa—Benma MHO-
wuan A, BiC, akmoAcC,BcCiC=Auv B.

1.34. 3o6pagziTes 3a gomomoror miarpam Eitnepa—Benna MHOXUHMI
A, BiC,akmo Bc A, CcAiBnNC=#.

1.35. Hexaii A — MHOXXHWHA TapHUX HATypaJbHUX umcesa, B —
MHOKMHA HelapHUX HaTypajJbHuUX uwuces, C — MHOKWHA HATY-
paJbHUX UHCeJI, KPpATHUX YHCIY 3. SaIluIlliTh 3a JOIIOMOTOIO Ja-
HUX MHOKUWH Ta 3HAKiB omepariii HaJg MHOKUHAMMN:

1) MHOKMHY HATypPaJbHUX YKCEJ;

2) MHOKMHY HATypaJbHUX UMCes, KpaTHuX 6;

3) MHOKUHY HellapHUX HATYPaJIbHUX YUCEJ, KpaTHUX 3.

1.36. Hexaii A — MHOMKMHA NapHUX HATYPAJIbHUX uYucea, B —
MHOKMHA HeMapHUX HATypaJbHUX uwnces, C — MHOKWHA HATYy-
PaJILHUX YWCeJ, KPATHUX YHUCJHY 5. 3anuIliTh 3a JOIOMOIOK Ja-
HUX MHOKHWH Ta 3HAKiB omepariii HaJg MHOXKUHAMMU:

1) MHOKMHY HaTypaJbHUX YUCeJ, KpaTHuUX 2 abo 5;

2) MHOXKUHY HaTypaJbHUX UYmnces, KpatHux 10;

3) MHOKMHY HellapHUX HATYPaJbHUX YUCEJ, KPATHUX 5.

1.37. Cucrema Hagpiraiii, mo BOy-

+V 1oBaHa y CIMHKY Kpicjaa JiTaka,
iH(opMye macasKupa IIPO Te, IO MOJIT
npoxoautb Ha BucoTi 40 000 ¢yris. 3a-
MUIITh BUCOTY MOJBOTY B KiJoMeTpax.




1.38. (BuOamui ykpaincvki mamemamuku). 3anulIiTh IO

TOPM30HTAJNAX MPI3BUINA BUAATHUX YKPAlHCBKUX MaTeMaTU-
KiB, IepIri JiTepu AKUX ysKe 3a3HAUEHO, Ta IPO OiJIBIIICTE 3 AKUX
BaM BiZloMO 3 IMiAPYYHUKIB momepenHix kJaciB. Takok, 3a morpe-
01, MOKHA BUKODPHCTATH [OMAaTKOBY JiTepaTypy Ta IHTepHeT.
SIKIMo mpisBUINA 3amUINIETe TPABUIBHO, TO Y BUAIJIEHOMY CTOBIYM-
Ky OTpUMAETe aareOpaiuHuii TepMiH, OisbIlle BizoMocTel Ipo AKui
3HalileTe B HACTYyIHUX naparpadax.

b

ol [ [ 1| |

Tligzomyimecs go bubuenns Hobozo mamepiany

1.39. 3naiiaiTe o06sacTh BUBHAUEHHA PYHKITII:

Dy-2¢+5  Dy- 3 y-;
X
4) y = Jx; 5)y=vx-2; 6)y=x+1+/3-x.

1.40. Jano dpyHKIiI0 g(x) = x_+; 3HaANmiTh:
x

)g(-2:  2)gl);  3)gO;  4)g@).

. 2x + 3, aKmo x < 1,
1.41. [awmo dyuKIio f(x) = 3HaNIiTh:
{\/;, akmo x = 1.
1) 7(-5); 2) 1(0); 3) f(1); 4) 7(100).
1.42. 1o e rpadikom QyHKIII:

1) y=-4x+5; 2)y=%; Ay="7;

4) y = 2x — x% 5) y =x; 6) y = x2 +3x —4?
1.43. ITo6yayiiTe rpadik GyHKITII:

Dy=2x-1; 2)y=—§;

3)y=-3; 4)y=x2x+4x—5.
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| MHOXWHA 3HAYEHb ®YHKL]II.

@ YUCNOBI ®YHKLII. OBJIACTb BUSHAYEHHSA
CNOCOBU 3AOAHHSA ®YHKLUIU

1. MHonamms Qynxyii 3 HOHATTAM (QYHKYIL, ONHUM 3 HaW-

Obnracmi susnaen BaXKJIMBIININX Yy CydYacHiII wmaTema-

i o THUIIi, BU O3HAOMUJIHCA B Kypci ai-
— rebOpu.

Y Kypci anreOpu i mouaTkiB aHaJidy OymeMO BUKOPHCTOBYBaTU
TaKe O3HAUEHHS YMCJIOBOI (DYHKITIi:

‘ Hucno6ow gynryico (200 PYHKUIOHATLHOIO 3ANEHCHICMIO)
L HA3MBAKOTh TAKY B3aJeKHICTh MijK IBOMA 3MIiHHUMH, NOPU
SAKIH KOKHOMY 3HAUYCHHIO He3aJeKHOI 3MiHHOI 3 JesIKol MHO-
JKMHHM BIiATIOBITa€ 3a MeBHMM IPABMJIOM €IHHE 3HAYCHHS 3a-
JlesKHOI 3MIHHOI.
DyHKIII 3a3BUUYall M03HAYAIOTH JATUHCHKUMHU (iHOII rperbKu-
MH) JIiTepamu.

W Posrnanemo @yHKIilo f, y AKill KOXXHOMY HATy-

paJibHOMY 3HauUeHHIO X Big 1 mo 5 Bigmomimae ywmcio y, 1m0 BABI-
4i Oismpire 3a x. 110 BizmoBigHicThs 306pa-
sKeHo Ha MaaoHKY 2.1. Crpinxa BKasye
Ha 4YMWCJIO Y, IO BiATIOBiae uywmcay Xx.
Yucno y Ha3UBAIOTh 3HAUEHHAM QYHK-
uit f y Tourmi x i mosHauamTh uepes f(x)
(ma maiu. 2.1 f(3) = 6).

Haramaemo, 10 HesaieKHY 3MiHHY X
11e Ha3WBAaIOTh AP2YMEHmom QYHKUiL, a 3a-
JIeIKHY 3MIiHHY Y — 3HAYeHHAM QYHKYIL abo Maur. 2.1
(yHKYi€0 Bix IIbOTO apryMeHTYy.

¢ ‘ Obnacmmo 6usHaveHHA QYHKYIL Y = [(x) HABUBAKOTH MHOMXKH-
Q HY BCiX 3HaYeHb, AKUX MOKe HAOyBATH apTyMEHT X.

ITosmauaiors 110 MHOMKUEY depe3 D(f). Aximo ¢pyukiiro 3aga-
HO y BUraAni y = f(x), Hampukaazn y = x2 —2x + 3, To 06JacThb
BU3HaUeHHA (QyHKII] mosHauaoTs uyepes D(y).

Hampukaan, obsactio BusHaueHHA (GyHKINI, 3 mpukiaany 1,
MHOXKMHA, III0 CKJIamaeTbed i3 umcea 1, 2, 3, 4, 5, Tobro D(f) =
{1, 2, 3, 4, 5}, a obsacTio BusHaYeHHs (QPYHKII y = x2 —2x + 3
MHO’KMHA BCiX AiMiICHMX 4UmceJ, 1[0 3aUCyIOTh Tak: D(y) = R.

W 3HaiiTu 00JacTh BUBHAYEHHS (PDYHKIIII:
x—2 b
y-= ; 2)y = —; 3) y =x%(—x-1).
)y . )Y NPT )y = Vx( )

+1
PosB’azanuda. 1) O6sacTio BusHaueHHA (GYHKII € MHOXKU-
Ha BCixX 3HaueHb X, Mg akux X +1# 0, Todoto x # —1, OCKiab-
KM 3HAMEHHUK JIpo0y He MOKe gopiBHioBatum HyJa0. OTike,
D(y) = (—o0; —1) U (—1; +0). Ile 3anuc obysacTi BUSHAUEHHA 3a
JOIIOMOI'0I0 00’ eqHAHHSA IIPOMIMKKIiB.

@ || @
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. 2) Obnactio Bu3HAUeHHS (DYHKIII € MHOKMHA BCiX 3HaUeHb X,
oasa agux x —2 >0, TobTo X > 2, OCKiIBKHU MiZKOpeHeBuil BU-
pas mMae OyTH HeBiJ €éMHUM i A0 TOTO K BiZMiHHUM Binm HyJs, 60
KOPiHb MiCcTHUTBCA y 3HAMEHHUKY Apody. OTixe, D(y) = (2; +00).
3) ObsacTio BUBHAUEHHS (PYHKIII € MHOJKI/IHa BCiX 3HAUeHbL X,
AIA AKUX x2(=x —1) > 0. Ockinbku x2 > 0 g1a BCixX 3HAUEHD X
i go Toro x& x2 =0. chmo x =0, TO MaTHMEMO, IIT0 obJIacTb
BU3HAUEHHSA CKJamaeThbcsa i3 umeaa 0 Ta pos3B’sa3KiB HepiBHOCTL
—x—-120, rooro x < —1. Orxe, D(y) = (—o0; —1] U {0}.
Bigmosigs. 1) D(y) = (—20; —1) U (—1; +0);

2) D(y) = (2; +o°);  3) D(y) = (—°°; —1] L {0}.

‘ Mmuooscunotro (260 obracmw) snawensv Qynkruil y = f(x) Hasusa-
&, HOTh MHOKUHY, 1[0 CKIANAEThed 3 yeix uucen f(x), me x < D(f).

IToznauators 110 MHOKUHY uepes E(f) abo E(y). [aa npuria-
oy 1 maemo: E(f) = {2, 4, 6, 8, 10}.

m 3HaWTH MHOXKWHY 3HaU€Hb (DYHKILii:

1)y =3—+Jx; 2)y=x2-2x+3.
PosB’aszanuda. 1) Bupas Jx MOJKe HaOyBaTU OyOb-SIKOTO He-

Bif’€MHOIO 3HAUEHHS: \/; 2 0. IToMHOXKXMMO OOMIBI YaCTUHU IIi€l
HepiBHOCTI Ha —1 i 3MiHMMO IIpU IILOMY 3HAK HEPIBHOCTiI Ha IIPO-
TUJIEKHUNA: —\/; < 0. Homamo mo 060X YacTUH HEPiBHOCTI YwucC-
ao 3. Toxi 3 —\/; < 3, Tooro y < 3. OTiKe, MHOKUHOIO 3HAUEHD
dyHKIT y =3 — Jx € mpoMizKOK (—2°; 3]. Maemo: E(y) = (—2°; 3]
2) Buninusmmu KBajpaT gBoduJeHa, MaeMo x2 — 2x + 3 = x2 —
- 2x+ 1+ 2= (x— 12+ 2. Orxe, y = (x—1)2 + 2. OcKinbKn
(x-1)2 >0, 70 (x—-1)2 +2 > 2. Maemo: E(y) = [2; +0).
Bigmosine. 1) E(y) = (-0; 3]; 2) E(y) = [2; +°0).

Ax Bimomo, (pyHKIil € MareMaTUYHUMU MOAEIAMU PeaTbHUX
mporieciB i ABUIN HaBKOJUIITHLOTO cBiTy. Tomy ix uacTo 3actoco-
BYIOTH IJIS PO3B’A3yBAaHHA Pi3HOMAHITHUX NPUKJIAIHUX 3a1a4d y
disuri, ekonomiiii, 6iosorii Torro.

e eSS 3anucatu GOpMyJay O OOYMCIEHHS KiHeTHYHOI
. eHepril KyabKku macoo 50 r. Uwm 3amae s gopmynaa pyuKiio?
SKMmIo Tak, yKasatu ii apryMenr.

PosB’a3anud. 3Kypcy GisUKU Bi 3HAETE, 110 KiHEeTHUHY eHep-
5002
= 2 ’

rito E_ ofunciionTs 3a opmynow E =

_ 2 . .
E_ = 25v% Omxe, E_ € QyHKIiEO Bif aprymenry v, ne v = 0.

W ITouaTkoBa BapTiCTh AEAKOTrO OOJAZHAHHS CKJIALAE

° 200 000 rpu. IToporky BoHaA 3MeHIIIyeThesA HA 5 % . 1) Bamuca-
™ (PYHKIIiI0 3aJIe;KHOCTI BapTocTi ob0imamHaHHA P Bimg KigbKocTi
POKiB ekcmayaraiii . 2) BUKopucTOBYyIOUN OTPUMAaHY (PYHKIIiIO,
3HANUTH BapTicTh 00JagHAHHS uepe3 4 POKH.
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° PosB’asauusda. 1) Uepes pik BapTicTh 00JIafHAHHS CTAHOBU-
mume 100 % — 5 % = 95 % Big mouaTKoBoi BapTocCTi, TOO-
To 200 000 - 0,95. Yepes 2 poxku — 200 000 - 0,95 - 0,95 =
= 200 000 - 0,952; BimmoBimHO uYepe3 t POKiB eKciyaTraii —
200 000 - 0,95!. Maemo (yuxkitiro P(t) = 200 000 - 0,95%, ne ¢ € N.
2) P(4) = 200 000 -0,95% =162 901,25 (rp=H).

Bigmosias. 1) P =200 000-0,95% 2) 162 901,25 rp=H.
3ayBasKuMO, 10 PYHKIIiI0 3aJeKHOCTI BapToCTi obmaguanus P
Bim TepMiHy ekciryararlrili ¢ Mo:KHa OyJio 3HAlTH i 3a GOPMYJIOIO
CKJIATHUX BimcoTKiB!l:

5\
P(t) = 200 000 - (1 _ﬁj , To6To P(t) = 200 000 - 0,951.

2. Cnocobu aconp DyHKIIII0O MOXKHA 3aJaBaTU pPiSHUMU
dyrKyiil cnocq6aMI/I: dopmysioo, TabIHUIEIO,
rpad)ikom, CJIOBECHO.

Posrasaremo 1i cmocobu.
x—2
x+1
y=+x-2, y=38-x, E_=250% P =200000-0,95' Qpyniyino
3adano @opmynor. Taxkuii cmoci® samasHA (QYHKIII € ZOCUTH
3PYYHUM, ag:Ke Iae 3MOTY IJs HOBiIBHOTO 3HAUEHHS apTyMEHTY

3 obJiacTi BU3HAUEHHA (PYHKIII OOYMCIUTH BiAIIOBigHE 3HAUEHHS
¢yuKIII Ta B 6araTbox BUIIaJKaX BUKOHATH OOepHEHY 3amaduy.

Y BuImesrafaHUX NOpUKJagax: y=x2-2x+3, y=

. +3
7 ERRGS  DyrKIio 3amano GopMysIon Y = ad 5
x p—

¢ 1) BmaiiTu 3HaYeHHA QYHKILI, K10 X = 4.

2) IlopiBaaru y(0) i y(1).

3) 11 AKOro 3HaUeHHS apryMeHTy 3HaueHHA (GyHKII gopisaioe 07
4+3 7

P ’ .1y = —=-1.
o3B’sa3auHHuHAg. 1) y(4) i 51
0+3 1+3
2) y(0) = =-0,6; y(1) = =-1.0 , y(0) > y(1).
) 4(0) = — y) =T Txe, y(0) > y(1)
x+3

3) Ockinsku y = 0, TO =0, sBigKu x = —3.

Bigmosigs. 1) y(4) =-7; 2) y(0) > y(1); 3) x = -3.

N7 ERRAS  3a mormoMoroio GyHKITIT

. 2t + 20, axmo 0 <t <40,
100, axmo 40 < ¢t < 50,
p(t) =

—%t +140, axmro 50 <t <120

1 ®opmysy CKIAZHUX BifICOTKIB MOMKHA 3HANTU B MiIPYYHUKY «AJTed-
pa. 9 xnac» («I'emesa», 2017, aBrop Icrep O.C., c. 178-179) a6o B iHIIIIX
MaTeMaTUYHUX JKepesax.
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° ommcaHO 3MiHY Temmeparypu Bogu B 6aky (y °C) sajmekHO Bif
vacy ¢ (y xB). 3uaiitu: 1) p(10); 2) p(45); 3) p(80).
PosB’ssaunud. 1) Ockineru 0 < 10 < 40, To p(10) o6umcan-
Mo 3a dopmytoro p(t) = 2t + 20, orxke, p(10) =2 - 10 + 20 = 40.
2) Ockinbru 40 < 45 < 50, To p(45) = 100.

3) Ockinprm 50 < 80 < 120, ob6umcaioemo p(80) 3a dopmyJioio

p@) = —%t + 140, orxe, p(80) = —% -80 +140 = 76.
Bigmosigs. 1) 40; 2) 100; 3) 76.

Inmuit BamkamBuU# cnoci6 3a0anHs QYHKYIT — mabauyHuUil.
I3 Tabaumi mosxHa GeslmocepeqHbO 3HANTH 3HAUeHHA (PYHKILII, ame
Juile AJs CKiHYeHHOro Habopy 3HaYeHb apryMEHTY.

Qe gens  Iloroquan, 3 mAeB’sATOl A0 I’ ATHAMIATOI, BUMIipIO-
. BaJii aTMOC(epPHUM TUCK i maHi 3aHOCHJIU B TAOJIUITIO:

Yac i, rox 9 (10|11 |12 |13 | 14 | 15

Atmochepuuit THCK P, | 754 | 755 | 757 | 755 | 754 | 753 | 754
MM. PT. CT.

O6JiacTh BusHaueHHs (PYHKIiI yTBOproooTs uncaa 9, 10, 11, 12,
13, 14, 15 (umciaa mepioro psgKa TaOMHIl), a MHOMKHHY 3Ha-
yeHb — 753, 754, 755, 757 (uucaa gpyroro paaka TabJuILi).

Yacro GyHKIIiI0 3a4aI0Th 3a JOIIOMOTOIO I'pa-
dixa. I'pagivnuil cnoci6 3a0aHHsA TOCUTH 3PYU-
HUM: BiH [ae MOJKJIMBICTH YHAOUHUTU BJIACTU-
BocTi (yuKIii. Ha mamioHKy 2.2 300pakeHo
BOJIBT-aMIIEPHI XapaKTEPUCTUKU NeAKUX eJIeK-
TPUUYHUX eJIeMeHTiB, TOOTO B3aJIe;KHiCTh CUJIN
cTpyMy Bix Hampyru 3amaHo rpadiuno. Il 3a- 0 U
JIEJKHICTh OTPUMAaHO He 3a JOIOMOrok (opMy- Ma. 2.2
Jii, 8 eKCIIePUMEHTAJTbHUM IIJISAXOM.

Ha wmamiorky 2.3 300paskeHO Kapaiorpamy
miogunu. Kapmiorpamy Mo)kHa BBaskaTu rpadi- '\H_
KOM 3MiHM eJIEKTPUYHOTrO ITOTEHIlialy Ha BOJIOK-

HaX CepIeBoro M’fA3y IMiJ Jyac HOoro CKOpOUYeHb. Maur. 2.3

3a rpadikom QyHKIIT y = f(x)
. (man. 2.4) smaiiTu: y
1) obsacTs BusHaueHHA (PYHKIIT; 3
2) MHOKVHY 3HaUYeHb (PYHKILii; 5
3) sHaveHHA (PYyHKIII, AKI0 x = —1; 2; [\ y = f(x)
4) 3HaUeHHS apryMeHTy, IPU AKUX 3Ha- 1
yeHHs QYHKILI gopiBHIOE —1; 3. — ’ —
Poss’assamuda. 1) Caopoekryemo Bci y=1
Touku rpadika Ha Bick x. OTpumaemo 27
mpoMisKok [—2; 5], AKuii € o6sacTiO BU-
3HaueHHA QyHKIi: D(y) = [-2; 5]. Mai. 2.4
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2) Cuopoextyemo Bci Touku rpadika Ha Bick y. Otpumae-
MO TPOMiKOK [—2; 4], AKUil € MHOKWHOI0 3HaUeHb (QYHKILii:

E@y) =[-2; 4]. )
3) 3maxomumo 3a rpadikom: y(—1) = —-1; y(2) = 0.
4) AGcnivicu TOYOK mepeTmHyY npAMol y = —1 3 rpadikom QyHK-

mii y = f(x) raki: x = 11 x =1, Ttomy f(x) = -1, agmo x = -1
abo x =1.
IIpama y = 3 nepetuHae rpadik GyHKIIi y = f(x) y Touri 3 abc-
mucoro 4. Omxe, f(x) = 3, aximo x = 4.
Bigmosigs. 1) D(y) =[—2; 5];

2) E(y) = [-2; 4];

3) y(-1) = -1; y(2) = 0;

4) f(x) = -1, armio x = —1 abo x = 1;

f(x) = 3, akmio x = 4.

Crosecne 3adamHs (QyYHKUIl ToJsSTae B TOMY, IO (GYHKILiO-
HaJIbHY 3aJIeKHIiCTh 3aJaloTh cjaoBaMu. HampuKJIaL: «KOMKHOMY
YHUCJY X CTABUMO Y BiIHOBimHiCTH KBaapaT IILOTO YMCJIA, 3MEHIIIe-
Huit Ha 10». AKIimo ckasaHe 3amaTtu (GOPMYJIOI0, TO BOHA MATHIMe
rakuii BurAn: y = x2 — 10. CiroBecHni cnoci6 3aganHa QyHKITIT
BUKOPUCTOBYIOTEH Oy:Ke PiIKo.

: ———
A'wpe pamime.  Quniis = oone s naisascnyoiui o,
A .
NV L — XVII em. nog’a3yromv i3 po36UMKOM MeXAHi-
Ku ma emineHnam Yy xumms ideil 6UKOpu-
CMAHHA NOHAMMSA 3MIHHOL.

Tax, panyysvrki mamemamurxu Pene Jexapm (1596—1650) i
IT’ep Pepma (1601-1665) poszensdaru QYHKUYIIO K 3aaeHHICMD
opduHamu mouKu Kpueoi 6id ii abcyucu.

Tepmin «pynryis» (6i0 nam. functio — 6UKOHAHHSA, 36EPULEHHS )
0ns Haszeu 3anedxcHocmell ynepue 66i6 I'omgpid Jleiioniy (1646—
1716 ). Bin nos’a3yeas Qynkyiin 3 zpa@ikamu.

Il setiyapcori mamemamuxku Hozann Bepryani (1667—1748)
ma tozo eudamuuil yuenv Jleonapd Eiinep (1707—-1783) poszns-
danu QYHKUIIO AK AHANIMUYHUL 8UupPa3, modmo 6upas, Yymeopenuil
i3 3MIHHUX Yuces 3a 00NOMO2010 MUX YU IHWUX AHAAIMULHUX One-
pauiit (mamemamuunux 0iit). PYHKYIIO AK 3aaeHHicCmb 00HIET
3MIHHOI 6eauduHU 6i0 iHWOL Y6i6 uecvbkuil mamemamurx Beprapd
Boavyano (1781-1848).

Haiizazanvriue cyuacHe 03HAUEeHHA NOHAMMA QYHKYIL 3anpono-
Hy6ana 6 cepeduni XX cm. epyna mMamemamukria, aKa 6ucmynuia
nid ncesdonimom Hirxonra Bypoari.!

@ Lo HasuBawTL YMCNoBO (yHKLiE? @ LLlo HasmBatoTb obracTio
BU3HAYEHHS (OYHKLIT i LLO — MHOXMHO 3HaYeHb (yHKLII? @ Hassitb
cnocobu 3agaHHsA YHKLIT, 4O KOXHOro HaBeaiTb NpuKnagu.

1 MeranbpHime Opo BUHUKHEHHS i PO3BUTOK YYEHHA NP0 (YHKIi
MOJKHA B3HAUTH B HmiApPyYHUKY «Auredopa. 9 kimac» («I'emesa», aBTOp
0O.C. Ictep, c. 71-72) Ta B iHmux mxepenax indgopmarrii 3 icropii mare-
MATUKH.
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g Pozb sxims 3agaui ma bukonaime bnpabu

‘l, 2.1. (Ycno). Yu € QpyHKITi€I0 3aT€KHICTD:

1) p=m?+ p% x-2x?=y; ) t=z+V2+1;
4) x = a ; 5)ab=a+b; 6) (p2 - p3):7=c?
x+a

g xoxkHOI 3 (GYHKIIH Ha3BiTH HesaJde:kKHY 3MiHHY (apry-
MEHT) Ta 3ajJeKHy (3HaueHHA (QPYHKILIT).

2.2. ITns QpysKIII f(x) = (x — 2)3 sraiigite f(2); f(1).
2.3. IInsa gpysKIii g(x) = (x + 1)2 sraiigits g(0); g(-1).

2.4. (Ycuno). Ha manonkax 2.5 i 2.6 300pakeHO BiAmoBimHicTb
Mixk umcaamu. Kka 3 HuxX € pyHkIiicro? Yomy?

X y X y
N /T N T
[ \ [ =40
| |20 =7 | | 12— F=05] |
Maia. 2.5 Mai. 2.6

3HalgiTh 3HaUeHHA QyHKIT (2.5—2.6):
2.5.1) f(x) =3x +l y Toukax —1; 2; 0,1;
x
2) g(x) = Vx2 + 2x y Tourax 0; 2; —2
2.6.1) f(x) =
2) g(x) =/38x — x2 y Tourax 0; 1; 3.
2.7. Mano @yukrmio f(x) = x2 — 2x. Iopisaatite f(0) i f(2).
2.8. lano dpyukmito g(x) = 2x — 7. IlopiBuaiite g(3) i g(0).

2 2.9. (Ycro). Yu e rpadiramn qayHIcum y = f(x) dirypu, 30-
OpaskeHi ma masouHKax 2.7-2.10

d. b W L
o|x /0| \x 0| X 0 x

Max. 2.7 Maua. 2.8 Maz. 2.9 Maax. 2.10

2 1 +x y Touxax 0; —1; 0,8;

2.10. ®yuxkiio 3agano gopmyaon f(x) = x—+i SHAWOITE:
x —

1) f(5); 2) sHaueHHA X, Ipu dxomy f(x) = 3

18



2.11. dyHKITi0 3agaHo popmyiow g(x) = ;—_x 3HaNIiTh:
+x

1) g(—1); 2) 3HAUEeHHS X, IpU AKOMY g(x) = —5.
3HalAiTh 001acTh BUBHAUEeHHSA QyHKII (2.12—2.13):
212. 1) fx) = x — %5 2) f(x) = 2= 8) f(x) = ——;
3 2—x
1 1
4) f(x) = 24 5) f(x)—m, 6) f(x) =+x + 3.
2.13. 1) f(x) = 2x — 15 2) f(x) = 1L, 3) f(x) = 2
2 x+1
DD -1 @)= 6) ()= -2
1-x x4—-x—6

2.14. ®yuKIiro 3amaH0 TAaOJIUIIEIO:
x 1 2 3 4 5 6
y 5 -1 0 5 0 4

3uangiTe: 1) 3HaueHHA QPYHKINIT, AKIIO X JOPiBHIOE 2; 5;

2) 3HaUeHHs apryMeHTy, IPU AKOMY 3HaueHHA (PYHKIII xo-
piBHIOE 4; 5;

3) obsacTh BUBHAUEHHA (PYHKITLIT;

4) MHOKVUHY 3HAUeHb (QPYHKIIIi.

2.15. DyHKITiI0 3a1aH0 Ta0JIUIEIO:
x -3 | -2 | -1 0 1 2 3
y 4 -1 0 5 3 4 0

3HangiTh: 1) 3HAUeHHS (PYHKIII, AKIIO X HOpiBHIOE —2; 3;
2) 3HaUeHHS apryMeHTy, IPU AKOMY 3HaUeHHA (PYHKILI mo-
pisuioe 0; 4;
3) obsacTh BUBHAUEHHA (PYHKITIT;
4) MHOKVHY 3HaYeHb (PYHKITIT.
Sanurtite Gopmyany GpyHKINI, AKYy 3agamo caoBamu (2.16—2.17):
2.16. 1) KO’KHOMY YHCJY X CTaBUMO y BiOBiAHIiCTH HOTO KBa-
opart, 30iabieHuii Ha 5;
2) KOJKHOMY HEBil'€MHOMY YKCJIY X CTaBMMO Y BiAIOBigHiCTHL
Hioro apuMeTUUHN KBaAPATHUN KOPiHb, 3MEHIIIEHUN ¥ 2 pasu.
2.17. 1) KO’KHOMY 4YMCJYy X CTABUMO y BiAmoBigHicTh #oro xyo,
3MeHIIIeHU Ha 3;
2) KO}KHOMY YHCJy X CTABUMO Yy BiAHOBiZHiCTH HOr0 MOAYJIb,
36inbpinenuii y 10 pas.
2.18. Ilig vac BinbHOTrO HmamiHHSA TiJIO OOJIa€ MLIAX, AKUHA 00-

1
YUCIIETHCA 3a (POpMYJIOI0 s=§gt2, me t — wac y CeKyHIax,

g ~ 10 m/c2. IlobynyiiTe cxemaTuuHOo rpadik miel pyHKii. Axuii
nIAx mnogoJgae Tino 3a 1 ¢? 3a axuii uac tino noxmosiae 20 m?
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3 3HaiziTe obnacTh BusHaYeHHs QYHKIIT (2. 19—2 20):

2.19. 1) f(x) = i, 2) f(x) =
x| -5 | K
_;. _ x+1 1
8) 1) = = 4) f(x) = 2+3x+x_1,
_ Nx+1
5)f(x)—m, 6) f(x) =— _\/,
7)f(x)=%+i; 8) F(x) = v + 1 — s
x x-5
9) f(x)=~x -2+ 21
x? - 3x
3 . 1
2.20. 1) f(JC) = 7——|x|’ 2) f(x) \/9_77
1 5x . _ Nx+3 |
MO wey VO
5)f(x):2ix+\/;; 6) f(x) =Vx -2 + /4 - x.

-x2 +4, 1,
2.21. ano dyHKIio f(x) = KT ARIMO X < 3HalIiTH
x—3, axmo x > 1.

f(=2); £(0); f(1); f(—3).
-3, axmio x < —1,

x2
2.22. Hano @QyuKIiro g(x)= 3HaNgiTE
X+ 5, armo x > —1.

g(=3); g(=1); g(0); g(2).

2.23. Ha mautonkax 2.11-2.14 ¢yuKIii 3agano rpadikom. Hasa
KOKHOI (pYHKIIII BKaKIiTh:

1) ob6sacTh, BU3HAUEHHS; 2) MHOKUHY 3HaUeHb;

3) KOOPAMHATHU TOUOK IEPETUHY 3 OCAMU KOOPAMHAT.

2.24. Ha mauronkax 2.15—-2.18 ¢yuKIii 3agano rpadikom. [Huasa
KOXKHOI (DyHKITil BKaXKiTh:

1) o6acTh BUBHAUEHHS; 2) MHOXXWHY 3HAUEHb;

3) KOOPAMHATU TOUOK IIEPETUHY 3 OCIMHU KOOPAUHAT.

2.25. Tlobynytite rpadik mesaxoi GyHKII y = g(x), 061acTh BUSHAUEH-
HA 1 MHOKWHA 3HAYEHb SIKO1 BifMOBiTHO mpomiskKu [—2; 3] Ta [4; 2].
2.26. ITo6ymyiiTe rpadik mesaxol dyHKIII y = f(x), o6IacTh BU3HAUEH-
HA AK0l — mpomikok [0; 5], a MHOKMHA 3HAYEHb — IPOMiMKOK [—3; 3].
2.27. HaBenith mpukaan GyHKINil, 06JacTi0 BUSHAUEHHS AKOI €:

1) MHOKMHA BCiX MiliCHUX YHCeJI;

2) MHOKWHA BCiX OiACHUX YMCeJI, KpiM umeia 2;

3) MHOKMHA BCixX mificHUX uuces, Kpim umcesa 1 i —3;

4) MHOKMHA BCix ificHUX 4mceJi, AKi Oinbiri 3a 4 abo piBHI

momy.
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y
Yy 1
3 -
I TN
/ 1 \ -1 0 X
I ——
3210 23 |x -1
Max. 2.11 Mam. 2.12
4 y
5 y
\l 2 3
\ 2
0
BN/ 1234 x 0
\ 2/ 1 2 3 ]x
3 2
Mau. 2.13 Mau. 2.14
Y YA
3 2
2 o
1 >
0 N 0 x
431211 1 2 3%
Mau. 2.15 Mau. 2.16
AY AY
k3 =@
2 / AP
1 / \ 1
3//-10] 1 23\ 4 5% 2 10[ 12 3\Ja5x
49 2
Mau. 2.17 Mau. 2.18
3HalIiTh MHOKUHY 3HaUeHb QYHKIII (2.28—2.29):
2.28. 1) f(x) = x2; 2) f(x) = x2 - 3; 3) f(x) = x2 +4;
4) f(x) = Vx; 5) f(x) = Jx - 2; 6) f(x) = Vx + 3.
2.29. 1) f(x) = |x}; 2) f(x) = |x| + 5; 3) f(x) = |« - 3.

2.30. HaBeniTe npukaag QyHKII, MHOMKHUHOIO 3HAUYEHDb AKOIL
€ IIPOMIiKOK:
1) [2; +00); 2) (=005 3].

21



3HalAiTh 001acTh BUBHAUeHHS QyHKII (2.31—2.32):

Ve +2-x2

231 1)y="""—"

3) y =(x - 1)?(x - 2);

x-x2+6
4-x2 ~

3) y =x?(x - 7);

2.32. 1) y =

2y = 0 1
P62 -4
4) y =412 - xl(-x - 1).
17 1
2)y—\/x2_4+9_x2,

4) y = Jlx + 3l x.

3HalIiTh MHOKUHY 3HaUeHb QYHKIII (2.33—2.34):

2.33. 1) f(x) = Vx + V-x;
3) f(x) = V4 — x2;
5) f(x) =+x2+9 -2

7 f(x) = %x2 —3x + 4;

2.34. 1) f(x) = V—x2;
3) f(x) =vx2+4 +1;

2) f(x) = —(x - 1)%;

9 1@ =
6) f(x) = x% — 6x;

1
Ay
2) () = >

4) f(x) = x2 +8x —11.

Q 2.35. 3HafiniTh MHOKUHY 3HAUeHb (DYHKIIii:

—4x3 +8x —32

x
1 =
)Y x2 -2x-8

2.37. (I. Hviomon, «Yuigepcanvna apugme-
muxa», 1707 p.) Ckoporits npi6:

\¢ 2.36. Ilnameura mamnynio xomrye 40 rpH.
LV ARy HaWbiaBINY KiJIbKICTh TAKUX ILIAIIEUYOK
MOH{Ha mpundbatu Ha 170 rpH mixg vac akiii, Koau
Ha Iell maMIyHb aie sHmxEKa 25 % ?

2)y:1—\/9—\/2x2+6\/§x+9.

6a® +15a4b — 4a3c? — 10a2bc?

9a3b + 27a%bc — 6abce2 — 18bce3”

Tligzomyiimecs g0 bubuenns Hobozo mamepiany

2.38. IlobynyiiTe cxemaTnuuHo rpadik QyHKII Ta 3HAWAITH HPO-
MiKKM 3POCTaHHA 1 MPOMIMKKY cHnagaHHA (PYHKIiI:

Dy=x+3;
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2)y=5-3x;
4) y = x; 5)y ="

3)y=x%

10
6)y=——-



2.39. Hauo f(x) = x* IlopiBusiiTe:

. 1) . 1
1) /(=2) i f(2); 2) f(gj i f(—gj-
Yu MOKHA OiNTU BUCHOBKY, IO IJA OyIb-AKOTO 3HAUEHHS X
CIpaBIKyeThCA PiBHiCTE f(—x) = f(x)?

2.40. Dauo g(x) = x3. IlopiBHsATE:

1 1
1) g@3) i -g(-3); 2) g[—gj i —g(gj.
Yu MOKHA OiNTU BUCHOBKY, IO IJA OYIb-AKOTO 3HAUEHHS X

CIIPaBAKYEThCA PiBHiCTE g(—x) = —g(x)?

@; BJTACTUBOCTI
®YHKLIN

¥ nromy naparpadi po3rassHEMO OCHOBHI BJIACTUBOCTI (PYHKITIH.

1. Hyni ma npomissiu Ha maiionky 3.1 soOpaxeno rpadik
sHaKOCManoCmi PYHIYT GyHKIil y = f(x), Aka BuU3HaueHa HAa

= ° | mpomixkKy [-5; 5]. Aximo x = —4, abo
x =—1, abo x = 3, To 3HaUeHHA (PYHKIII JOPiBHIOE HYJIO, TOOTO
f(=4) = f(-1) = f(3) = 0. Haramgaemo, 110 TaKi 3HaUYeHHA apryMeHTy
HA3UBAIOTH HYAAMU QPYHKUIL.

‘ 3HaYeHHA apryMeHTy X, IPH AKHX y

L 3HaueHHsa (QYHKIII y = f(x) mopis- <
HIOIOTH HYII0, HA3UBAIOTH HYAAMIU \\,;
PYHKULL. 1 2y

1106 sHadiTy Hymi GYHKOI y = f(x), —4\/0‘ 1 \9;6

Tpeba poss’s3aTu piBHAHHSA f(x) =

W 3HanTH HYJIi (byHRuu

— x2 + 2x — Maax. 3.1

Poss’ H3aHHH MaeMO plBHHHHHZ x2 + 2x — 8 = 0, KopeHi
AKOT0 X; = 2, Xy = —4 — HyJi QyHKIII.
Bigmosige. 2; —4.

Hyni dyuarmii y = f(x) (man. 3.1) posbuBatoTh ii ob6sacTh BU-
sHaueHHd [—5; 5] Ha mpomixkku [—5; —4), (-4; —1), (-1; 3), (3; 5].
H1si sHaUeHb X 13 MPOMIiKKiB [~ 5, -4)i (— 1 3) TouKu rpagika
JexaTb BHUILe Bij oci abcuuc, a s SHAYeHb X i3 IPOMIMKKIB
(—4; —-1) i (3; 5] — mmkue Bix oci abcruc. OTiKe, Ha IPOMiKKaX
[—5; —4) i (—1; 3) dpyukKIiia HabyBae mogaTHUX 3HauYeHb (f(x) > 0),
a ma mpoMmiskkax (—4; —1) i (3; 5] — Big’emuux suaues (f(x) < 0).

‘ IIpomixkor, Ha aAxomy (QyHELia 30epirae 3HaK, HA3HWBAIOTH
&, NPOMINCKOM 3HAKOCMANOCME PYHKYIL.

Hpowmikku [-5; —4), (—4; —1), (-1; 3), (3; 5] ¢ upomikKamu
3HaKocTaJdoCcTi QyHKIl ¥ = f(x), rpadik sxoi 300pakeHo Ha Ma-
JI0HKY 3.1.
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2. Mpomixncku | ®yuxuio y = f(x) nasusarors spoc-

3pocmanns, marowo HA TedKoMy NIPOMIiKKY, AKIIO
cnadanns, OLIBIIOMY 3HAUYeHHI) APTyMEHTy i3
cmanocmi pynryii LBOr0 MPOMIXKKY BiamnoBigae Oinbine

3HAYEHHA (PYHKIIIL.

ITmakme xamyuu, QyHKIiI0 y = f(x) Ha3MBAOTH 3POCTAIOUOIO
Ha JeAKOMY OPOMIKKY, AKIIO AJA OyAb-AKHX X; i X, :@3 b0~
ro IOPOMiXKKY, TaKHX, IO X, > X;, CIPaBIKyeThCA HEPiBHIiCTH
f(xy) > f(xq). Ha manionKy 3.2 300paskeHo rpadik ¢yHKIii
Yy = f(x), aika 3pocTae Ha IPOMiKKY [a; b], IpU IIBOMY IPOMiKOK
[a; b] HaBUBAIOTH NPOMIHCKOM 3PDOCMAHHA PYHKUIL.

f(xy) f(xy)

f(x) f(x)

Maui. 3.2

, ‘ dynknio y = f(x) Ha3UBAIOTH CnadH0I0 HA ICSIKOMY IIPOMIiK-
k, KY, AKII0 OLIbITOMY 3HAUEHHI0 APTYMEHTY i3 IIBOro IIPOMIiK-
Ky BigmoBigae MeHIIe 3HAYEHHA QPYHKILII.

TobTo dyHKIi0 y = f(x) HABUBAIOTH CIAAHOI Ha AeAKOMY IIPO-
MIXKKY, AKIIO Aad OyAb-AKHX X; 1 X, i3 IBOro IPOMLKKY, Ta-
KHUX, IO X, > X;, CIPaBIKyeTbCA HepiBHicTE f(x,) < f(x;). Ha
ManaiHKY 3.3 300paskeHo rpadik ¢yHKIII y = f(x), aKa cuazgae
Ha IpOMiKKY [a; b], mpu 11boMy TpOMisKOK [a; b] HasuBaOTH NPo-
MiHcKOM cnadaHHS PYHKYIL.

Jlerxko mobaumnTu, 110 rpadik 3pocTarpyol Ha AeAKOMY IIPOMIiXK-
Ky QYHKII mig uac pyxy B3moB:K rpadika 3aiBa Hampaso (ToOTO B
HaIPAMi 3pOCTAHHA apryMeHTy X) «IPAMY€E BTopy» («3pocTae»),
a rpadik crmamgHOl QYHKII — «IpAMYye BHU3» («CIIamae»).

4 ‘ P®yHKIiI0 y = f(x) HAa3UBAKTHE MOHOMOHHOI HA JIEAKOMY
k, MPOMiKKY, AKIIO BOHA HAa bOMY IMPOMiKKY abo 3pocTtae, abo
cnangae.

Ha romxaOMYy 3 masioHKiB 3.2 i 3.3 dyHKIia y = f(x) € MoHO-
TOHHOIO Ha IIPOMiKKY [a; b], mpu mboMy IIpoMisKOK [a; b] HasuBa-
I0Th NPOMINHCKOM MOHOMOHHOCMI PYHKUIL.

W Posrasuemo dyeKIi0 y = f(x), rpadik AKoi 3o6pa-
sKeHo Ha MamioHKy 3.1. Ha mpomimkky [—3; 1] dyuKmia f(x)
3pocTrae, a Ha mpoMizkkax [—-5; —3]i[1; 5] — cmazae.
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Ky, AKIIO g OyAb-AKHX 3Ha4YeHb apryMeHTy x; i x, i3 nporo

d ®DyHELi0 ¥ = f(X) HA3MBAIOTH CMAN0I HA AeIKOMY IIPOMIiK-
npomiskky f(x,) = f(x,).

Hanpuxknan, dysKnia y = 2 crana Ha IPOMiKKY y
(—o0; +00), Ii rpadik — mpama, mapajeiabHa oci —9
y =
abcruc (maJ. 3.4). 5
Ha npowmikky [—2; 1] posrasHemo o

dyurmio f(x) = lx+ 2| +|x-1. Ha gamomy mpo-
MixkKy x+220,a x—-1<0, TOMy|x+2|=x+2, Mai. 3.4
lx -1 = —(x —1). Tomi f(x)=x+2-(x—-1)=3. Ormxe, HA mHpo-
mixkky [—2; 1] dyarnia f(x) = |x + 2| + [x — 1] € cramoo.

O6sacTh BU3HaUeHHA QYHKINI Yy = f(x)
OyZeMo Has3WBaTU CUMEMPUYHOW 8i0-
HOCHO HYJf, AKIIO Pa3oM 3 KOMKHUM
YUCJIOM X 00JaCcTh BU3HAUEHHS (PYHKIII MiCTUTH TaKOXK i 4mcio
(—x). Cepen @yHKIIiii, 00JacTh BU3HAUEHHS SAKUX CHMETPUUYHA
BiIHOCHO HYJISI, PO3PISHAIOTh MapHi Ta HemapHi QpyHKIIi.

2. Ilapuicme
i Henapricmb QyHKYUIL

, DyHKILI0O ¥y = f(x) HABUBAIOTH NAPHOM, AKIO Ii 06JACTH BH-
k’ 3HAYEHHA CHUMETPHUYHA BIiIHOCHO HYJIsd i OIS KOMKHOTO X
3 06JIacTi BUSHAYEHHSA CIIPABIKYEThCA PIBHICTE: f(—x) = f(x).

SGERVS  TTocmiguTy Ha DapHIiCTh QyHKIIL f(x) = x2.
PosB’azauaada. D(f) = (—x; +x), TOoOTO 006-
JacTh BUBHAUEHHA PYHKIIII cuMeTpuUHAa BiTHOC-
HOo Hyasa. Kpim Toro, f(—x) = (-x)% = x2 = f(x).
Omxe, QpyHKIIA f(x) = x2 — mapHAa.
Bigmosins. ITapua.

Ha manamorKky 3.5 cxemaTuduHo 300pasKeHo rpa-
Gbix @yukmii y = x2. Bin € cuMeTpuYHUM BigHOC-
HO oci y. Yaaramni, Max. 3.5

‘ rpacdik Oyab-aKoi mapHoi (GyHKIII CHUMeTPUYHUHM BiTHOCHO

L oci opauHAT.

Cupasgi, konu GyHKIia y = f(x) — napHa, To 6yIb-AKUM IIPO-
TUJIEKHUM 3HAUEHHAM apryMeHTy X i —Xx BiAmoBimae omHe i Te
came 3HaueHHA QYHKIII y, a Touku (x; y) i (—x; y), 9K Bimomo,
CUMETPUYHI BiTHOCHO OCi OpAUHAT.

, DyHELIO ¥ = f(x) HA3WBAIOTH HENAPHOIO, AR 11 00JACTH BU-
& 3HAYEHHsS CHMeTPHYHA BiTHOCHO HYJIA i JIdd KOKHOTO X
3 00JIacTi BUSHAYECHHS CHPABIZKYETHCA PiBHICTE: f(—x) = —f(x).

m HocaiguTu Ha mapHicTs GyHKIIO f(x) = E
x
PosB’aszaumuda. D(f)=(-»;0) U (0;+x). Obractb BU3HAUEHHSA
. . 6 6
cuMeTpuYHa BigHOCHO Hyas. Kpim Toro, f(—x)=—=——=—f(x).
-x x
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6
Omxe, pyurmia f(x) = — — HemapHa.
x

Bigmosins. Hemapha.
Ha masorky 3.6 cxemaTwyHO 300pasKeHO I'pa-

. 6 . .
dixk GysKIii y = —. BiH € cuMmeTpuYHUM BiTHOCHO
X

Maui. 3.6

mOYATKY KOOPAWHAT. ¥3araji,

‘ rpadik 0yab-aK0l HemapHOI (PYHKIII ¢cMMeTPUUHUIT BiTHOCHO

% TOYATKY KOOPIHUHAT.

Cuopaspni, konmu GyHKIiA y = f(x) — HemapHa, TO OyAb-AKUM
OPOTUJIEKHUM 3HAYEHHAM apryMeHTy X i —X BiATIOBifaroTh mpo-
TUJIeKHI 3HaUeHHA QYHKIII y i —y, a Touku (x; y) i (—x; —y), 4K
BiJOMO, — CHMeTPHUHi BiTHOCHO IIOYATKy KOOPAMHAT.

fAxmro obsmacts BusHaueHHA GYyHKINI y = f(x) He € cumMeTpud-
HOIO0 BiHOCHO HyJs1 ab0 He BUKOHYETHCA JKOAHA 3 piBHOCTEH
f=x) = f(x) i f(=x) =—f(x), To KamyTh, o0 QYHKNiA y = f(x)
€ Hi napHol0, Hi HEeNapHoio.

7 GERRGS  [TocaiguTu Ha HapHICTh (DYHKILIIO:
. 1
1) f(x)=—— 2) f(x) = x* + x.
x -1
PosB’azamuda. 1) D(f) = (-o0; 1) U (1; +°0). ObmacTs BU3HA-
yeHHA (PYHKI[II HE € CHMMETPUYHOI BiTHOCHO HYJISA, OCKiJIbKH
-1 € D(f), a1 ¢ D(f). Tomy dyHKIIig € HIi mapHOI0, Hi Hemap-
HOIO.
2) D(f) = (—o0;+0). O6sacTh BUBHAUEHHSA CUMETPUYHA BiTHOCHO
HyJasd. 3Haigemo f(—x). Maemo:
f(=x)=(-x)2 +(-x) =x2 —x = —(—x2 + x).
Ockimbru f(-x) # f(x) 1 f(—x) # —f(x), To DyHKIiAa — Hi mapHAa,
Hi HemapHa.
Bigmosigas. 1) Hi mapua, Hi HemapHa; 2) Hi mapHa, Hi HemapHa.

(TEEEA Oyexuin f(x) = (V2 +1)* + (/2 — 1)* BusHaueHa Ha

° MHOXWHI 1ismnx uucena. [Hocaignty mo GyHKII0 HA TapHICTH.
PosB’azanmuda. D(f) =Z (3a ymoBoio). O0sacTh BUBHAYEHHSA
GYyHKIII € cHMeTPUYHOI0 BiIHOCHO HYJSA. 3ayBasKMMO, IO

W2 +1)2-1)=(2)2-12=2-1=1, a Tomy
J2+1= ﬁ1_1 =(W2-D1iJ2-1=(H2+1)L
3uaiigemo f(—x). Maewmo:
[0 =2+ D" + (2 -1 = (V2 - + (V2 +1)* = f().
OT:xe, PYHKIiA — mapHa.
Bigmosins. Ilapua.
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3. Haii6invwe ma SIkmo rpadix GyHKUIl y = f(x) Ha 1po-
natimenme e MiKKY [a; b]_ € HellepepBHOIO JIiHieo,
PYHKYT TO Y MHOKUHI 3HaueHb (PYHKIIII € Hai-
| OGinpie ymesao i matimeniie umcso. I1i

qnca HABUBAIOTH HAUOLIWUM | HALMEHWUM 3HAYCHHAMU PYHK-
uii Ha mpoMixkKYy [a; b].

Posrasmemo dyuKIio y = f(x), rpadik axoi 3o00pakeHo Ha
masnoHKy 3.1. I1a dyHKIiS BusHaueHa Ha TPOMiKKY [—5; 5].

Hait6inpmum smaveHHaM Iiel QYHKIII Ha JaHOMY IPOMLKKY
€ yucJo 3, AKoro (PyHIiA JocArae mpu x = 1.

Hatimenmum 3HaueHHAM (QYHKINL y = f(x) HA TPOMIKKY
[-5; 5] € uncao —2, sxoro QyHIiA JOCATAE IPU X = O.

BanucyioTh e Tak: max f(x) = f(1) = 3; min f(x) = f(5) = -2.
[-5; 5] [-5; 5]

Haii6inpmie i HalimeHIlie sHaueHHs QYHKII moB’ssaHi 3 ii
MHOXKHMHOIO 3HAUeHb. JIKIIO HANOLJBININM 3HAYEHHSM OeSIKOl He-
nepepBHOi QyHKII y = f(x) HA npomiKKy [a; b] € uuciao M, a
HaWMEHIIINM — YHCJIO M, TO MHOKUHOI 3HAUEHb (PYHKIIil HA IIPO-
MiKKY [a; b] Oyzme mpomiskok [m; M].

Tak, MHOXHWHOIO 3Ha4YeHb (QYHKIIl y = f(x), 3o0paskeHOi Ha
MastoHKY 3.1 i Bu3HaueHOI Ha TPOMiKKY [—5; 5], € mpoMiKOK
[-2; 3].

Bl eSS [Ipy akoMy 3HAUYEeHHI ¢ HaliMeHIle 3HaYeHHA (QYHK-
il f(x) = x2 — 4x + ¢ popisuioe 19?

PosB’saszaunuda. IleperBopumo panuii y dopmyai (yHKITil
KBaJApaTHUN TPUUJIEH:

—4x+c=x2-4x+4-4+c=(x-2)2 +c—4.
Ormxe, f(x)=(x—-2)2 +c—4. Ockinbru (x —2)2 >0, ToO Hai-
MEHIINM 3HaueHHAM (QyHKILI f(x) Oyme umcao ¢ — 4. 3a ymo-
Boo ¢ —4 =19. Orxe, ¢ = 23.

Bigmosings. ¢ =23.

@ Lo HasnBatoTh HynsaMm dyHKLIT? @ LLlo Ha3nBatoTb NpOMiXKKaMK 3Ha-
Q KocTanocTi yHKUiT? @ AKy PyHKUiO0 Ha3MBalOTb 3pOCTalO4OI0 Ha Aes-
KOMY MPOMiXKY, a SIKy — cnagHo? @ FAKy dyHKLilo HasunBatoTb MOHO-
TOHHOI Ha AESIKOMY NPOMiXKY? @ AKy PyHKLi0 Ha3MBaloTb CTasnow Ha
OEeAKOMY MPOMIDKKY? @ FAKy obnactb BU3HAYeHHS (PyHKLUii Ha3MBaKOTb
CYMETPUYHOIO BIAHOCHO HyNA? @ AKy OYHKLiI0 HAa3MBalOTb MapHOL0,
a fKy — HenapHow? @ FAKy BNacTuBiCTb Mae rpaddik napHOi dyHKLi,
a sKy — rpadik HenapHoi? @ LLlo po3ymitoTb nig HanbinbLWMM i HaVMeH-
UMM 3HAYeHHAM DYyHKLiTi Ha NpoMikKy [a; b]? @ Ak HanbinbLue i Han-
MEHLLIE 3HAaYEHHSI PYHKLIIT NOB’A3aHi 3 MHOXMHOI 3Ha4YeHb PYHKLT?

§ Fosb’sximo 3agaui ma bukonaime bnpabu

{1 3.1. Ha MaJIoHKY 3.7 300pakeHo rpagik QyHKUil, BU3HA-
YeHOI Ha IIPOMIiKKY [ 5; 6]. SmaiigiTe HyJsi QyHKIII Ta mTpO-
Mi’KKHU 3HAKOCTAJIOCTi.
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3.2. Ha maamoHKY 3.8 300paskeHo rpadik ¢pyHKIii, BH3HaueHOI
Ha TPOMiKKY [—6; 6]. S3HaligiTe Hyai GyHKIIT Ta mpoMiKKu 3HA-
KOCTaJIOCTi.

3.3. Ha mamrouky 3.7 300pakeno rpadik GpyukIiii, BusHaueHOi Ha
npoMizkKy [—5; 6]. S3HaWAITHF TPOMIKKYN 3POCTAHHA 1 TPOMIKKN
cuaJgaHHs (pyHKIII, HaibOiabplle i HaliMeHIIe 3HAUEHHS (PYHKILI,
MHOKWHY 3HAUEHb (PYHKILI.

Y AY
O o
N F /
1 1
_5-4 N 07 AN3/5 6% 5\-1-3/-10[\ 2 3 /45 6*
1 48R 4
4
-2
Max. 3.7 Max. 3.8

3.4. Ha mamiouky 3.8 300pakeno rpadik Gpyukiii, BusHaueHOol Ha
npoMikKy [—6; 6]. S3HaliTh TPOMIKKHM 3POCTAHHA Ta TPOMIKKN
cuaJgaHHs (PYHKIiI, Hal0iabIlle Ta HaliMeHIe 3HAUeHHS (PYHKIII,
MHOKWHY 3HAUEHb (PYHKILI.

3.5. Bigomo, 1o f(—1) = 7. 3uaiigits f(1), akmo GyaKIia f(x):

1) mapua; 2) HemapHa.
3.6. Bigomo, 1o g(2) = 9. 3uaiigite g(—2), aximo QyHKIid g(x):
1) mapua; 2) HemapHa.

3.7. (Ycno). 3uaiiniTe Halibiabine i HaliMeHIIe 3HAUEHHS (PYHKIIT
y = f(x), AKIIIO MHOYKUHOIO ii 3BHAUYEHDb € IPOMiKOK [—2; 7].

2, 3.8. Dyuknia f spocrae Ha mpomixkky [—3; 3]. [lopiBHatiTe:
. 1) . 1
1) 7(1,2) i f(1); 2)fl——|1ifl—-<|
5 4
3.9. ®yHKIia g cuanae Ha npoMixkky [0; 4]. IlopiBuaiiTe:
. 1) . 1
De@iel);  2) g(;) i g[g}
3.10. dyukmio f(x) 3agano Ha HpoMikKy [—4; 4], mpudyomMy Ha
npomizkKy [—-4; 0] BoHa 3pocrae, a Ha npomixkKy [0; 4] — crazgae.
TlopiBuaiire: 1) f(—3) i f(-1); 2) f(1) i 1(3,2).
3.11. IToGynyiiTe cxemaTuuHo rpadik GyHKII f(x), AKIIO:
1) f(x) spoctrae Ha mpomizkKy [—5; 1] i cmamae Ha TPOMIKKY
[1; 4];
2) f(x) cmamae Ha mpomixkKax [—6; —2] Tta [2; 6] i 3pocTae Ha
npoMixkKy [—2; 2].
3.12. ITooynyiiTe cxemaruuHo rpadik GyHKIIT g(x), AKIIO:
1) g(x) cnamae va mpomiskkry [0; 3] i 3pocTae Ha mpoMizKKY [3; 7];

2) g(x) spocrae Ha mpomizkkax [—5; —1] Ta [2; 5] i cmamae Ha
mpoMmixkKy [—1; 2].
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3HaUAiTh HyJIi QYHKII (AKII0 BOHU icHYIOTH) (3.13—3.14):

3.13. 1) y = 3(x2 + 4); 2)y = Jx-3;
3) y =+1-x2; 4)y =2+ x2.
3.14. 1) y = 41 + x2); 2)y=+J2-x;

3)y=~vx2-9; 4)y =+x% +1.

HoBenits, 1o mapuoio € dyHkiid (3.15—3.16):

3.15. 1) f(x) = x5 2) f(x) = x2 - 2;
1

3) f(x) = 8lx; 4) f(x) = PR

3.16. 1) f(x) = x%; 2) f(x) = [x| = 3;
8) f@) =\ +2 4 f(x) = .

x
HoBexnits, 1o HenapHoo € GyukKIiia (3.17—3.18):
1

3.17. 1) f(x) = x5 2) f(x) = %; 3) f(x)=x%+x; 4)f(x)= e

5 1
3.18.1) f(x) = x5 2) f(x) = - 3) f(x) =x—x% 4)f(x)= ey
3.19. (Vcrno). Ha mamtonkax 3.9—3.14 3ob6paskeHo rpadiku GyHK-

mifi. AKi i3 mux GyHKIiA € mapHUMU, AKiI — HEMapHUMHU, a AKi —
Hi mapHuMU, Hi HemapHUMU?

y
y
— ! Y 2
2 1
0 X
of ¥ ~ “1lox -1 —20] 2«

Maxn. 3.9 Man. 3.10 Maxn. 3.11 Man. 3.12 Maux. 3.13 Maur. 3.14

SHalgiTe Hyai @yHKIi (3.20—3.21):

2 _ 9. -1
3.20. 1) y = m; 2)y = &
x+1 x—1
2 e 9 _
321 1) y="*"2 2) y = [+
x—2 2+x
3HaWAITh MPOMiKKY 3HaKocTasocTi pyHKILi (3.22—3.23):
3.22. 1) y = 2x — 6; 2)y="17-5x.
3.23. 1) y=38x — 12; 2) y =8 — 10x.

3 3.24. osenits, 1m0 GyHKIIA y = lx +2/—|x -2 e cramorwo ma
mpoMikKax (—o0; —2] i [2; +00).
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HocaigiTs pyHKIilo Ha mapHicTh (3.25—3.26):

3.25. 1) f(x) = 5 + x; 2) f(x) = x% — 5;
3) f(x) = Ta5; 4) f(x) = x4 - x5
5) f(x) = 6x5 + 8x8; 6) f(x) = x8 + x;
7)) =2 8) f(x) = =2,
x+ 2 x%t+3
9) f(x) = V1 - x2; 10) f(x) = x2 + 2x - 3;
11) f(x) = (x + 2)(x — 3) + x; 12) f(x) = (x — 2)2 — (x + 2)2.
3.26. 1) f(x) = —Tx; 2) f(x) = 3x2 + 2x;
3) f(x) = 228 — % 4) f(x) = #3;
5) f(x) = —*—; 6) f(x) = 2%
x*t+1 x
7) f(x) = Jx? + 3; 8) f(x) = x2 - 4x;

9) f(x) = (x — 3)(x + 5) — 2x.

3.27. Yu ¢ pynrnia f(x) = x* mapuoo, AKIIo ii 06JacTI0 BU3HA-
YeHHS € MHOYKIHA:

D21 2)[-4;54];  3) (%0 0;  4) (05 0) U (0; +0)?
3.28. Yu e dyHKNia g(x) = x3 HemapHO0, AKINO ii 00JaCTIO BU-
3HAUYEHHS € MHOMKMHA:

1) [-1; 1]; 2) [-1; 2]; U
3) (-oo3-1];  4) (—003—2] U [2; +o0)? BT
3.29. ®dyukuio y = f(x) 3amaHo Ha TPOMIiXK- ‘1AL
Ky [-6; 6]. Yactuny ii rpadira so6paxeno | ||
Ha ManioHKY 3.15. IloOynyiite rpadgik miei (0] 1 92 34 5 6%
GyHKIIII, AKIIO BOHA:
Maax. 3.15

1) mapua; 2) HenapHa.
3.30. [Ina ¢pyskuii y = f(x), BusHauenoi Ha R, 3HAUAITHL HANOIIb-
Ire Ta HaliMeHIIle 3HaUeHHs (AKIIO BOHU iCHYIOTH):

1) f(x) = x| + 2; 2) f(x) = 3 — x%.

3.31. Ina ¢ysrnil y = g(x), BusHauenoi Ha R, 3HaiigiThr Haii-
OinbIlle Ta HaliMeHIIe 3HAUEHHA (AKIIO BOHU iCHYIOTBH):

1) f(x) = Jx +1; 2) f(x) = 2 - x%
CkinbKu HysniB mMae @yakmnia (3.32—3.33):
3.32. 1) f(x) = x(x2 — 2)/lx| + 1; 2) f(x) = (x2 - D/lx| - 22
3.33. 1) f(x) = x(x2 — 4)/|x| - 1; 2) f(x) = (x2 — 4)|x| + 3?

3.34. Ilpu saKomy B3HaUeHHI ¢ HaWOiIbIle 3HAUEHHS QYHKITII
y = —2x2 + 8x + ¢ mopiBHIOE 3?

3.35. Ilpu sxomy B3HaUeHHI ¢ HaliMeHIIe 3HaueHHA GQYHKIIT
y = 4x2 +16x + ¢ nopisHIOE 1?
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‘4, HocaigiTe pyHKIilo Ha napHicTh (3.36—3.37):
1 xt —x
; 2) f(x) = ;
5 +4x ) 1) x
3) f(x) =|x -2+ 4) f(x) =|x -1 - |x +1].

6
3.37. 1) f(x) = ﬁ 2) flx) = = ;x ;

x4;
3) f(x) = |x+7|—|x-7]; 4) f(x) = |x + 1 +]x - 1.
3.38. dyukmii f(x) i g(x) BUsHaUeHO HA MHOMKHWHI BCcix mificHuUX
yuces. Yu € pyHKIiIT u(x) mapHoio ab0 HemapHOIO, AKIIO:
1) u(x) = f5(x) - g(x), f(x) — napua, g(x) — HenapHa;
2) u(x) = 4f(x) — 2g(x), f(x) i g(x) — mapHi;
x
3) u(x) = f(x)
g(x)
4) u(x) = f(x) - g%(x), f(x) i g(x) — Hemapwi?
3.39. 3maiimiTe HaiibiynbIlle Ta HaNWMeHINe 3HAYEeHHA QYHKILIT
f(x) = 2 - x2, axmo x e [-1; 3].
3.40. 3BmaimiTe Haiibinbllle Ta HaMeHIIe 3HAYeHHA QYHKILIL
f(x) = x| -1, axmo x e [-2;1].

3.41. Dymukiio f(x) = (3 - 2\/§)x -3+ 2\/§)x BU3HAUEHO Ha
MHOMKUHI 1[inux yuces. JocaigiTs 1m0 GyHKI[iI0 Ha TapHICTh.

3.42. ®yuknino g(x) = (5 + 2/6)* + (5 — 24/6)* BusHAUEHO Ha MHO-
JKUHI migmnx umcena. IlocaigiTes mio GyHKIII0 HAa TapHICTD.

3.36. 1) f(x) =
X

——=, f(x) — nenapwua, g(x) — mapHa;

?343 Hexa#i y = f(x) BusHauena Ha R. [loBenits, mo (QyHKIia
o) - f(x)+f( x) f(x) - ()

€ IIapHoIo, a ¢(x) = B E— — HeIlapHOIo.

3.44. ILOBe;uTb, o Oyab-AKY (PYHKIIiI0, BUBHAUEHY IJs BCiX X,
MOKHA MOJAaTH Y BUIJIALL CyMU HMapHOI Ta HemapHOI (pyHKITiH.

3.45. HocaimiTh GYyHKIIiI0O HA TapHICTh:

|x 2| |x+2|.
1) f(x) = s 1 -1’
2) o(x) = (x — D (x +2)" + (x + D (x - 2)7.

F 3.46. ABriBka Taxci 3a micamp momosaasa 6000 xm. Bap-
V¥V ricts 1 J11Tpa b6ensuny — 22 rpH. CepenHi BUTPATU OeH3UHY
CKJIa,Z[aIOTb 9 gitpiB Ha 100 x¥™M. CKinbKH KOIITIB OyJI0 BUTpaue-
HO Ha OeH3uH I Iiel aBTiBKu?

3.47. (Kuiscvrka micvka onimniada, 1985 p.). Poss’sxkiTh
piBHAHHA:

x2 + xt + x0 + 8 + ..+ x1998 4 2000 = 71000,
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Tligzomyimecs g0 bubuenns Hobozo mamepiany

3.48. IToOyxayiiTe rpadix GyHKIII:

1)y = x2% 2)y=x2+2; 3)y=x2-3;

1) y = x; 5)y =x—2; 6) y =Vx+1;
1

7y =|al; 9) y = |l

3.49. Ilo6yayiite rpadikm QyHKOil f(x) = x2, axmo x >0, Ta
g(x) = \/; Yu cumerpuuHi 11i rpadikm BigHOCHO mIpAMOil Yy = Xx7?

BNACTUBOCTI TA TPA®IKU OCHOBHUX BUAIB
@ ®YHKLIWX. NTOBYOOBA IPA®IKIB ®YHKL|IU

3A JOMOMOIroo FrEOMETPUYHUX

NEPETBOPEHbL. OBEPHEHA ®YHKLUIA

¥ npomy maparpagi mpuragaemo mMarepias, Bisomuil BaM 3 1o-
nepe/:[Hlx KJIaciB: rpadikm Ta BJIACTUBOCTI OCHOBHUX BUJIB (PYHK-
1iti; mobyaoBy rpadikiB 3a JOIIOMOT0I0 I'€OMETPUYHUX II€PETBO-
pesab. Takok o3HATOMUMOCS 3 TIOHATTAM 00ePHEHOL PYHKUIL.

1. T'pagixu Q TI'papixom ¢pynkyii y = f(x) HA3UBAIOTH
OCHOGHUX 6UDi6 MHOKHHY BCIX TO4YOE (x; y) Koopau-
PpyHKyil HATHOI IJIONIMHH, Y AKMX abciucu Ha-

- Jexkarh ob6macti BU3HaAUeHHA (PYHKIII,

a opaMHATH O0YMCIOKTHL 3a (opmy-
1010 y = f(x).

3 momepenHiX KJaciB MU B)Ke 3HAEMO BUTJIAM I'padikiB QyHK-
. k
niny=kx+1, y=x% y=+x, y=—, y=ax? +bx+c.
x

dDynrIia y = kx + [

dyurmito Burnany y = kx + [, ne ki I — peaxi umciia, HasuBa-
I0Th JIIHITHOIO.
T'padirom dpyurmii y = kx + [ € npama (mai. 4.1-4.3).

=kx+1, Yy
Y. y=kx+l, Y1 y=1
k<0 l
— 0] x Ol \x 0 x
Mau. 4.1 Man. 4.2 Max. 4.3

DyHKIiA Yy = x2
T'padirkom pyrKmii y = x2 € mapaboJa, riJIKK AKOI HAIIpAMIIE-
Hi Bropy, a BepiruHomo € Touka (0; 0) (man. 4.4).
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DyHKIIg Y = Jx

T'padikom dyurmii y = \/; € rinka mapaboJiy, IO JEKUTL Y

I uBepTi KoOpAMHATHOI OIIMHY (Mas. 4.5).

Yy
o
S
I
Y
0 X
Man. 4.4

DyuKIia y = E, kE+0
x

T'padikom QyukIii y =—, £ # 0 e rimepbosa, rifkm AKoi Je-
x

skatb y I i III uBeprax, akmio k£ > 0 (man. 4.6), i y IT i IV uBep-

Tax, axio £ < 0 (man. 4.7).

®yrENia y=ax2+bx+c, a=0

k
y=—>
<o)

Mam. 4.7

Tpadikom yHKIiI y =ax?+bx+c, me a # 0, € mapabGosa
3 BepimIMHOI0 B Touli A(x,; y,) (man. 4.8). Ii moxHa mobyayBaTu

B TaKuil cmociob:
1) 3HAWiTH KOOPAMHATH BEPIIVHU IIa-

b
paGonu: x, = o0’ Y, = y(x,); axmo
a
a > 0 — rinku mapaboysiu HanpsaMJIeHi
Bropy, akiio a < 0 — yHus;

2) 3HAWUTHU IIle KiJbKa TOYOK, IO HaJe-
JKaTh mapabosi (mig uyac moOyaoBuU
MOJKHA BUKOPHUCTATH CHMETPiio mapa-
00/Iu BiTHOCHO IPAMOI X = X,);

3) CIIOJIyUYUTH OTPUMAaHiI TOYKU TIJIaB-
HOIO JIiHi€T0.

y [
I
I
I
I
|
Yo - — I~_sepuwuna
| napaboau
I
|
0 1%g X
:\ 8icb
| cumempii
Mau. 4.8

w CxemaruuHo mmobyayBaTu rpadik GyHkIii Ta sHaii-

T4 i1 TPOMiKKY 3pOCTaHHA i cIIaaHHsI:
1) y = -3x + 2; 2) y = x2 - 2x + 4.
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. PosB’asaunusda. 1) Ha mamonky 4.9 300pakeHo rpadik QyHK-
mii y = —3x + 2. Ile npama, axky mposegemo ueped Touku (0; 2) i
(1; —1). PyHKIiA clIagae HA IPOMiKKY (—00; +09),

Yy A
Yy \ %
K
2V y=-3x+2 3ty ./
1-\ [
; 11 |/
0___\1 x 1D
-1 0| 1 X
Mau. 4.9 Mau. 4.10

2) I'padikom QyrEmii y = x2 —2x +4 € mapabosa, TiIKM SAKOI
HampsAMJIeHi Bropy. 3HalileMo KOOPAUHATHA BEPIITUHU mapabosin:

-2 .
x, = o1 1, y,=1-2-1+ 4 = 3. I'padix pysKnii cxema-
TUYHO 300pakeHo Ha MaaioHKY 4.10. DyHKIia cragae Ha Ipo-
MKy (—°°; 1] i spocTrae Ha mpoMimkKy [1; +00).
BigmoBiags. 1) Comagae ma (—0; +o0); 2) cuamae ma (—o°; 1],
3pocrae Ha [1; +00).
CuctemMaTu3yeMO OaHi PO BJIACTHUBO-
CTi OCHOBHUX BHUIIB (YHKIIIA y Ta-
osutri (c. 35).

2. Bracmuseocmi
OCHOGHUX 6U0i8 GYHKUIL

3. ITo6ydosa zpadixie Haraznaemo, sK 3a JOIIOMOIO0 T€OMeT-
Pynryit 30 JonoMoz010 PUYHUX MEPeTBOPEHb rpagikiB QyHK-
nepemsopens 6idomux o1y MOXKHa Oynysatu rpadiku iHmux
epadiris dpynryii (GYHKIIH.

ITo6ymoBa rpadika bynkuii y =f(x) tn, nen >0

106 mobynyBaTu rpadik ¢pyuruii y = f(x) + n, e n > 0, mo-
craTHbO rpadirk (GyHKHiI y = f(x) mepeHecTum B3IOBXK OCi y Ha
n OOWHUILL Bropy.

1106 mobyayBatu rpadik ¢yaKii y = f(x) — n, ge n > 0, mo-
cratHbo rpadik (ysHkumii y = f(x) mepeHecTm B3TOBXK oci y Ha
n ONWHUIL YHUS.

3ayBaKeHHsdA 3amicTh Toro Io0 Tme-

pesHocutu rpadixk QyHKIii Bropy abo BHUS, y
MOKHA IEepPEeHeCTH BiCh X HA CTLIBKHU X OJU- T =x+2

HUILb Y IPOTUIEKHUN OiK. 2
14 y=+x

W ITo6ynyBaTu rpadikm GyHKITiH 5
. 1 X

y=vJx+2iy=Jx-3. I

c:PosB’asaumusa. IleperBopumo rpadik 3 y=~x-3

dyHuKIii y = Jx. I'padiku dyHKIIH y = Jx +2
iy= Jx — 3 306paeno Ha MaToHKY 4.11. Maur. 4.11
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ITo6ynoBa rpadika dyskuii y = f(x t m), gje m > 0

106 mobynmyBatu rpadik pysxuii y = f(x — m), ne m > 0,
mocTaTHbO rpadixk GyHKII y = f(x) mepeHecTH B3AOBMK Oci x Ha
m OAWHUIIL BIpaBo; 1100 moOyayBaTtu rpadik (QYHKILIT
y = f(x + m), ne m > 0, mocraTHbo rpadik GyHKIIi y = f(x) mepe-
HeCTH B3JO0BXK OCi X Ha m OJMHUIIL BJIiBO.

3ayBaKeHHsd 3aMicTh TOTo, I100 IepeHOCUTHu Trpadik
¢yurnii BupaBo abo BIiBO, MOXKHA IIEPEHECTH Bich Yy Ha CTiIBKU
K OJUHUIIL V IPOTHUICIKHUN OiK.

m IloGymyBaru rpadiky QyHKOIA y = (x —3)2 1y =(x+2)2

« PosB’asanna. Ilepersopumo rpadgir ¢yHEMIil y = x2. I'pa-
bikn QyrEIifn y=x2, y=(x-3)2 i y = (x+2)2 300pakenHo Ha
MaJIIOHKY 4.12.

/
y=(x+2) & A
I
» 0N x
_._:0 Sy
2-1 123 X y=—\/;
Mau. 4.12 Mai. 4.13

IToGynoBa rpadika dyuruii y = —f(x)

Tpadiku dyurmiin y = f(x) i y = —f(x) cumerpuuHi BigHOCHO
oci x.
W IGERESS Tlo6yayBaTtu rpadik GyHKIEl y = —\/;.
° PoaB’asanuda. 'padpiku QpyHKIiN y = Jx i Yy = —Jx 3obpa-

JKeHO Ha MaJrioHKYy 4.13.
ITo6ymoBa rpadika ¢pyuruii y = kf(x), ne k >0, k= 1

1106 orpumaTu rpadik dyurmii y = kf(x), ne £ > 0, k # 1, Tpe-
6a rpadik GyuKii y = f(x) posTaruyTu Bif oci x y k pasiB, AKIIO

. . 1 .
k > 1, abo cTHCHYTHU HOT0 10 OCi X y Z pasiB, akmo 0 < k < 1.

W ITo6ynyBatu rpadiku GYyHKIINH Yy = 3lx i y= %|x|
>0,

N X, X
PosB’a3aHHA. y=|x|={ 0 Fpadix dysrnii y = |x|
-x, x < 0.

300paskeHo Ha maoHKY 4.14. Ha mantoHKy 4.15 300paskeHo

. - . 1
rpadiku GyHKLin y=|x|, y =3|x|i y= §|x|
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Yy
y =l
14
0 1 x
Mai. 4.14

Bukonyroun mocaijoBHO aBa i OijbIille IIepeTBOPEeHb, MOXKHA
oynyBaTtu rpadiku GyHKIiN Buraany y = f(x + m) + n, y = kf(x),
me k <0, i geskux iHImux.

I ERRGS Tlo6yayBatu rpadik dyHKIE ¥y = |x — 3| + 2.

* PosB’aszaunusda. [lepenecemo rpadik GyHKII y = |x| y3EOBK
oci x Ha 3 ogWHUIII BIpPaBO, IicJaA YOro — Yy3IOBXK OCi y Ha
2 ommuUti Bropy. I'padik dysKIii y = |x — 3| + 2 300paskeHo HaA
MaJIIOHKY 4.16.

I ERNES Tlo6yayBatu rpadik GyHKIEl y = —3\/;.

- PosdB’asaunda. I'padpik dysruii y = \/; PO3TATHEMO BTPU-
ui Bim oci x, orpumaemo rpadik pyHKIII y = 3Jx (man. 4.17).
T'padir dyaRIil ¥y = —3\/; cuMeTpuuHUA rpadiry QYHKILII
y= N BimHOCHO oci x (maJy. 4.17).

Ly=|x-3+2
y =
1] x
ol 1 x
Mau. 4.16 Mau. 4.17

Ilin wac pmochim:keHHA QYHKILNE Mu
7 | HeomAHOPA30BO PO3B’SI3yBaIMd 3amauy
3HAXOYKeHHA 3HAUeHHs PYHKIII f(x) Iad 3amaHOr0 3HAUEHHS ap-
I'YMeHTY X,. JacTo JoBoguIOCA PO3B’A3yBaTH i 00epHeHy 3ajady:
3HAXOAUTHU 3HAUEHHS apryMeHTy X, IJs AKOoro (YHKIIisS HaOyBae
3a/laHOTO 3HAUYEHHHA Y.

Hawmo ¢pyuKIifo f(x) = 2x — 7. 3HaliTu 3HAUEHHA ap-

. TYMEHTY, OJs SKOro 3HaueHHs (PYHKIIiI mopiBHIOE 3.
PosB’asaumua. Maemo: 3 = 2x — 7, 3BigKku x = 5.
BigmoBings. 5.

4. ObepHrena Qpynryis
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IMano @yHKLDio f(x)= x2 + 2. 3HaliTH 3HAYEHHA ap-

° TYMEHTY, IJis AKOTO 3HaUeHHA (PYHKI] mopiBuioe 11.
PosB’aszanHA. 3a ymoBoo: 11 = x2 +2, toni x =3 abo x = —3.
Bigmosigs. 3; —3.

‘ dynkmito, sxa HadyBae KOKHOIO CBOTO 3HAYEHHSI TIIbKHM B
&, ONTHIN TOYIi 06JACTI BUSHAYEHHA, HABHBAIOTH 060POMHON0.

Omxe, @yHKIida f(x) = 2x — 7, AKYy MU POSTJIAHYJIU Yy HPUKJIA-
ni 8, € 060poTHO0, a GYHKIiA f(x) = x2 + 2, AKXy MM POSTJIAHYJIN
y npukJjani 9, He € 060POTHOIO.

3 piBHocTi Yy = f(x), me f(x) — obopoTHa PYHKIIiA, AK 3 PiBHAH-
HA, 3HaizeMo X (AKIIO Ie MOXKJIMBO), oTpuMaemo: x = g(y). Il
dyHKIiO X = g(y) HasuBaOTH 00epHeHoi0 1o GyHKIII f(x). Ockinb-
KU y IIKiJIbHIZT MaTeMaTUIll IIPUNHATO MO3HAYATH apryMeHT uepes
X, a MYHKIIiI0 uepes Y, OCTATOYHO OTPUMAEMO: Y = g(x).

W IGEREOE  TTna dysKil y = 2x — 7 3HaliTH 00epHEHY.

° PosB’asadHsda. OckinbKu QyHKIiT y = 2x — 7 € 060pOTHOIO,
TO IJiA Hel MOYKHA 3HaliTu obepHeHYy. Bupasumo x uepes y, Ma-

y+7 .
THIMEMO: X = SRR ITosmauumo aprymeHT uepes X, PYHKIiIO —
. x+7
yepes3 Y i 0OCTATOUHO OTPUMAEMO Y = 5

B ONHIiN

ITo6ymyBaBmu rpadiku GysKIin y =2x — Tiy = x4 7

KOOPAWHATHINA NJIOMIMHI, MOMXHA MNOMITUTU, IIIO BOHU € CUMET-
PUYHUMHU BifHOCHO mpamoi y = x (mau. 4.18).

Taxy BiacTuUBicTh MalOTh rpaiku s OyAb-IKOi 060pOTHOI i
obepHeHoi 10 Hel QYHKITiH.

yr - x+7
4 2
/ y=2x-1
o/
1 x
71
Mau. 4.18
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‘ I'padiku byuknii y = f(x) Ta obepHenoi no uei y = g(x) € cu-
MeTPMYHUMU BiTHOCHO IPAMOI y = X.

MosxHa moBecTu, 10 Kosim QYHKIIA Yy = g(x) € ob6epHEHOIO 0
y = f(x), To i, HaBmaxku, QyHKIia y = f(x) € 0OepHEHOIO 10 PYHK-
mii y = g(x). IIpo Taki dyarmii f(x) i g(x) KaKyTh, 1[0 BOHU €
83AEMHO 00EpHEeHUMU.

Dyarmii y=2x - 71 y = ud ; v B3a€EMHO OOepHeHi.

3ayBarKuUMO, IO [JIsT B3AEMHO 00epHEHUX (PYHKIIII CIpaBmiKy-
€ThCA TaKa BJIACTUBICTH: 00J1aCTI0 BU3HAUEHHA 00epHEHOI (PyHK-
il € MHOXKMHA 3HAYEHb IIPAMOI, & MHOKHHA 3HAaYeHb O0epHEeHOIl
¢yHKIII — obsacTh BU3HAUEHHA MPAMOI (DYHKILII.

W Hna dysrmii y = \/; — 2 3HaAWTU 00epHeHy.

Poss’sasanHud. @yHKuiay:\/;—Z Yy = (x + 202,
€ obopoTHOIO, Ii rpadgik 300parkeHo Ha

masmioHKy 4.19. Maemo: y+2 = Jx.

OcKinpku \/; > 0 gas Bcix 3HAUEHBb X
3 obsacti Bu3HaueHHs, To y+2 > 0,
ToO6TO Yy > —2. [na Takux Yy MaeMmo:
x = (y+2)=2

IToBepTarounch A0 TPASUITIMHNX TTO3HA-
YeHb, OTPUMAEMO, IO y = (x + 2)2, me
x > -2, — (yHKIisg, o0epHeHa [0

y = Jx - 2 (man. 4.19).
BigmoBigbe. y=(x+2)% x> -2

Q @ Lo HasmBatoTb rpadpikom dyHKUIT y = f(x)? @ CchopmyntonTe OCHOBHI
BMACTUBOCTI KOXHOI 3 PYHKUi: y = kx + [; Yy = x2 y= \/;; y= E
x

E#0,y=ax2+bx+c, a # 0. ® Ak KOpUCTYIOUNCb rpachikom
dyHKLUiT y = f(x), noByayBath rpadpikv QyHKUIN y = f(x) + n, e n > 0;
y=flxtm),nem>0;y=—f(x); y=Fkf(x), e >0, £ #1? ® Axy

(pyHKLit0 Ha3VBaoTb 060POTHO? SK 3HAWUTK ANs HET 06epHEHY? @ Ky
BMACTMBICTb MatoTb rpadiku 060pOTHOI | 06EPHEHOI 40 HET PYHKLLIN?

§ Fosb sxims 3agaui ma bukonaime bnpabu

1> 4.1. (Ycro). 3pocrapouoo 4y CIafHOIO Ha CBOIfl obiacTi Bu-
~ 3HAUYeHHS € (PYHKI[iA:

1
Dy=_x-T 2y =Jx; 8)y=-4x; 4)y=0,001x?
4.2. 3pocTaovo0 Y1 CHAJTHOI0 HAa IPOMLKKY (—0°; +00) € QyHKITiA:

1) y = -3x; 2)y=%x; 3)y=-8x+13; 4)y=Tx-9?
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4.3. (Ycno). SIx Tpeba neperBoputu rpadik GyHKIl y = \/;, 1106
orpumaTy rpadik GyHKIII:

Dy=+Jx+3 2y=vJx-2 3)y=+x+1; 4)y=Jx-4?

4.4. fIx Tpe6a neperBopuTu rpadik GyHKOii y = x2, m06 oTpuMa-
™4 rpadik GyHKITii:

Dy=x*+2 2y=x*-1 3y=(x+3% 4Yy=(x-5=

2, lloOynyiiTe B opmHill cuctemi kKoopauHaT rpadikm GyHKITiH
(4.5—4.6):

45. )y=—x,y=-x+2,y=-x—3;
Dy=lx,y=|x—-2|,y=]x+ 1]

46. )y=x,y=x+1,y=x—4;

2)y:\/;, y=~x-3, y=~vx+2.

IToGynyiiTe rpadik pyukiii (4.7—4.8):
47.1)y=2x-3; 2)y=—§; 3)y=vx; 4)y=x2-2x.
x
4.8. 1) y = 2x; 2) y = x% 3 y-= é; 4) y = x2 + 4x.
x

3HAUAITh MPOMIKKU 3POCTAaHHA i MPOMIKKMU cragaHHa (QYHKILT,
ToTepeIHbO MOOYAyBaBIIM cXxeMaTHUuHO ii rpadik (4.9—4.10):

49.1) f(x) =2x - 7; 2) g(x) =3 — x; 3) h(x) = x2;
4) tx) = g; 5) p(x) = Vx; 6) (x) = —%

410. 1) f(x) = 5x;  2) g(x) = —x;  3) p(x) = % 4) y(x) = —%

4.11. (Ycno). ki 3 rpagikiB, 3o0paskeHux Ha MandoHKax 4.20—
4.23, € rpadikamMu 000POTHUX (PYHKITITE?

y \y y y
Q‘Jx \’2 x /0‘\x j‘o x

Maux. 4.20 Max. 4.21 Mam. 4.22 Man. 4.23

3HanAiTh GyHKIIiI0, 06epHEHY M0 GyHKIil (4.12—4.13):
4.12. 1) y = 3x; Dy=x-17; 3)y:—§; 4) y = 2x + 5.
x

413.1)y=-2x; 2)y=x+1; 3)y=3x-7T; 4)y=§-
X

. . 10 . . .
4.14. Nosexnite, mo GpyHKNii y = x i y = —— 30irarorscda i3 cobi
x
o0epHEeHUMH.
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4 . . .
4.15. ToBeniTs, mo (QyHKIIlI y = —x i y = — sbiraroTsca i3 cobi
x
o0epHEeHUMU.

4.16. 3HaliAiTF KOOPAUMHATH BepIIuHK Hapabomn y = 3x2 — 6x + 5.
IToOynyiiTe cxematuuno rpadik (GyHKIII Ta 3HAWIITP MHOMKUHY
il 3HaUEeHb.

3 SmaligiTe NPOMIKKHU 3POCTAHHA 1 IPOMIKKY cHaJaHHA PyHK-
ii Ta ii HalbinbIIe i HatiMeHIle 3HaueHHsA (4.17—4.18):
4.17.1) y = x2 - 2x; 2)y=—-x2+4x - 1.
4.18. 1) y = —x2 + 6x; 4)y=x2+ 8x + 3.
4.19. M’aq Pyxaerscd 3a 3aKOHOM s(t) = 8t — 4t2, me s — Bigcrans
y MeTpax BiJ moBepxHi 3eMJi, ¢t — yac y ceKyH,aax t=>0.
1) IToOynayiiTe rpadik pyxy M’ dua.

2) BusHaute MOMEHT dacy, KOJU
M’AY Oyme Ha 3eMJIi.

3) 3HalAiTh MPOMIXKOK 3POCTaHHSA i
IPOMIiKOK cramaHHsa QyHKII s(t).
4) 3HaUAiT, HANOIMBIITY BHUCOTY, Ha
AKY MigHABCA M 4.
ITo6ynyiiTe rpadik Gyukriii (4.20—4.23):
4.20. ) y=+Jx -3 +1; 2)y=--x+3; y=+x+1-2;
4)y=~x+2+4; 9) y=~x—-2-5; 6)y=—Jx -1
421. 1) y=(x-1)2+2; 2)y=-x2+1; 3y =(x+2)2-
Hy=(x+32+1 bHy=(x-22+3; 6)y=-x2-2.

4.22. 1)y =2x2% 2)y=-3x% 3)y-= %xz; )y = —ix?

1 1
4.23. 1)y =2lxl, 2)y=-4lxl; 3)y=§|x; 4)y:—§|x|.

4.24. ITpn axkux 3HayeHHAX m QYHKIOiA y = mx — dbm + 2x + 3
€ CcragHo?

4.25. Tlpu AKUX 3HAUEHHAX p QYHKIIS y = px + 9p — 4x — 5
€ 3pocTamuoin?

4.26. IIpu axomy 3HadeHHI b QyHKIia y = 4x2 +bx +7 cmagae
Ha TpoMimKKy (—°°; —1] i 3pocTae Ha mpoMiKKy [—1; +00)?

4.27. Tlpu axomy sHadeHHI b GyHKUia y = —2x2 + bx 3pocrae Ha
npomixkKy (—°°; 4] i cnasae Ha pomixKy [4; +00)?

4.28. fki 3 fTaHUX QYHKIIi € 060POTHUMU:
1) y = x2, x € [0; +0); 2)y=x2 x € [-1; 3);
3)y=x2 x € [-3; 0]; 4)y=x% x €[3; T];

5) y = Jx; 6) y = Vx2 — 37
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3HalaiTh (PyHKIIiIO, 00epHEeHY A0 maHol, Ta mobyayiiTe rpadikm
npamoi i obepHeHoi it GyHKIii, akio (4.29—4.30):

4.29.1)y=x/;—3; 2)y=—/x+1.
4.30. 1) y = Jx + 2; 2) y = —Jx - 3.

‘4, IToGyayiiTe rpadix (pyuKIii. 3a rpadikom s3HalgiTHL HYJII Ta
OPOMIiKKU 3HaAKocTaoCcTi pyukirii (4.31—4.32):

X, AKIo x < 1,
4.31. 1) f(x) = {x, armo 1 < x < 4,
|x -6

, AKIINO X > 4;

x2 +2x+1, axmo x <0,
2) g(x) ={2x, axmo 0 < x < 2,

8
—, AKIIo x = 2.
x
—2x, axmio x < 0,

4.32. 1) f(x) = {2Jx, axmpo 0 < x < 4,

x2 —4x + 4, akmo x > 4;

|x|, AKIo x < 1,

2) g(x) =42 —x, axkmo 1 < x < 4,
—§, AKII0 X > 4.
x

4.33. IloGynyiite rpadik (yHKIii Ta 3HAWAITL OPOMiKKM, HaA
SAKUX BOHA 3POCTaE, i MPOMiKKM, HA SKUX BOHA CIIALaeE:

8
—, AKI0 X < —4,
x

f(x) = %x, AKmo —4 < x < 4,

\/;, AKI0 x = 4.

4.34. IlobynyiiTe rpadik GyHKIT Ta 3HAUAITL il TPOMIKKU
3POCTAaHHA 1 MPOMIMKKY CIIagaHHA:

—4x, axmo x < 0,

f(x) =<x2, axkmo 0 < x < 2,

5—%x, AKINO X > 2.
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?4 .35. HoBexiTs, mio rpadixk dyHKLii y = |f(x)] Y

MOKHA MOOyIAyBaTH TaK: 4YaCTHUHY rpadika
dbyuruii y = f(x), Axa JeKUTh BUIle Bix oci
abcuuc (i Ha cawmiii oci), sanaumraemo 0e3

3MiHI, a YacTHUHY, SKa JeKUTh HIUMKUe Bif y:|f(x)|
oci abcruc, BimoOparkaeMoO CHMETPUYHO Bif- —
HOCHO Ti€i oci (mair. 4.24). | y 20
© 4.36. 1) Hosenits, mo dyuKLia y = f(|x]) —
? napHa. Mauin. 4.24

2) Hosexmith, 110 TrTpadik GyHKITIT y
y = f(|x|) moxxHa mobymyBaTH Tak: dac- 'y = f(x)
tury rpadika y = f(x), AKa JIEKUTDH |
mpaBopydY Bif oci opauHaT (i Ha camii \
oci), samumaemo 0e3 3MiHH, a IOTIM y = f(x))
III0 YaCTUHY BimoOpasKaeMo CUMEeTPUU-
HO BimHOCHO oci opauuat (Mmaj. 4.25). A 0| NS x
ITo6ynyiiTe rpadix pyuxiii (4.37—4.38): Maui. 4.25
437. 1)y = x2-2x-3; 2)y=|x2—

3)y=x2-2x[-3; 4) y =|x? - 2|x| - 3.
4.38. 1) y = x% - 2x; 2)y = |x? -

3)y=x%- 4) y=|x? -
3HaigiTe pyHKIi0, 06epHEHY M0 QyHKIII (4.39—4.40):
4.39. ) y=x2+3, x > 0; 2)y=x%2-2, x <0

-1
3)yy=2"2; 4 y=vx+1, xe[3:8]
x+1

4.40.1)y=x2-5, x > 0; 2)y=x2+1, x <0

3)y:1x ; ) y=~x-3, xc[412].

Q 4.41. TIo6ynyiite rpadik GyHKImiI y = 3 — /22 — 2|x|+ 1.

4.42, HpI/I6yTOR MaJIOTO MiANPUEMCTBA IIOMICAYHO HPOTS-
VY rom meoxy s6iaprryBaBesa Ha 10 % BiZIHOCHO IIPUOYTKY 32
nonepe,uHm micsanb. ITomaTok Ha MpUOYTOK IiAnpueMcTBa (IIIIIT)
B YKpaiui cranoButh 18 % . 3maiigite posmip IIIIII, crmiaaueHoro
OiAIIPUEMCTBOM 34 IIi HiBPOKY, AKIIO HOT0 npn6y’r01{ 3a mepImni
micans ckiaas 20 000 rpa. OKPYTJIiTH 4O IIJIUX TPUBEHB.

4.43. (3adaua Cmengopdcvkozo yHisepcumemy). Tpu uuc-

Ja € wieHaMu apudMeTHUHOI IIporpecii, a Tpu iHII — uJe-

HaMu reoMeTpuuHOi nmporpecii. [{omatroun BigmoBigHi uaeHM
IMUX Tporpeciii, orpumanu cymu 85, 76 i 84, a cyma Tphox uJe-
HiB apudmeruuHoi mporpecii mopiBHioe 126. 3HaiigiTh uwiIeHU
000x mporpeciii.
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Tligzomyimecs g0 bubuenns Hobozo mamepiany

4.44. Po3B’skiTh JiHiliHI piBHAHHA Ta PIBHAHHS, IO 3BOASATHCA
IO JiHINHUX:

1) —4x = 8; 2) 0,1x = 12;

3) 2(x — 1) = —6x; 4) 3(x +1) — 7 = 3x;

5) 4(x + 3) — 4x = 12; 6)x;1+x+2:1.
4.45. PosB’sokiTh KBaJpaTHI PiBHAHHS:

1) 3x2 —4x =0 2) Tx2 — 28 = 0;

3) 4x2 +16 = 0; 4) 2x2 -3x-5=0;

5) 9x2 + 6x +1 = 0; 6) x2+7x+2=0.
4.46. Po3B’s:xiTh 1po00BO-pallioHaIbHI PiBHAHHS:

2 _ 2
l)x +x 2:0; 2)336 :5x;
x+1 x—-2 x-2
18 7 L4 1 N 1 _ 10

+ = .
x2+6x+9 x+3 1-x x+x2 x-x3

@ @b PIBHAHHA

Y momepenHix KJjacax MW BiKe BUBYANU AedKi BUAU PiBHAHB:
JiHitini, KBagpaTHi, OikBagpaTHi, APOOOBO-pallioHaJbHI TOIIO.
CucreMaTu3yeMo Ta IOTJIMOMMO BiloMOCTi PO PiBHAHHS.

1. Honsmmasa Haranaewmo, 1o
LU0 [P , ‘ PiSHAHHAM HA3HBAKOThH PIiBHICTH, IO
1 U020 KOpert &. MiCTHTh 3MiHHY.

PiBHAHHSA 31 3M1HHOKI X Y 3arajJJbHOMY BUTJIAAI MOJKHA 3aIlu-
catu Tak: f(x) = g(x).

, ‘ 3HaUYeHHS 3MiHHOI, JKe NePeTROPIOE PIiBHAHHS Ha NPABUIH-
HY YHCJIOBY PIBHICTH, HA3UBAXOTH KOpeHeM (D036’ A3K0OM) pis-
HAHHA.

Hanpukaazn, umcao 2 € KopeHeMm piBHAHHA 2x —3 =1, 60
2-2-3=1, a b He € KOpeHeM I[bOT'0 PiBHAHHS, 60 2-5 -3 = 1.

( Pose’asamu pi6HAHHA — 03HAYA€ 3HAWTHU BCi HOro KopeHi
&‘ a60 ToBecTH, M0 KOPEHIiB HEMaeE.

2. Po36’ a3y6anna pisHAans 3 HOHATTAM DiBHOCHJBHUX II€DPETBO-

Memodom pienocunprux | PEHb MU OBHAHOMUINCA Ile B KYPCi ai-

nepemeopens rebpu 7-ro Kjacy. YTOYHHMO OBHA-
| yeHHS PiBHOCHJIBHOCTi PiBHSHb.
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‘ JlBa piBHAHHA HABWBAIOTH PiIGHOCUNBLHUMU HA NEAKIN MHO-

&, JKUHI, AKI0 BOHU MAKTH Ha Uil MHOKHMHI OaHI M Ti cami
KopeHi. PiBHOCHIFHUMHI BBa:kKalOTh i PIBHAHHA, AKI He Ma-
I0TH KOPEHIiB.

Pisaaraa x2 =11 x—-1=0 Ha MHOXUWHI mificHEX
4YlcesJ He € PIBHOCUJILHHMM, OCKiJIbKM KOPEHAMU IIEPIIOro €
yucaa 1 i —1, a apyre Mmae Jjuiiie oguH KOpiub — uwmcyao 1. Ha
MHOKHMHI HeBiJj’éeMHHX uUnceJ BOHM OyAyTb PiBHOCHUIBLHNMU,
OCKiJIbKM MaTHUMYTh OAWH i TOM caMuil eTUHUHN IJIsd KOXKHOTO 3
PiBHSHD Ha IIili MHOMKUHI KOPiHb — umcJyo 1.

PigHocusnbHi nepemeopeHHs Pi6HAHb TOKJIAAEHO B OCHOBY Bi-
MOBiHOTO MeTOAY PO3B’A3yBaHHS PiBHAHD, AKUU IIOJSATAE B 3aMi-
Hi TOYaTKOBOTO PiBHAHHS PiBHOCUJIBHUM HOMY PiBHAHHAM (iHOIL
KimbKOMa piBHAHHAMM) ab0 CHCTEMOIO, IO MIiCTUTH iHIIIE, OiJIbII
OpocTe PiBHAHHA Ta AesdKi JOZAaTKOBI OOMeXKeHHS IJisd 3MiHHOI,
3alnucaHi y BUTJIALL PiBHAHHA, HEPiBHOCTI Tomro. ¥ TakoMmy pasi
Ka)KyTh, III0 PiBHAHHS PiBHOCUJIbHE PiBHAHHIO (CYKYIITHOCTI PiB-
HSHB) a00 cucTeMi.

Y momepenHix KJjgacax MU BiKE POIIJIANANU JesdKi IIepeTBo-
PeHHSA PiBHAHB, IO 3BONATHL PIBHAHHSA I0 MOMY PiBHOCHUJIBHOTO
(o cyKyIHOCTI piBHAHB) a00 PiBHOCUJIBHOI cucTeMu. 30KpeMa Iie:

‘ 1) POSKPUTTA JY:KOK Ta 3BeJeHHs MOAIOHNX TOMAHKIB y OyIb-
AKIH YaCTHHI1 PIBHAHHA,
2) mepeHeceHHA NMOJAHKA 3 ONHi€l YACTUHH pPIBHAHHA B
iHIOY 3i 3MiHOIO HOr0o 3HAKY HA IPOTHJIEKHNIL;
3) MHOKeHHA a60 [iTeHHA 000X YACTHH PIBHAHHA Ha
OTHEe 1 Te caMe Bi{MIHHE Bijf HyJA UNCIIO;
4) 3amiHa piBHAHHA f(x)g(x) = 0 cykynHicTIO DPiBHAHB
f(x) = 0 Ta g(x) = 0 (3a ymoBHM, Mo BUpa3u f(x) i g(x) ma-
IOTh 3MICT JAJsA YyCiX OTPHMaHHX KOPEHiB Iiel cyKyITHOCTI);
f(x) f(x) =0,
—— = 0 cucremor0

5) 3amiHa piRHAHHA
g(x) g(x) # 0.

IIpuragaemo, AK pPo3B’sA3aTH PiBHAHHSA 3a JOIOMOT'OI0 PiBHO-
CUJIBbHUX TE€PETBOPEHbD.

W 3uaniTn KopeHi piBHAHHA 2(x —1)+3 =4(x+1) + 7.
PosB’azauHA.
2x — 2+ 3=4x + 4 + 7 (pOBKPUIU OYIKKHN);
2x —4x =4+ 7 + 2 — 3 (mmepenecu SOTaHKN);
—2x = 10 (3Besiz TOAiOHI mOZaHKM);
x =10 : (—2) (mominmim o6uABi yacTuHU Ha —2);
x = —5 (oTpuMasu KOPiHB).
Bigmosigs. —5.

, . 18 2(x+1) x+6
m PosB’a3aTu piBHAHHA: + = .
9 x—-3 x+3

— x2
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° PosB’asauusa. IlepeHeceMo Bci JomaHKM B JIiBY YacTUHY
piBHAHHSA, HaJi 3BegeMO APOOHU [0 CIiJIbHOTO 3HAMEHHUKA:

18 _2(x+1)_x+6:0

B-x)(3+x) 3—x x+3
18 - 2(x +1)(B+x) — (x +6)(3 —x) _
(38— x)3+x) -

x2 +5x+6
CIIPOCTHMO UHUCEJbHUK: — =

B-x)8+x)
x2+5x+6=0,

(3-x)3+x) 0.

Kopensmu mepiioro piBHAHHA cuUCTeMU € uucaa —2 i —3, aie,
BPaxXOBYIOUM JPYTUH PAJOK CHUCTEMHU, OTPUMAEMO, IO X # 3 i
x # -3, ToMy X =—2 — €IUHUN KOPiHb PiBHAHHS.
Bigmosigs. —2.

3. Pieuﬂunﬂ-uacn@ BinwsmricTs piBH&IH‘B, AKiI MU PO3Tis-

HYJIM B HOIEPeNHiX KJjacax, 3PYYHO
0yJio PO3B’sI3yBATU METOAOM PiBHOCUJIBHUX MepeTBOpeHb. [lepe-
BaraMu MeTOJIY € Te, IO 3a TaKWUX IePeTBOPeHb KOKHEe HACTYITHE
PiBHAHHSA € IPOCTIIIIM 3a IIOIIEPEHE, a MHOMKITHA KOPEHIB OCTaH-
HBOTO DiBHAHHS € MHOKWHOIO KOPEHIB ITOYATKOBOTO.

IIpore piBHOCH/IBHI IMepeTBOPeHHS iHOAI OyBalOTh JOCUTH I'PO-
MiggKuUMU ab0 IPUBBOIATH MO CUCTEM, PO3B’I3yBaHHSI AKUX MOKe
BUABUTHUCS He TiJILKM IPOMI3IKMM, a ¥ moTpedyBaTuMe 3HAHD,
III0 BUXOIATH 3a MeEKi IMIKiJIBHOTO Kypcy MaTeMaTUKMU. Y TaKo-
MY pasi AoHiJbHO BUKOPHCTOBYBATU iHIIMYA Hiaxim — samiHiooBaTu
IIOYATKOBE PiBHAHHSA Di6HAHHAM-HACAIOKOM.

2

0;

PiBHAHHA piBHOCUJIbHE CUCTEMi:

‘ SKIO KOKeH KOpIHb IEepIIoro PIBHAHHS € KOPEHEM APYroro
L PIBHAHHA, TO APYre PiBHAHHA HA3WBAIOTH HACALIOKOM IEPIIOTO.

)7 PosriisHeMO 1Ba PiBHAHHSA:

N 2
x4 —-x-2 .
—_—= i x2-x-2=0.
x+1
. . x2 -x-2= 0, .
Ilepite 3 HUX piBHOCHMIIBHE cHUCTEMi 3 AKo0I oT-

x+1#0,
pumaeMo Kopieb: x = 2. Kopeni apyroro piBHamHaA: X, = —1;
x, = 2. OToxe, piBHAHHA x2 - x-2=0 e HacuaimkoM piBHAHHA
x2-x-2
x+1

=0.

TakuMm ymHOM, MOYKHA TiTHM BUCHOBKY, IO ITiJ] Yac IepPexoay
BiJ PIBHAHHSA [0 PiBHAHHA-HACJHIMKY MOJKJMBA II0ABA CTOPOHHIX
kopeHis. Tomy,
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PO3B’A3yI0MM PIiBHIAHHA 33 JOIOMOIrOI0 DPiBHSIHb-HACIIIKIB,
&, Tpefa 000B’A3KORO MEPEeRipATH, UH € OTPUMAHI KOopeHi pik-
HAHHA-HACIIAKY KOPEeHAMHU IMOYATKOBOT0 PiBHAHHA.

Inakire Kaskyuu, Tpeba BUKOHYBATU NepesipKy KopeHis.

, . x? 3x -2
w PosB’asaTu piBHAHHA: =—
x—-2 x-2
PosB’as3auuda. OcKiibKyu 3HAMeHHUKHU APO0iB piBHi, TO piB-
HUMU MaloThb OyTH W uuceabHuUKU. MaeMo piBHIHHS-HACIIiTOK:
x? = 3x -2, To6T0 X% —3x+2 =0, 3BifKM X, = 1; x, = 2. Buko-
HAEMO IIEPEBiPKY KOPEHiB.
12 3-1-2

1-2 1-2
SIkmo x, = 2, TO 3HaMeHHUKHU APOOiB IEPETBOPIOTHCA HA HYJIb,
TOMY YKCJIO 2 He MOXKe OyTH KOpPeHeM II0YaTKOBOTO PiBHAHHA,
OT’Ke, € CTOPOHHIM KOpeHeM.

Taxum urHOM, Ymcao 1 — eIMHUI KOPiHb MOYAaTKOBOTO PiBHAHHA.

Bigomosigs. 1.

Armo x, =1, To: , ToMy 1 — KOpiHE PiBHAHHA.

Harazaemo, 1110 001aCTIO JOIYCTUMUX
3HaUYeHb 3MiHHOI y BUpasi Ha3MBaIOTh
~ ) yci 3HaueHHA 3MiHHOI, IpU AKUX BU-
pas mae 3micTt. PosrisgHemMo MOHATTA o0JiacTi AOIMyCTUMUX 3HA-
YyeHb 3MIHHOI B PiBHAHHI.

4. Obnacmv donycmumux
3HAYEHb PIGHAHHA

‘ ‘ Obnacmmw donycmumux 3navend (O/13) 3smMiHHOI B piBHAHHI
&, f(x) = g(x) Ha3uBaIOTH Iepepiz obIacTell AOMYCTMMHUX 3HA-
JeHb 3MiHHOI y Bupasax f(x) i g(x).

Mu Bixe 3ragyBaJiv, 10 PiBHOCUJIBHI ITePETBOPEHHA iHOI IIpU-
3BOAATH OO TPOMiSAKMX oOumcaeHb. IleBHI mpobsieMu Tparnis-
IOThCA U IIiJ Yac BUKOPUCTAHHS PiBHAHBL-HACJIAKIB, HAIIpPUKJIALI,
iHOMi CKJIQHO BUKOHATHU IMEPEBIPKY OTPMMAaHWX 3 PiBHAHHSI-HA-
CIIIKY KOpPeHiB Ta BUABUTHU cepel HUX CTOPOHHi. 30KpeMa, TOBO-
JIi CKJIamHOIO i TPOMI3IKOIO € IepeBipKa KOpeHiB, IO € ippaiiio-
HAJbHUMHU YUCJIAMU.

Posp’sasyoun paifioHanbHe pPiBHAHHSA, IIUX IPOOJEM MOMKHA
YHUKHYTH, AKINO criouaTky 3HaiTu O[3 sminHoi B piBHaAHHI. Toxni,
OTPUMABIIHY KOPEHi PiBHAHHA-HACTIAKY, OOILJIBLHIiIIIE ImepeBipuTH,
yu HasexaTb BoHuU OJ13, Hi’K BUKOHYBaTU IIePEBipKY ITiZICTAHOB-
KO0 iX y mouaTKoBe piBHAHHA. Ti KOpeHi, IO He HAJIEKATUMYTH
O3, i 6ynyTrs cropouHimu. Ileii cmocib € mocuTh KOpUCHUM i B
TUX BUNAAKAaX, KOJIU IIEPETBOPEHHS IPU3BOLATH A0 POSIIUPEHHSI
OlI3 mouaTKOBOTO PiBHAHHSA, IO, V CBOIO UEPry, MPUBBOIUTH OO0
TIOSIBY CTOPOHHIX KOpeHiB. Po3riigHemMo e Ha MpUKJIamIi.

. 1 1
[ GERN S Poss’asaru piBHAHHES: X2 + =x+ + 6.
x+2 x+2

PosB’azanmuda. ObiacTio mONMyCTMMUX 3HAUEHb 3MiHHOI B
piBHAHHI OyAyTh BCi 3HaueHHA X, KpiM uucya —2. Hagari sanu-
cyBatumemo 1e Tak — OJ13: x # —2.
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IlepeneceMo Bci JomaHKY B JIIBY YacTUHY PiBHAHHA:
1 1
x? + -—x- -6=0.
x+2 x+2

1
x+2 x+2
, =3. Ane —2 me manexurb OII3 i ToMy € CTOPOHHIM Kope-
HeMm. OToke, 3 — eAUHUII KOPiHb PiBHAHHA.
Bigomosigs. 3.

OcKinbKu

=0,maemo: x2 —x—-6=0,roni x, =-2;

5. Hazinpocmiwi 3a3Buyait y p'iBHé.IHHHX ﬂiTengn I0-
Pi6HARRS 3 napamempom BHAUAIOTHh B3MiHHI, ase iHOAI, Kpim

~——=——J smiHHOI, DIBHAHHA MOKe MIiCTHTH IIe
1 iHmy jitepy, SKOI IO3HAYEHO HeBizmome crase umcio. Lo ii-
Tepy B DPiBHAHHI HA3sWBAIOTh nNApPAMempom, a PiBHAHHS, IO Ii
MiCTUTB, PIBHAHHAM 3 NAPAMEMPOM.

SIKmI0 B piBHAHHI € mapaMeTp, TO MAaeEMO B)Ke He OJHEe PiBHAH-
HfA, a HeCKiHUeHHY IX KiJbKicTb, AKi oTpmMyBaTUMeMO IJS Pis-
HUX 3HayeHb Iapamerpa. {14 pisHUX 3HaAUEHBb HmapaMeTpa Kijb-
KicTh KOpeHiB PiBHAHHSA TaKOK MOKe OyTH pPi3HOIO.

‘ Posg’azamu pi6HARHA 3 napamempom 03HAYAE NI KOMKHO-

L. ro 3HAYEHHA MapaMeTpa BCTAHOBUTH, YM MA€ PiBHAHHA KO-
peHi, i AKIIO TaK, TO 3HAWTH Wi KOpPeHi, AKI B OiAbIIOCTI BU-
MaJgKiB 3adeKaTUMYTh BiJl mapamMeTpa.

¥V mkinpHOMY Kypci MaTeMaTHKW 0 PiBHAHBb 3 IIapaMeTpaMu,
3a3BUUAali, BUCYBAlOTh ONHY 3 JABOX BMMOT: PO3B’s3aTH PiBHAHHA
(MaeThcsa Ha yBasi, AJIA KOKHOTO MONMYCTMMOTO 3HAUEHHSA Tapa-
MeTpa) abo 3HAWTU 3HAUEHHSA IapaMeTpa, IIPU SIKOMY PiBHAHHSA
3aI0BOJIbHAE IIEBHY YMOBY, 3a3BHUYaii, IMOA0 KiJbKocTi abo uumc-
JIOBUX 3HAUEHb MOT0 KOpPEHiB. 3aJIeKHO Bill IIMX BUMOT DPiBHAH-
HS 3 IapaMeTpaMy MOXKHA yMOBHO MHOMIJWTHU Ha ABa Tunu. llpu
bOMY OyIb-sIKe TaKe PiBHAHHSA € MO CBOEMY YHIKaJIbHUM, TOMY
yHiBepcaJbHUX METOMiB PO3B’sI3yBaHHA PiBHAHBL 3 IIapaMeTpaMu
He icHye. MosKHa JuIlle 3a3HAUUTH IIeBHi mii, 0e3 BUKOHAHHS
AKUX PO3B’s3aHHA PiBHAHHS 3 ITapaMeTpoM He Oyje YCITiIITHUM.

Hanpukaaz, AKIMO MOCTaBJI€HO BUMOTY PO3B’A3aTU PiBHAHHA,
TO CIIOYATKY BHAXOAATH 00JIaCTh NONMYCTUMUX 3HAUYEHb IIapaMe-
Tpa (AKIO BOHA BiAMiHHA BiJi MHOKHHM BCixX MiHICHUX YMCeN),
HOTIM OOCIIMKYIOTH yCi MOMKJINBI BUNAAKU iCHYBAaHHS KOPEHiB,
3HAXOAAYM 3HAUYEHHS MapaMeTpa [IJs KOMKHOTO i3 IUX BUMOAI-
KiB Ta BigmoBimHiI iM KopeHi. Yci sHalifeHi 3HaUeHHA mapaMe-
Tpa Ta Bi,Z[HOBi,Z[Hi iM KOpeHi 3a3HAvYalTh y BiAmoBimi mo sa/:[aqi,
3a331/1qa1/1, y dopmi «dArmro..., To...». IIpum mpomy 3asHaueHi y
BiimoBiAi 3HAUEHHA ITapaMeTpa MaioTh 000B’A3KOBO OXOILIIOBATU
BCIO 110ro 00JIacTh JONMYCTUMUX 3HAaUeHb. BifcyTHicTs y BimmoBimi
xoya 0 OHOTO 3HAUEHHA IapamMeTpa 3 HOro 00JacTi JOmyCTUMHUX
3HaUYeHb O3HAUaATHMe, IO MeAKi BUNAAKU iCHYBaHHSA KOPEHIB He
POBTJIAHYTO, TOMY BiZIIOBib € HETIOBHOIO.

PosrnsumemMo KinbKa PpPiBHAHB TaKOro TUIY HaA IIPUKJIALax,
e a — TmapaMerp.
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I'IpMKna.q 14y Posp’sasatu piBHsaHHA: (a2 - 4)x =a - 2.

c Poss’azanua. PiBaanna ¢ ninilinum. SIk6u BoHO He MicTH-
JIO IIapaMeTpa, KOpiHb Mu 0 BHAX 0NN IiJeHHAM 000X Y4aCTUH
piBHAHHA Ha KoedimieHT npu smimHiA x. Ase meit KoedimieuT
MIiCTUTBH IIapaMeTrp, TOMY IIPM IEeBHHX S3HAUYEHHSX IapaMerpa
MOJKe HOPiBHIOBATH HYJIIO, i TOAI BUKOHYBATU MiJI€HHA HE MOMK-
Ha. OT)Ke, MaeMO BHIAAKU, Koau a2 —4 =0, TobTo Koiu a = 2
a6o a = -2, ta ko a2 —4 # 0, Tob6To Koytm a@ # 2 i a # —2. Pos-
TVISTHEMO KOXKHUU BUIIAIOK OKPEMO.

1) Hexait a =2, Tomi piBusHHsa HabyBae sBuraagy 0-x =0,
PO3B’A3KOM AKOI'0 € OyIb-SIKe UHCJIIO.

2) Hexait a = -2, Toni piBHsuHa HaOyBae Buriaany 0-x=-4 i
po3B’A3KiB He Mae€.

. a—2 a—2
3) Hexait a # 2, a # -2, Togi x=——, TOOTO X =—"T—"—,
a?-4 (a-2)(a+2)
1
OTIKe, X = .
a+2
BigmoBiags. fAximo a =2, To x — OyAb-sIKe UYHCJIO0; SAKIIIO

a = —2, KOpeHiB HeMae; AKIO a #2 1 a # -2, TO x =

a+2
I'IpMKnaA :}} Poss’sazartu piBHaHHA: ax? —2x +1=0.

* Poss’asanna. fdxmo a =0, marumemo riniliHe piBHAHHA,
. axmo a =0, — KBaJpaTHe. POSI‘JIHHeMO i BUIIAAKU.
1) Hexaii a =0, Toxi piBHAHHS HaOyBae Burasamy —2x +1 =0,
otTxke, x =0,5.
2) Hexaii a # 0. 3HaxoguMo AUCKPUMIiHAHT KBaApPaTHOTO pPiB-
HaaHsa: D =4 -4a.
Axmo D >0, to6T0o 4 —-4a >0, orke, a <1, 3a ymoBH, IO
a # 0, piBHAHHA MaTHMe [Ba Pi3HUX KOpEeHi:

+/4 —
x1,2=#:1i 1-a.

Axmo D = 0, Tobto 4 — 4a = 0, oT:Ke, a = 1, piBHAHHA Ha0Y-
Bae BUraany: x2 — 2x + 1 = 0 i mae onuH KopiHb: x = 1.
Axmo 4 —4a <0, To6To a > 1, piBHAHHS KOPEHiB He Mae€.

BigomoBigs. Axkmoa =0, Tox =0,5; akmoa < 0abo0<a <1,
TO X, = 1+V1-a; axmo a =1, o x = 1; axmo a > 1, To Kope-
HiB HEMAe.

Posrianemo Temep KijnbKa IPUKJIALIB PiBHAHB APYroro THUILY,
TOOTO TUX, ¥ AKUX Tpeba 3HANTH 3HAUEHHS IIapaMeTpa, IIPU AKO-
My Ma€ BUKOHYBATHCS IIEBHA yYMOBa MIOA0 KiJbKOCTI KOPEHiB pPiB-
HAHHS a0o0 iX 3HaUeHb. ¥ TAKUX 3aJadaxX HaWdacTillle MU MAaeEMO
3HAWUTH IIi 3HAUEHHA IMapaMeTpa Ta 3a3HAUUTH iX y BiAmoBimi.

Bl eEnR s TIpy AKMX BHAYEHHSAX NapaMeTpa 4 PiBHAHHS
° ax — 2 = 3x piBHOCUJIbHE PiBHAHHIO bx — 2 = 13?
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. PosB’asanmusg. €quEuM KopeHeM pPiBHAHHA bx — 2 = 13 €
yucsio 3. Tomy, 3a O3HaUEeHHAM PiBHOCUJIBHUX DPiBHAHB, PiB-
HAHHA aXx — 2 = 3X TeX IOBUHHO MaTWU TiJIbKU OAUH KOPiHb i
BiH mae Oytu uwmcyaom 3. Ilpumycrumo, 110 4uciao 3 € KopeHeM
piBHSHHA ax — 2 = 3X, TOAL BOHO IIEPETBOPIOE PiBHAHHSA y IIpa-
BUJIbHY piBHicTh. IlimcTaBumo umciyio 3 3amicTh X y PiBHAHHSA 3
mapamMeTpoMm, orpumaemo: 3a — 2 = 3+ 3, Todto 3a = 11, orxe,

11 .
a = —. 3aJIumaeTbcs BIEBHUTHUCA, IO IpU 3HaliZeHOMYy B3Ha-

YyeHHi IIapamMerpa iHIIMX KOPeHiB, KpiM umciaa 3, y piBHAHHSA
Hemae. IligcraBuBiniu B pPiBHAHHA ax — 2 = 3x 3HalifjeHe 3Ha-

. 11
YeHHS IapaMeTpa d, OTPUMAEMO PiBHAHHSA gx—Z = 3x, enu-

. 11 .
HUM KOpeHeM sAKoro i 6yme uwmciao 3. OTike, mpu a =? piB-
HAHHA bx — 2 =13 i ax — 2 = 3x — piBHOCHJIbHI.

BigomoBigs. 1?

Ilpy gaxwx 3HAUEHHAX [apaMeTpa @ pPiBHAHHSA
° (a+2)x2 - 2ax +1 =0 mae piBHO ABa Pi3HUX AIACHUX KOPEHi?
Poss’asaunuda. Posraamemo aBa Bumangkm: xkoau a + 2 = 0,
TOOTO PiBHAHHS Oyme JiHiliHuM, i Komu a + 2 # 0, ToOTO piB-
HAHHA Oyae KBaJpaTHUM.
1) Hexait a + 2 =0, Toxi a = —2, i piBHAHHEA Ha0yBa€e BUTJIANY:
4x +1=0.
Tomi x = —0,25 — #oro efuHUN KOPiHb. 3HAUEHHS IIapaMeTrpa
a = —2 He 3a/0BOJIbHAE YMOBY 3a7avi, OCKiJIbKY JJIs IIHOr0 3HA-
YeHHS PIBHAHHA Mae€ JIUIIe ONWH KOPiHb.
2) Hexait a + 2 # 0, Toni a # —2. 3HaigeM0 AUCKPUMiHAHT
KBajpaTHOro piBHAHHA: D = (-2a)2 —4(a +2) = 4(a® —a - 2).
PiBHsgHHA MaTHMe OBa PisHUX AilicCHUX KopeHi 3a ymosu D > 0,
To6TO Koam a2 —a—2 > 0. Po3p’sa3koM Iiei HepiBHOCTL € MHO-
skmHa (—00; —1) U (2; +00). YpaxoBywoun, 110 IPU IILOMY IITe i
a# -2, 10 npu a € (—o0; =2) U (=2; —1) U (2; +°°) piBHAHHA
MaTHUMe IBa PiBHUX AiNCHUX KOPEHi.
BigmoBigse. (—00; —2) U (=2; —1) U (2; +0).

m IIpu sAKuMX B3HaUYeHHAX MOapaMeTpa a pPiBHAHHA
° x2-6x+8+2a-a?
x—2
PosB’a3aHHudA. PiBHAHHA piBHOCUJIbHE CHCTEMi:
x2-6x+8+2a—-a2=0,
x # 2.

=0 Mae eIMHUN KOPiHb?

3 piBHsAHHA cucTeMu MaeMo: D = 36 — 4(8 + 2a — a?) = 4(a - 1)?;
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x1:6+2(a 1)=a :6 2(a-1)
2 2

ITouaTKoBe pPiBHAHHA Mae€ JIUIIEe OAUH KOPiHb B OMHOMY 3 TAKHX

BUIIAAKiB:

Dox,=x, i 6,22 2)x, =25 x,#2; 3)x,=2; x; #2.

Posraaremo 11i BUDagKu.

1) Hexait a+2=4-a, Tob6ro a =1. Tomi x;=a+2=1+2=38+2.

OTr:xe, a = 1 3a10BOJILHAE YMOBY 3ajadi.

+2; X, =4-a.

L la+2=2, .
2) Hexait Toai a = 0.
4—-a+2.
L |4—a=2, .
3) Hexait Tomi a = 2.
a+2+#2.

Bigmosiags. 1; 0; 2.

@ Ulo HasuBawTb piBHAHHAM? @ Lo HasuBaoTb KopeHem abo
pPO3B’'sA3KOM pPiBHAHHA? @ LLlo 03Hayae po3B’a3aTtu piBHAHHA? @ Aki
[0Ba PIBHAHHSA HA3MBaKOTb PIBHOCUNBHUMN? @ FAKi PiIBHOCUIBHI nepe-
TBOPEHHS PiBHAHb BU 3HaeTe? @ LLlo Ha3mBaloTb PiBHAHHAM-HaCNIA-
kom? @ Lo HasuBaloTb obnacTio AOMYCTUMMUX 3HAYEHb PIBHAHHA?
@ Lo posymitoTb nig NoHATTAM napameTpa? @ Lo o3Havyae po3B’'a-
3aTu PIBHAHHSA 3 NAapamMeTpom?

§ Fozb sxims 3agaui ma bukonaime bnpabu

{1 Ywu piBHOCuIbHIi piBHAHHA (5.1—5.2):

51.1)x+2=51 x-9=2T; ) x-5=12i x:2=10?
52.1)x-3=81i x:3=5; 2)x+3=81i25:x=25?
Posp’sokiTes piBHaAnHA (5.3—5.4): ,
_ _ 2 _

53.1) %0, 2XL_o gX-Ll_g g¥=3x_,

x+1 x+2 x-5 x—2

2 _ 2

5415 —0;, 253 _ 0 X 4_g gt _,

x—-8 x-17 xX+5 x+3
Suaiigite O/13 piBHauHa (5.5—5.6):
55 1) 2L oy xoxem.

x—-3 x

56.1)0 -3, 9y Jx=5
x x+2

2, Posp’soxire piBEaArHA (5.7—5.10):
57.1)3(x-5)+11=2x-71; 2) 4(x+9)—6x = -2(x-T).
5.8.1)5(x+2)-17 =3x + 5; 2) 2(x—-7)+3x = 5(x - 2).
x2—x x2 -2x-3

5x -5 )x2—3x—4

5.9. 1)
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2 2 _
5.10. 1) X% _ g, X% +3x—4

Tx+7 x2+4x-5
5.11. TToxaxxiTe, mo piBHAHHS x2 —2x = 0 € HacIifKOM PiBHAH-

x2 - 2x
HI ——————— =

x2+2x-8

5.12. ITokaxiTs, mo piBEAHEHEAS x2 — x = 0 € HacIifKOM PiBHAHHA
x2-x
x2 4+ 2x -3
Posp’sikiTes piBHAHHA (5.13—5.16):
2 2 _ _

5.13.1) % - 2%, gy ¥ -2 _4-x

x-2 x-2 x+3 x+3

2 2 _

514.1) - %, gy ¥l _3-x

x-1 x-1 x+2 x+2
515 1)~ X _X*d_ 4 g2 4 _ *¥-3

x-2 x+2 x x-2 x%2-2x
5.16‘1)x+6_9—3x=3; 2)§_ 5 _ x+3 .

x+1 x-1 x x+4 x?2+4x

5.17. Ilpu aKux sHaueHHAX mapamerpa b piBHsauHg 4x — 1 =7
piBHOCcHJIbHEe piBHAHHIO bx + 3 =3x — 77

5.18. IIlpu  aAKmX  3HAUEHHSAX  ItTapaMeTpa a  pPiBHAHHA
ax —5=5x+9 1 Tx — 3 =4 piBHOCUIBHi?

5.19. Ilpu axux 3HaUEHHAX IIapaMeTpa @ PiBHAHHA:
1) x2 — 2ax + a2 + 2a -1 = 0 mae aBa pisHUX AificHUX KOpPEeHi;
2) x2 —4ax + 4a® + 3a +1 = 0 He Maec AilicHUX KOpeHIiB?

5.20. Ilpu AKuxX 3HaUEeHHAX mapaMmerpa b piBHAHHS:
1) x2 — 2bx + b2 + 2b — 4 = 0 mae gBa pi3HUX JiiCHUX KOpeHi;
2) x2 —4bx + 4b% + b+ 3 = 0 He Mae ificHUX KOpeHiB?

a1 KOKHOTO B3HAUEHHSA I[IapaMeTpa a PO3B SKITh piBHAHHA

(5.21-5.22):
521.1)—2 =3 2)—2 -2

2a-x a—2x
522.1)—2 -3 292 _o

a—2x 2a—x
3 Posp’sxirs piBHAHHA (@ — mapamerp) (5.23—5.24):
5.23. 1) (a - 1Dx = 5; 2)(a@a+2)x=a+2;

3@ -x=a+1; 4) (a - 2)x = a? - 4.

524. 1) (a+Dx=T1; 2)(a-2)x=a-2;

3)(a+3)x=a2-9; 4) (a2 - 25)x = a - 5.
Posp’sokiTes piBHaAnHA (5.25—5.28):
5.25. 1) 5 4x -6 22 -4x 5

+ =3; 2)
x+1 (x+1)(x+3)

+ 3 =
(x-1)(x-3) x—3
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3x—2+x—4_ 3x2 +1 9 1 6

3 = ; 4 + = .
)x—l x+3 x2+2x-3 )(x+2)2 (x-2)2% x2-4
5.26.1) — L% - 1 g 1 xvd
2-x)(x-3) 2—-x x+3 (x+3)(x+2)
27 x+2_ 5 ., 1 9 6
x—-4 x+1 x2-3x-4 (x-3)2 (x+3)2 x2-9
5.27. 1) x2 + =x+L+2; 2) 22 +J—x = 2x + 8 ++/-x.
- —2
5.28. 1) x2 + =x+ 12, 2)x2+Jx=3x+x+4.
x+1 x+1

IIpu axux 3HaueHHAX Imapamerpa a piBHAHHA (5.29—5.30):
5.29. 1) (8a —1)x2 + 2ax + 3a — 2 = 0 Mae 1Ba PiBHMX AIACHUX KOPEHI;
2) (a +1)x2 —ax +a -3 = 0 mae He OlIbllle Hi)K OOUH KOPiHL?
5.30. 1) 2a +1)x2 —ax + a - 2 = 0 Mae fBa pisHUX AIHCHUX KOpPEHi;
2) (2a—-1)x2 +ax+2a—3=0 Mae He GLABITE HiIXK OMUH KOPiHL?
4 Yu saBxau piBHOCHIBHI piBHAHHA (5.31-5.32):
531.1) (x2+2)f(x)=2x2+4 i f(x)=2;
2) (x% = Df(x) = (x - Dg(x) i (x+Df(x) = g(x);

f@) _ ) . .o
8) 100 =T 1 () = g
foy 5

= i =5?
x2+x+2 x24+x+2 f(x)
5.32. 1) (x-2)f(x)=2x-4 i f(x)=2;
2) (22 + Df(x) = (x% + Dg(x) i f(x) = g(x);
8) 1O~ ) 1) - gy
X2 +x x%+x
flx) 10
2+x+T7 x2+x+7
Posw’s:kiTh piBHAHHA, e a — mapaMerp, (5.33—5.34):
5.33. 1) a2x2 + 6ax + 5 = 0; 2)ax? +4x-2=0.
5.34. 1) a?x2 —4ax -5 = 0; 2) ax? +6x-1=0.
5.35. IIpu aAKUMX  3HAaUeHHAX  IapaMeTpa a4  PiBHAHHSA
x2-2x+4a-a%-3
x+1
5.36. IIpu  gxumxX  3HAUEHHAX  IapaMmerpa b  piBHAHHA

x2 +2x-b%2+2b
x-5
5.37. 3ane)xkHO BijJ 3HAUEHDb ITapaMeTpa @ 3HAWAITh KiJbKiCcTh KO-

i f(x) =10?

=0 Mae Jwuiiie oAuH KOPiHb?

=0 mae JjuIille OgUH KOPiHb?

peHiB piBHAHHA |x2 —2x — 3| = a.

53



5.38. 3ualigiTh KiJIbKiCcTh KOPEHiB PiBHAHHSA |x2 + 2x| = a 3ajex-
HO BiJl 3HAUeHb IIapaMeTrpa d.

¢% 5.39. Posp’suxiTh piBHSAHHSA (X — 3MiHHA):

2
1) om N 4m N 3m _s 2) ax (@ + 1)
x+m x+2m x+3m x-1
3y X=a,xX"b 45 H-b
x—-b x-a x—a x-b

5.40. 3uaiigiTe yci 3HAUEHHA MapaMeTpa m, IPU KOKHOMY 3 SKUX
piBasHHA (x — m)2(m(x —m)2 —m —1)+1 = 0 Mae JomaTHUX Kope-
HiB OinbIlle, Hi}K Bix eMHUX.

5.41. 3HanAiTH yCci 3HAUEHHA IapaMeTpa m, IIPpU KOKHOMY 3 AKUX
piBEaaEa (x — m)2((x — m)2 —2m —4) + 2m + 3 = 0 Mae Bix’eMHHUX
KOpeHiB 0iJbIlle, HiXK TOZATHUX.

5.42, I[eﬂfca MOJieJIb CMapT(OHa KOLITyBaIa 3500 rpu. Ye-
NV pes nesruil yac LiHy Ha Hei SHUSWUIM [0 2800 rpu. Ha
CKiTBRY BiZICOTKiB OyJ/I0 3HMIKEHO I[iHYy Ha I[0 MOJEJb?

5.43. (Mixcunapoona mamemamuyna oaimniada, 1960 p.).

3HalgiTe yci Tpunmudposi HaTypadabHiI umcia, AKi mpu mgi-
genHi Ha 11 mafoTh B ocTaui umcyo, M0 AOPiBHIOE CyMi KBaapaTiB
nudp AJaHOTO YMCJa.

i Tligeomyimecs g0 bubuenns Hobozo mamepiany

Posp’s:kiTh HepiBHicTD (5.44—5.45):
5.44. 1) 2x > -8; 2)4x<-12; 3) 2x < 10; 4) -3x>-15;

5) 0x >5; 6) Ox < 3; 7) 0x > -7, 8) Ox<-11.
5.45. 1) x2 +2x -3 > 0; 2) x2 —x—-6<0;
3) x2 -4>0; 4) 2x2 -3x-5<0.

@ @ HEPIBHOCTI

HepiBHocTi, K i piBHAHHSA, BigirpamoTh 3HAYHY POJIb Yy KYyp-
ci anxredbpu. ¥ mpomy maparpadi cucTeMaTH3yeEMO Ta IIOTJIMOMMO
3HAHHA PO HEPIBHOCTI.

1. Hepisnicme 3 odnien | Y nonepe,z[Hix, KJlacax HaM yoke JOBO-
aminnorw. Pienocunvhi AUJIOCA DO3B ASYyBATH HEPIBHOCTL 3
Hepisrocmi onuieto sminnoW0. e Oy miniiui Ta

KBaJpaTHI HepiBHOCTi, HampwKIazm,

20x-1)+5x>17, x2 > 4 TOIIIO.

‘ SHaYeHHS 3MIiHHOI, fIKe NepPeTBOPIoE HeplecTL Y MpaBHIb-
HY YMCJIORY HEPiBHICTH, HASMBAIOTE P0O36°A3KOM HePLEHOCMI.
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Hanpukaazn, duciao 1 € poss’saskom HepiBHocTi 2x +7 > 8, 60
2-1+7>8, ane 0 He € po3B’sA3KoM I1iel HepiBHOCTI, 60 2-0+ 7 < 8.

, ‘ Pose’azamu HepiéHicmb — 03HAUYAE 3HAMTM BCi II pO3B’A3KH
L ab60 mToBecTH, IO PO3B’A3KIB HEeMae.

Hanpuxnaazn, mepiBuicts 0-x > 7 poss’AskiB He Mae, a pPos-
B’sisKOM HepiBHOCTI 2x > 8 € mpomiKkok (4; +0).

‘ Hepisrnocmi Ha3MBAKOTH PI6HOCUABHUMU, AKIIO MHOKHHH IX
L, Po3B’A3KIB 306iraroThcAd.

Ax i piBHAHHA, HEPIBHOCTI TeX MOKHA PO3B’sA3yBAaTHU 3a JIOTO-
MOTO0 PiBHOCHJIBHUX II€PETBOPEHb, TOOTO 3aMiHIOIOUN HEepiBHiCTHL
piBHOCMJIBHOIO ifi mpocCTimioo HepiBHicTIO (iHOAI KisbKOMa IIpoO-
CTilIMMU HepiBHOCTAMU) ab0 CHCTEMOI0 HepiBHOCTell, AKa MaTu-
Me Ty caMy MHOXKMHY PO3B’A3KiB, II[0 II IIOYATKOBAa HEPiBHICTH.
Y makomy pasi KamKyTb, II[0 HEPiBHIiCTH piBHOCHJIbHA HEPiBHOCTIL
(cyxkymHOCTi HepiBHOCTeIT) abo cucTeMi HepiBHOCTEH.

IIpuragaemo piBHOCUJIBHI IIepeTBOPEHHA HEPiBHOCTEH, 3 AKU-
MU MU O3HaAloMuJucA B Kypci anrebpu 9 kKiacy:

‘ 1) po3KpHUTTA OY:KOK Ta 3BeIeHHA MOAIOHUX JTOTAHKIB
L, y Oyab-AKi YacTHMHI HepPiBHOCTI;
2) mepeHeceHHs MONAaHKA 3 OJHi€l YacTUHU HEPiBHOCTI
B iHIIY 3i 3MiHOIO0 HHOr0 3HARY HAa IMPOTHIEKHUI;
3) MHOXkeHHA ab0 [JiTeHHA 000X YAaCTHH HepPiBHOCTI
HA OJ{HE U Te caMe MOJaTHE YHCJIO;
4) MHOXKeHHA a60 [JileHHA 000X YACTHH HepiBHOCTI
HA OHEe W Te caMe Bii’€MHe YMCJIO 31 3MiHOKO NPH IBOMY
3HAKY HepPiBHOCTI HA IMPOTHIEKHUIL,

IIpuragaemo, K pPo3B’sA3aTy HEPiBHICTH 3a JOIIOMOTOI0 PiBHO-
CUJIBbHUX TE€PETBOPEHbD.

W Posp’asatu HepiBHicTb: 3(x —2)+5 > bx — 2.

Poss’szaunuda. 3x—6+5>5x — 2 (po3KpuUIN AYKKHU).
3x —5x > -2+ 6 — 5 (mepeHecan TOTAHKM).
—2x > —1 (3Besiu OAiOHI mOmAHKI).
x < 0,5 (mogismmau Ha Bix €MHE YMCIIO).

Bigmosigs. x<0,5.

3ayBasKUMO, BiIIIOBiAh MOKHA 3amucaru i Tak: (—o°; 0,5).

Ilpuragaemo, sK pO3B’sA3aTH KBaj-
paTHy HepiBHICTB.

W PosB’a3aTu HepiBHicTb: X2 +x —6 > 0.

PosB’s3aunuda. 3HalileM0 KOPeHi KBaApaTHOI'O TpPUUJIEHA
x2 + x — 6. Maemo: x, = 2; X, = —3. OCKiIbKH HepiBHiCTB CTpO-
roro 8HaKy, TO Iii qncna He HaJIE‘)RaTI/IMYTb MHOKUHI pPo3B’sA3KiB
HepiBHOCTi. ToMy HaA UMCIIOBi# OCi B0OpaKyEMO X «IIOPOKHIMM»
TouKaMu. depes I[i TOUKM CXEeMaTHUUYHO II0BeaeMo rpadik (GyHK-
mii y=x2+x -6, mo ¢ mapaboJo, TiIKM AKOI HAIpPAMJIEHI
Bropy (ma. 6.1).

2. Memod inmepeanie
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OT:Ke, MHOXKHMHOIO PO3B’sI3KiB HepiBHOCTI
e o0’emmaHHA iHTepBadiB (—°0; -3) i
(2; +00), Ha AKUX GYHKIiT HaOyBae momaT- 3 >
HUX 3HAUYEHb. - 2
BigmoBigse. (—00; —3) U (2; +090). Mau. 6.1

Ax i nna piBHAHB:

‘ obracmio 0onycmuMux sHaverny (O13) 3MiHHOI MIA KOKHOL

(Y & nepiznocreit f(x) > g(x), f(x) > g6, fx) < g), fx) < g(x))
Ha3MBAIOTh Ilepepis o0aacTell ZONMyCTHMAX 3HaYeHb 3MIHHOL
BUpa3iB f(x) i g(x).

Posp’asaru HepiBricTs X2 + x —6 > 0 MoxkHa # iHmMEM cmoco-
60M, TI'PYHTYIOUNCH, HAIOPUKJAL, Ha BJACTHUBOCTAX HEIEPepBHUX
(yurmit. Ockinbku rpadikom QyHKINL f(x) = x2 + x — 6 ¢ Heme-
pepBHa JiHisg, a HyaamMu GyHKIII — uncaa —3 i 2, To 1i ymcaa pos-
OMBaIOTh UMCJIOBY Bich Ha Tpu mpoMikKu (iHTepBasm): (—o0; —3),
(=3; 2) i (2; +°°), HA KOKHOMY 3 AKUX (PYHKIIA € 3HAKOCTAJIOIO.
Tomy, 1100 3HaiiTH 3HAK (PYHKINI Ha KOoKHOMY i3 Iux iHTepBa-
JiB BHAKOCTAJIOCTi, ZOCTATHRO BHSHAUUTH 3HAK YHCJA, IO € 3HA-
yeHHAM (QYHKI[I B ofHi#l (Oyab-sKiil) TouIri lHTepBaJIy (Trary TOU-
Ky HasUBATHUMEMO «KOHTPOJBHOI»). Toil cammii sHaK mMarume i
GYHKIiA B KOXKHIII TOUIIl IIbOTO iHTEpBay, TOOTO Ha IILOMY iH-
TepBasi. BusHauusIinu y mei cmocib 3HaAK (QYHKIII Ha KOXKHOMY 3
iHTepBaJIiB 3HAKOCTAJIOCTi, JIETKO 3amluncaTh pOSB’ﬁSRM HepiBHOC-
ti. Hanpukmag, —5 € (—o0; —38), f(-5) > 0, Tomy x2 +x—6 >0,
AKIo x € (—o0; —3). AHaJIOI‘l‘-IHO, 0 e (- 3 2), f(0) < 0, Tomy
x2+x-6<0, akmo x € (-3; 2). BizbMeM0O OCTaHHIO «KOHTDPOJIb-
HYy» TOYKY: 3 e (2; +00), f(3) > 0, tomy x2+x—6 >0, axmo
x € (2; +o0). dx Gaummo, 3HaKu (QYHKII Ha iHTepBasax 30ira-
I0ThCcA 3i 3HaKamMu 1iei K (QYHKI[I, OTPUMAHUMM y TPUKJIAAL 2
(mam. 6.1).

Cmoci6 posB’sisyBaHHs HepiBHOCTell, IKUI MU IIIONHO BUKOPHU-
cTajau, Ha3WBAIOTHb Memodom iHmepsanié. BiH € yHiBepcaJabHUM,
TOMY HOr'0 MOJKHAa 3aCTOCOBYBATHU AJIs OyIb-IKUX HepiBHoOCTeil. 3a-
YBaXKUMO, IO IepeBipATH 3HaAK (PYHKIII Ha iHTepBajax 3a HOIMO-
MOI'0I0 «KOHTPOJBHUX» TOUOK 3PYUHiIlle, KoJIu Bupas f(x) posKJia-
JEeHO Ha JiHifHI MHOXHUKH.

Posrigsaemo KijsibKa BOpaB Ha 3aCTOCYBaHHS METOAY iHTEpPBAJiB
IJIsT PO3B’sA3yBaHHsS HepPiBHOCTeI, 00JIaCTI0O AONYCTUMUX 3HAUYEHb
AKUX € MHOMKHWHA BCiX HiICHUX YMCeJ.

W Posw’saszatu mepiBHicTh: (x + 4)(x —2)<0

Poss’azanmuda. Hynamu ¢ysKIii f(x) = (x + 4)(x — 2) € 4duc-

-4 i 2. Ilosmaummo ix ToOUKaMu Ha 4YmcJOBiil oci. Ii umecaa
HaJexKaTb MHOMKHWHI PO3B’A3KiB HepiBHOCTiI, OCKiIbKU HepiB-
HicTh € HecTporow. OT)Ke, MAEMO TPU IPOMIiKKM 3HAKOCTAJIO-

cti Qyrmii: (—o0; —4], [-4; 2] Ta [2; +0) ~N

(mag. 6.2). >
¥V KoKHOMY 3 iHTepBaJIiB Bi3bMEMO ITI0 OJHIiH —4 2
«KOHTPOJBbHIN» TOUIli, 38 AKMMU BU3HAYUMO Maut. 6.2
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3HAK KOYKHOT'O 3 MHOXKHUKIB y JIiBiff yacTHHI HEPiBHOCTI, OTKe, U
ycworo Bupasy (mai. 6.3).
Maewmo:

-5 e (—o0; —4), Toxi (x + 4)(x — 2) > 0;
0 € (~4; 2), Toxi (x + 4)(x — 2) < 0;

3 € (2; +00), Toi (x + 4)(x © 2) > 0. 4 5 X
Orxe, (x + 4)(x — 2) < 0, xosm x € [4; 2]. Mau. 6.3
Bigmosigs. [-4; 2].

PosB’sizaTu HepiBHicTb: x% —x2 —4x +4 < 0.

s PosB’azanna. PoskirazeMo Ha MHOMXHUKM JiBy YacTHUHY
HepiBHOCTI croco6oM IpynyBaHHA: x3 —x2 —4x +4 =

=x2(x -1 -4(x-1) = (x - 1)(x2 - 4) = (x - 1)(x - 2)(x + 2).
OrpumMasu HepPiBHiCTh, PIBHOCUJIbHY JaHii:

(x—=1)(x-2)(x+2) <0.

ITosmaummo wywmena 1, 2 i -2, axki e #HyaamMum QYHKIIL
f(x) = (x —1)(x — 2)(x + 2), Ha 4YKCJIOBi# OCi «IOPOKHIMU» TOU-
Kamu, 00 3HAK HepiBHOCTi € cTrporuMm (mas. 6.4). Busmaummo
3HAK (QYHKIIiI f(x) HA KOKHOMY 3 OTPHU- m
MaHUX IIPOMiKKiB (3pobiTh Ie camo-

CTifiHO). —2 1 2 X
Maemo po3B’s3KU HEPiBHOCTI: Maur. 6.4

(=05 =2) U (1; 2).

Bigmosigsb. (—90; —=2) U (1; 2).

L )
L ]

Ilpukaagu, AKi MU POITIAHYJAW BUINE, HAIOTh 3MOTY TiNTH
BUCHOBKY, ITI0 (DYHKIIiA MOKe 3MiHUTH CBili 3HAK TPU Iepexomi
yepes cBill Hysb. € I iHIIIa yMOBa 3MiHU 3HAKY.

. . . 6
Posrasauemo mobpe Bimomuii mam rpadixk QyHKI y = —, pada
x

akoi D(y) : x # 0 (man. 6.5). OueBugnHo, axmo x >0, To y > 0,
a axmo x <0, o y<O.

Omxe, QYHKIiA MOYKe 3MiHIOBATH 3HAK IIle B OJHOMY BUIIAJ-
Ky — IpU IIepexoni uepes TOUKHU, AKi He HaJie:KaTh 00JIacTi Bu-
3HAUEHHA PYHKILII.

Taxum YyMHOM, BPaxOBYIOUM, IO 3HAKOCTAJIICTh (PyHKIIII 3aje-
JKUTh He TiJIbKU Bifg HyJiB (GyHKIiI, a ¥ Big ii TOYOK po3puBy
(TobTo (ByHKIIT MOKe 3MiHIOBATM 3HAK IIPU IIepexXoi AK uepes
CcBOi HYJIi, Tak i yepe3 CBOi TOUKU PO3PUBY), Me-
TOJN iHTEepBaJIiB MOKHA B3aCTOCOBYBATHU MJIS
po3B’A3yBaHHA OyAb-AKUX HEPiBHOCTEH.

ChopMyII0EMO aJTOPUTM 3aCTOCYBAHHS METO-
oy inTepBajiB IJis1 PO3B’sI3yBaHHS HEPiBHOCTEH.
ITpu nwomy B3ayBasKmMoO, IO OYAb-sIKY HEPiB-
HiCTH MOJKHA IIEPETBOPUTH TaK, 11100 il mpaBa ua-
CTHHA JOPiBHIOBaJIA HYJIO.




/ ‘ Illo6 poss’azatu HepiBHicTs BUraAny f(x) > 0 (abo f(x) = 0,
@ 7(x) <0, f(x) < 0), Tpeda
1) 3naiiTu 06;1acTh BU3HAUCHHA PYHENII f(x) Ta mMo3HAYM-
TH 11 HA YUCJIOBIH oci.
2) 3uaiitu Hym &yHRIOii f(x) (pos3p’A3aTH pPiIBHAHHA
f(x) = 0) Ta mo3HAUMTH IX HA 00JACTI BM3HAUYEHHS (QYHK-
il (A1 ¢cTporoi HEPIBHOCTI — «IMOPOKHIMH» TOYKAMH).
3) BusHauutu 3Har (QyHKHOII f(x) Ha KO)KHOMY 3 OTpHMA-
HUX NPOMIKKIR (iHTepRAJIR 3HAKOCTANOCTi), HAIPHKJIA,
33 JOIOMOTON «KOHTPOJBHHX» TOYOK.
4) 3anmucaTH BiAMOBITH.

Posrnamemo mnpuxiam Ha 3acTocyBaHHSA MeTOLY iHTepBaJiB
IJIA palioHaJbHUX HEPiBHOCTEH.

2
W PosB’sa3aTu HEpPiBHICTD: X +2x-3 >0
x2-4x+4
PosB’s3aHHA. 3aCTOCYEMO aJITOPUTM PO3B’SI3yBaHHS He-
piBHOCTElT MeTojmoM iHTepBasiB. [lyiss 3pydYHOCTI PO3KJIAAEMO
YNCeJbHUK 1 3HAMEHHUK ApPo0Yy Ha MHOMKHHKHK 1 PO3TJISHEMO

. _(x-1)(x+3)
dpyukxmio f(x) = —(x o

1) D(f): x # 2. IlodHAYNMO II0 TOUKY «IOPOYKHBOIO» HA UMCJIIO-
Bi#f oci.
2) Hynamu ¢ysKIi € yncaa 1 i —3. [o-

HOBHUMO ITUMU TOYKAMU YMCJIOBY BiCh. TY =— Y+ T,
3) BusHaunMo 3HAaK (PYHKIII Ha KOXK- —9 1 2 x
HOMY 3 OTPUMAaHUX IIPOMIiKKiB 3a JIOIIO- Max. 6.6

MOT0I0 «KOHTPOJIbHUX» TOUOK. Maemo:

-5 € (—w; —3), f(-5) > 0, omxe, Ha inTepBayi (—w; —3) PyHK-
misgs HaOyBa€ MOJaTHUX 3HAUEHb, TOMY Ha MAJIOHKY HAJ ITUM
iHTepBaJsioM muiliemMo 3Hak «+»; 0 € (=3; 1), f(0) < 0, Tomy Ha
inTepBaii (—3; 1) maemo «—»; 1,5 € (1; 2), f(1,5) > 0, Tomy Ha
inrepBaui (1; 2) maemo «+»; 3 € (2; +»), f(3) > 0, Tomy Ha
inrepBaii (2; +w) Texk Maemo «+» (maja. 6.6).

OckinbKU HEPiBHICTH € HeCTPOrowo, To ii pos3B’dA3kaMu OyOyTh
yci IpOMiKKM, HAa IKUX MaE€MO 3HAK «+», BKJIOUAOUYMW KiHITI,
KpPiM «IOPOMKHIX» TOYOK, TOOTO mpoMmiskKm (—o0; —3], [1; 2) Ta
(2; +00).

BigmoBigse. (—00; —3] U [1; 2) U (2; +0).

20y _ 2
NI ENRRGS PosB’A3aTy HEPIiBHICTD: X(x 1)(;C 1 < 0.
x_

x2(x-1)(x2+1)
x—3

1) D(f): x # 3. IlosHaumMO HA YMCJOBiIi OCi UMCIO 3 «IIOPOIK-

HBOIO» TOUKOIO.

2) Hynavmu ¢yukmii e jgumie umcaa 0 i 1, ockinbKu Bupas

x2 + 1 myniB He Mae, OTKe, € 3HAKOCTAJIHNM IJIS OyAb-TKOTO
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3HAUYEeHHA 3MiHHOI (JIerKo mepeBipuTH, 110 momaTHUM). OcKiib-
Kk x2 + 1 > 0, TO A/ KOXXHOTO 3HAUYEHHA X OO0 MOXXHA BBa-
JKaTyu MOJATHUM YHCJIOM, a OTKe, HMOMiIUTH Ha HBOTO 0O0uIBi
YacTHHU HepiBHOCTI ab0 He BpaxoByBaTH Mij Yac PO3B’s3aHHA,
OCKiJIbKY IOoJaTHEe YMCJIO Ha 3HAK HEPiBHOCTI He BIIJIUBAE.
ITosunaummo myJi pyaKIii 0 i 1 Toukamu Ha Tili camiit YmcaoBiit
oci, me i1 ob6JacTh BUBHAUEHHS (PYHKITII.

3) BusHauuMo 3HaAK (PYHKIII Ha KOKHOMY 3 OTPUMAaHHUX IIPO-
MiKKiB (8p0o0iTh 1me camocrtiitno) (maj. 6.7).
OcCKinbKU HEpPiBHICTH € HEeCTPOrowo, TO

ii posB’s3sxkomM Oyae He TiJIbKM MIPOMi- N+ ¥ = +,
KoK [1; 3), a it uucio 0. 0 1 3 X
Bigmosings. {0} U[1; 3). Mau. 6.7

3. Haiinpocmiui ITlig uac posB’sA3yBaHHA HepiBHOCTeﬁ
HepieHoCMi 3 TapamMeTpaMu BUKODPUCTOBYIOTB Ti
3 napamempom caml NPUUOMK DO3B’A3AHHHA, IO H
~_ | nyd piBHAHB 3 IIapaMeTpPOM.
Posrnsgunemo kisbka mpuKJIaniB HEPIBHOCTEN 3 mapaMeTpaMmu.

Poss’asatu HepiBHicTB: ax > 1, me a — mapamerp.

« PosB’asauusa. HepiBHicTh € Jginifinoro. IkOu BoHa He Mi-
cTHJIa IapaMeTpa, TO OJA 3HAXOMKeHHsA iI pos3B’saA3KiB mu 6
Iimuam oOMABI YacTWMHU HEPIiBHOCTI Ha KoedillieHT mpum 3MiH-
Hilt x. OckinbKu 1eii KoedilieHT Moske OyTHU HOZATHUM, Bix eM-
HUM a00 HyJIeM 1 I/ KOXKHOIO i3 IIMX BUIIAIKiB Po3B’A3KU Oy-
IYTh PiBHUMU, POSTIAHEMO KOXKEH 3 HUX OKPEMO.

1) Hexait a < 0. IToxmimmmo siBy i mpaBy uYacTuHU HepiBHOCTI
Ha a, Ta, ocKiJIbKM a < 0, 3HAK HEepiBHOCTI 3MiHMMO HA IIPOTHU-

JexxkHU. Marumemo: x < —.
a

2) Hexait a = 0. Orpumaemo wmepiBhicts 0-x > 1, sKa He Mae
PpO3B’A3KiB.
3) Hexait a > 0. ITogimumo JiBy i mpaBy uacTUHY HEPiBHOCTI HaA

YuCJIO d, OTPUMAEMO: X > —.
a

. . 1 .
Bigmosigse. Arxmo a <0, o x < —; akmo a =0, po3s’a3KiB
a

1
Hemae; Ao a >0, o x > —.
a

IGE:RS  Poss’ssatu HepiBHIiCTB: x2 + x(2a — 4) — 8a<0.

-« PosB’asauusa. HepiBHicTh € KBagpaTHOIO, A Ii po3B’sI3aH-
HA 3HaAlZeMO KOpeHi KBagpaTHOro TpuuieHa x?2 + x(2a-—4)-8a.
Maemo:

D=2a-4)2-4-(-8a)=4a% -16a +16 + 32a = 4a2 +16a + 16 =
=4(a%+4a+4)=4(a+2)2 Ockineku D > 0 gus a € R, To

—(2a — / 2
_ (2a — 4) = J4(a + 2) :2—ai|a+2

X.
1,2 2
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Maemo: x; = 4; x, = —2a.

IITo6 sammcaTu po3B’A3KU HepiBHOCTI, Tpeba 3’AcCyBaTH B3aEM-
He pOo3TaIllyBaHHS MUX KOPEHiB Ha YucJ0Bill oci. MoxkauBi Tpu
BUIIAAKK TAKOTO po3TallyBaHHs: —2a >4, —2a =4 Ta —2a < 4.
PosriissHeMo KOKHUI 3 HUX OKPEMO.

1) Hexaii —2a > 4, T06T0 a < —2. Toxi MHOMKUHOIO PO3B’A3KiB
HepiBHOCTI Oyae mpomixkok [4; —2a] (mau. 6.8).

2) Hexaii —2a = 4, 1o6T0 a = -2. Toxi x =4 — enuHUN Po3B’d-
30K HepiBHOCTi (Maj. 6.9).

3) Hexait —2a <4, 10610 a > —2. Tomi MHOXWHOIO PO3B’A3KiB
HepiBHOCTI Oyme mpomizkok [—2a; 4] (man. 6.10).

4 %—Za x 4 x —Za% 4 x

Max. 6.8 Mau. 6.9 Maa. 6.10

BigmoBigs. drmo a < -2, To x €[4; —2a]; akmo a = -2, T0o
x = 4; axmo a > -2, To x € [—2a; 4].

@ Lo HasuBaloTb po3B’A3KOM HepiBHOCTI? @ LLlo o3Hayae po3s’s-
3aTW HEPIBHICTb? @ HAKi NEPETBOPEHHSI € PIBHOCUIbHUMUW NS He-
piBHOCTEN? @ [losACHITE CyTb MeToAy iHTepBanis. @ 3anam’stante
anroputM po3B’si3yBaHHS HEPiBHOCTI MeToAOM iHTepBarniB. @ fAki
NPUAOMU BUKOPUCTOBYIOTb Nif Yac pO3B’A3yBaHHS HEPIBHOCTEN 3 Na-
pameTpamu?

§ Posb’ sxims sagaui ma bukonaume bnpabu

{1 Yu piBHocuibHi HepiBHOCTI (6.1—6.2):

6.1.1)2x>6 i x> 3; 2) -83x29 i x>-3;
3)4x>-8 i x<2 4)4x <0 i x>07?
6.2.1) 4x <8 i x< -2 2)2x>0 1 x>0
3) 2x>-10 i x < 5; 4)3x<-9 i x>-3?

Posp’sokiTs mHepiBHicTh (6.3—6.6):
6.3. 1) 13x > 0; 2) —2x>12; 3) 3x<-12; 4) Tx < -14.
6.4. 1) -2x>0; 2) 3x < -12; 3) —Tx<-21; 4) 4x > 8.

2 65.1)3x+1>4-2x; 2) -2+ x)+3<4(x - 2);
3) 2(x — 1) + 4>2x; Hn*="" 4

6.6. 1) 12x + 3 > 2x — 4; 2) -8+ x)+7<4(x-1);
3)3(x +2)+7 < 3x; X255

Posp’sakiTh moasiliny HepiBHicTh (6.7—6.8):
6.7.1) -2<x-3<5; 2)5 < x+T7<9;
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3) 9<3x<12;

6.8.1)-3<x+2<T,;
3) -8<2x <12

Posp’sokiTh KBagpaTUuyHYy HEPiBHICTBD,

4)0< X<,
3

2)0<x-5<3;
4)3<X<s.
2

BUKOPUCTOBYIOUM €CKi3

rpadika BigmosiguHol QyHKIII (6.9—6.10):

6.9. 1) x2 - 3x - 4>0;
6.10. 1) x% + x — 6 > 0;

2) x2 +x-12<0.
2) x2 - 5x - 6<0.

Posp’s:xiTh HepiBHicTH MeTOmOM iHTepBaJiB (6.11—6.16):

6.11. 1) (x + 1)(x - 5) > 0;

3) x(2x —7)=>0;

2) (x - 3)(2x + 10)< 0;
4) (x +3)(3x - 8) < 0.

6.12. 1) (x — 1)(x + 3) < 0; 2) (x + 5)(2x — 8) >0;
3) x(4x + 9)<0; 4) (x - 3)(5x + 7) > 0.
6.13.1) “ 250, 299X =20, 3% .o 43* 129
x-"7 x+3 2x -9 x+1
6.14.1) %<0, 29X 2.0, 3 2*3 o 4 XLy
-3 X — x-1T 2x + 4
6.15.1) - >_3; 9L <1, gydx-1_,
1-x 2—-x 3x+1
n3Hho 5 53 e 6 2 oy
5-8x x-1 x+1
6.16.1) > 2, ) L <3 gy2¥fZ. g
x-1 x+2 3—x
4)4x—l>_é; 5)3x+2<2; 2x—1>1.
2-3x 8 x-—1 x+3

6.17. 3HaligiTy HaIMEHIIU IiJnil PO3B’ 30K HEPiBHOCTI:

D (x-1)(x+1)—(x-2)2>17; 2) x2 +0,8x - 2,4 < 0.
6.18. 3uaiigiTe HanbOiAbMINI IiaNii PO3B’A30K HEPiIBHOCTI:

1) x(x—7)—(x+3)(x—3)>5; 2) x2-0,5x-3<0.
Posp’s:xiTh HepiBHiCTH MeTOmOM iHTepBasiB (6.19—6.22):
6.19.

3) x3 —4x > 0;
6.20.

1) —x(x + 1)(x - 3)=>0;

1) —x(x - 5)(x +2) < 0;

2) (x2 —4)(x+T7) < 0
4) x3 - 5x2 + x - 5<0.
2) (x - 3)(x% — 1)>0;

3) x3 + 9x > 0; 4) x3 — x2 —4x + 4<0.
2 _ 2 _
6.21.1) =2 .0, gy X 4%
x+7 x+3
2 2
6.22. 1) > 150, 9y X2 +3x .
- x—5
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Posp’sokiTh HepiBHicTH 3 mapameTrpoMm a (6.23—6.24):

6.23. 1) ax >7; 2)ax=>0; 3)(a-Dx<a-1; 4)-ax>-3.
6.24. 1) ax>a; 2) (a+2)x < 0.

Posp’s:kiTh HepiBHiCTD (6.25— 6 26):

6.25. 1)9 2"<x+4; gy Lo 1 . 3) 81> 43,
2¢ 1-x x
4)x<i; 5y x>0°%, 6) x +3+ <0.
x-1 x—2 X —
6.26.1)3-x<2%, g1 1 3)E<x
x—2 2-x x x3
4) x < : 5) 2X+3 5 4 6) x -3+ > 0.
x+1 x+2 x+1
6.27. 3uaiigiTe HaiOiAbMINI 1iani PO3B’A30K HEePiBHOCTI:
2x=3.1, 2) x - 1<
4-x x 3-x
6.28. 3HaliniThy HaliMeHIIUI IiJUN PO3B’A30K HEPiBHOCTI:
2, xrd, 2)2-x< Xt
x x-1 x+1
Ckinbku 1minux pos3B’si3KiB mae HepiBHicTh (6.29—6.30):
6.29, 2X =3 3-2%, 6.30. —>— 512
x x(x +1) x(x —4)
(j‘_r PosB’mKiTL HepiBHicTh (6.31—6.32):
6.31.1) " <x-6; 2)2x 85-x;
-x -x
—x 3 .05 4 —x‘l >L
x2+2x-5 x2+6x-4 6
2 _ _
6.32. 1) 25— T <y, gy d=2x .
x—2 x—4
2x -1 > 0,25 1) x—3 1
x2+8x-1 x2 +6x — 2 6

Posp’sokiTs HepiBHicTh MeTOomOM iHTepBaiiB (6.33—6.34):
6.33. 1) (x + 3)2(x2 — 2x — 3)<0; 2) (x —1)3(x +3)2(x - 2) > 0;

2 2 _
4x + x <0 4)x 6x+9>0.
x2 +2x+1 x2 —4x
6.34. 1) (x — 3)2(x2 - 5x - 6) < 0; 2) (x +1)2(x - 5)3(x + 3)=0;
2 2 _
x <0; 4 x% —3x
—x2+4x+5 x2 +4x+4

6.35. (Hauiornanvrha onimniada Boazapii). Po3B’s:kiTh HEepiBHICTH
1 4 15

S S >1.
2x-1) x 2x+1)
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Posp’skiTh HepiBHiCTh 3 mapamerpoMm a (6.36—6.37):
6.36. 1) x2 + (8a — 6)x —18a < 0; 2) x2 4+ (a+7)x+10+5a>0.
6.37. 1) x2 — (2a + 8)x + 16a > 0; 2) x2 —(a +1)x +3a-6<0.

6.38. I[Ipu axux 3HaUeHHAX mapameTrpa b HepiBHICTb:
1) x2 + 6bx +1 < 0 He Mae po3B’A3KiB;
2) x2+(b+1)x+9>0 copaBmKyeTbcsa s BCiX AiicHEX
3HAYEeHb X7

6.39. Ogua miryaka BaskuTb 20 Mr i mictuth 5 % aKTHBHOIL

peuvoBuHU. IuTwHi y Bimi g0 mrectu MicAIiB Jiikap IIpomu-
cye 1,4 Mr akTUBHOI DEYOBMHM HA KOXEH KiJOrpaM Macu Ha
,1106y CKlJIbKI/I miryjgok Tpeba maTy JUTHHI y Billi yoTUpPbOX Mics-
IiB i Mmacoio 5 Kr mporAarom go6u?

@ 6.40. (3adaua ioH-Cinu (AsiuenHu)). Ilepesipre, 110 Koau
¥ uwmcio, momisene Ha 9, mae B octaui 1 abo 8, To KBajapar
IILOTO UMcia, IomiTeHuil Ha 9, gae B ocraui 1.

? AINIEHHA MHOTIOUYIIEHIB.
0 TEOPEMA BE3Y TA HACINIOKU 3 HEI

Panimre Bu BiKe BUKOHYBasM nesAki apupmerwyni mii 3 MHO-
roujeHamMu, 30KpeMa, AoJaBaju, BifHIMaau Ta MHOMKUJIU MHOTO-
yireHu. ¥ IIboMy mnaparpadi misHaemMocs, AK TOIiJINUTH MHOTOYJIEH
Ha MHOTOYJIEH, PO3TJIAHEMO Ba’KJMBY TEOPEMY IIPO AiJIeHHA MHO-
TouJieHa Ha JBOYJIEH Ta 11 3aCTOCYBaHHA.

1. Mnozounen 8id Q’ Mmnozounenom (noniHomom) n-ro cre-
OOHIEL 3MIHHOTL TIeHs 3 OJHICK0 3MIHHOI HA3UBAIOTh
BUPa3 BUTIITY

- n n—-1 k
P(x) =a,x" +a, x" ' +...+a,x" +a,x+ a,
ge x — 3MiHHA, a, a, ;, ..., @, — 9Acna, a, # 0.

3amnuc MHOTOYJIeHA B TaKOMY BUIVISAI HA3WBAIOTL cmaHdapm-
HUM BUTJIALOM MHOTOYJIEHA, JOJAHOK a,X" — CMAapuLum YJleHoM,
a, — cmapwum Koepiyienmom, a, — BiJbHUM 4IeHOM MHOTOUIIe-
Ha P(x).

Armo P(x) =a, nme a;, #0, To MHOrouneH P(x) HasuBaIOTh
MHO20YJLeHOM Hy./lb06020 cmeneHﬂ. Muorouner P(x) =0 HasuBa-
IOTb HYJLbOBUM MHOZOUJLEHOM.

SHaYeHHAM MHOz2OYJleHa P(x) Tpu X = X, HA3WBAIOTh YKCJIO
P(x,), sike OTPUMYIOTb, AKIIO ¥ Bnme3a3Haqunn 3amnc MHOTOYJIe-
Ha 3aMiCTh X IiICTABUTHU X, i 3HANTH 3HAUEHHsA OTPUMAHOIO BUpAa3y.

Hanpuknang, axmo P(x) = x3 —x2+3x-1, to P(2) =23 -22 +
+3-2-1=9 — guauenHs muoroujaeHa P(x) opu x = 2.

Ouesunno, mo P(0) =aq, P(1)=a, +a, ;+...+a; +a, Tobro
3HAYeHHA OyIb-AKoro MHOTOowIeHa P(x) mansg x =0 mopiBHIOE
BiTbHOMY WJIEHY IIhOTO MHOTOUJIeHa, a aas x =1 — cymi Beix
tioro Koe@imieHTiB.

63



3HalTH BIIBHUI UJeH i cyMy BciX Koe@ilieHTiB
MHOTOUWIeHa P(x), AKUI TOTOXKHO JOPiBHIOE BUPA3y
(3x2 — 2x — 3)2(4x3 — 2x + 1)°.
PosB’sa3anud. [lja BUKOHAHHA BUMOrHW 3aJadi He 00OOB’s3-
KOBO 3BOAHUTU JaHUHN BUPA3 OO0 MHOTOUJIEHA CTAHZAPTHOTO BU-
raany, agxe a, = P(0). 3Haiinemo 3HauyeHHA BUpasy P(x) mpu

x=0: a,=(3-02-2-0-3)2(4-02-2-0+1)5 =(-3)2-15 =09.
Tak camo 3HaWAEMO CyMy BCix Koe(iIli€eHTiB MHOTOWIEHA, AKa
IOpiBHIOE 3HaUYeHHIO Bupady P(x) mpum x = 1. Maemo:

a,+a, ; +...+a, +a, = P(1) =
=3-12-2-1-3)2(4-13-2-1+1)°> =(-2)2-35 = 972.
BignmoBingse. a,=9; a,+a, ; +...+a, =972

Yucao ¢ HA3UBAKWTH KOpPeHem MHozouaeHa P(x), ARImo

d P(a) = 0.

Hanpukian, KopeHAMU MHorougeHa 2x2 +3x—5 e umcna 1 i
—2,5 (mepeBipTe 1€ caMOCTiITHO).

‘ MHorousieHH Ha3MBAITh MOMONIHO PIGHUMU, AKII0 BOHM
L O/THAKOBOTO CTeNeH:d iix Bi,I.'[IIOBi,I.'[I-!i Icoe(biuiel.{'m. IpH OgHA-
KOBUX CTEINeHAX 3MIHHIX TaK0K MiK c00010 PiBHI.

2. Jlinenns mHozounenis SK Mu BiKe 3HAEMO, PE3yJIbTATOM [I0-

IaBaHHs, BigHIMaHHA a00 MHOMKEHHS
MHOTOUYJIEHIB € MHOTOWJIeH. PO3T/ITHEMO, AK 3HAUTU YACTKY JTBOX
MHOTOUJIeHIiB.

O3HauuMO [if0 miJIeHHs MHOTOYJIEHIB aHajoriuHo mo mii mimeH-
HS HATypPaJbHUX UYucesJ Haliyjo, TodTo 60e3 ocraui. Pamimme Bixe
OyJI0 MOMOBJIEHO, IO YV BUIAAKY HATYPAJbHUX UYMCEJ 3aMiCTb
TePMiHY «IiTUThcA 0€3 OCTaui» BUKOPUCTOBYBATHUMEMO «IiJIUTh-
ca». Tak camo momoBuUMOCA i B Teopii AiJeHHS MHOTOUJIEHiB.

Haramaemo, mpo HaTypajbHE YHCJI0 4 KaKyTb, IO BOHO mi-
JUTHCS Ha HATypaJibHe 4Ymcjo b, AKIIO iCHYe Take YMCJIO (¢, IO
a = bq. AHanoriyHO 03HAUMMO i Ail0 MiJIeHHA MHOTOYJIEHiB.

/ ‘ Easxcymo, wo mrozounen P(x) dinumuves Ha mHozouieH B(x)

L, (me B(x) — HeHYJIHORUI MHOTOWJIEH), AKMIO iCHY¢ TAKUI MHO-
rowleH Q(x), o aAd OYAb-IKOTO [IMCHOTO 3HAYeHHS X
CHpaBIKYyeTheA PiBHICTE: P(x) = B(x) - Q(x).

Muorouner A(x) npu npoMy HasuBaIOTh OileHUM, MHOTOUJIEH
B(x) — OinvHuKom, a MHOTOUJIEH @(X) — “acmroi.

Hampukaang, axmo x2 —8 = (x —2)(x2 + 2x +4), me osHauae,
1[0 MHOTOWJIeH X3 —8 miauThcsA Ha ABOYJIEH X — 2, IIPU I[bOMY B
YacTIi OTPUMYEMO MHOrouneH x2 + 2x + 4, i HaBnaku, x3 — 8 mi-
JAThCS HAa X2 + 2x + 4, Ipy IBOMY B YACTI[i OTPUMYEMO X — 2.

3HAaXOAWUTU UYACTKY Bi HileHHS MHOTOUYJEeHA HA MHOTOUJIEH
3PYYHO Yy cIoci0, momiOHmii Ao MiJIeHHSA YHCeJ <«y CTOBIIUHUK>»,
oro I1le Ha3WBAIOTh MiJIEHHAM «KYTOUKOM> .
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W IHopinmutu MHOrOunmeH X3 —2x2 +3x+22 Ha IBOUIEH

X+ 2.

PosB’sa3auusa. Bukonaemo mimenHs «Kyrtouxom». Crouar-
Ky 3HalZeMo pe3yJbTaT AiJleHHA x° (cTapIiioro ujeHa ZIijeHoro)
Ha x (crapmiuii 4jeH I[iJILHI/IRa) s mporo 3’scyemMo, SKKA
ONHOYJIeH IIPM MHOKEeHHI Ha ogHoujeH x mae x3. Ile Oyme x2.
Ouesmzno, mo x% - (x +2) = x3 + 2x% Ileil pesyabTAT MHOXKEH-
HsS 3a0UCYEMO TiJ AiTBHUKOM 1 BUKOHYEMO IIOUJIEHHE BifHi-
maHHA: (x3 —2x2) — (x3 + 2x2), y pesyabrari oTpumMaeMo —4x2,
Ho orpumanoi pisuuni momaemo 3x (HaCTyIHUU YJI€H IiJE€HOTO)
iy Toil caMuii crocib IIPOmOBIKYEMO IIPOIEC MiJeHHS.

-2x2 +8x+22| x+2
x3 + 22 x2 -4x+11

—4x2 + 3x
—4x2 — 8x
11x + 22
C11x+22
0

¥V pesyibTaTi oTpEMAaEMoO dacTKy: x2 —4x +11.

Orsxe, x3 —2x2 +3x +22 = (x +2)(x% — 4x +11).

IlTo6 nepesipuTH, Yy NPABUILHO BUKOHAHO ALNEHH:, ZOCTATHBO
IIOMHOXKUTY ALJIbHUK HA OTPUMAHY YacTKY i HOPIBHATH OTpUMAa-
HUHA J0OYTOK 3 MiJIeHUM.

Axnio MmHOrouseH P(x) AiJuUTbCA Ha HEHYJIbOBUU MHOTOUYJIEH
B(x) i cmpaBmKyeTheda piBHicTs P(x) = B(x) - Q(x), TO, 0OUeBUIHO,
10 cTemiHb MHOroujeHa P(x) JOpiBHIOE CyMi CTeIleHiB MHOIO-
wineHiB B(x) i Q(x).

Ak i gnaa HaTypaJbHUX UYHCEJ, He 3aBKIW OAUH MHOTOUJIEH
minurbea Ha immmit. Tak, HaIpuKJIak, MHorousleH x2 +4 He
miautbess Ha MHOrowaeH x —1. Cuopasai, NOPUIYCTHMO, IO
icHye MHOrOuWwIeH @(x) Takuii, 10 A OyAb-IKOTO 3HAUEHHS X
CIIPaBIKYETHCA piBHiCTB. x2+4=(x-1)Q(x). Ilpu npomy mIsa
x =1 orpumaemo plBHlCTb. 5 =0 Q(x), ixa He € NIPaBUJbHOIO.
OT:xe, MHOTOUJIeH X2 + 4 He ,Z[lJII/ITbCH Ha MHOrouJieH Xx — 1.

Tomy € morpeba O3HAUUTH [Oil0 MiJleHHS MHOTOYJIEHIB 3 ocTa-
gero.

‘ Kaxcymos, wo mnozounen P(x) dinumbcsa HA HeHYRbOGUL

&, MHOZOUNeHn B(x) 3 ocmavero, AKIO iCHYIOTHh TaKi MHOTOYJIIE-
HU Q(x) i R(x), mo ana O6yab-aKOT0 AIHCHOTO 3HAYEHH: X
cnpaBIsKyeThes piBHicTs P(x) = B(x) - Q(x) + R(x), npu nso-
My CTelliHb MHOTOUYJNeHa R(x) MeHmIMI 3a c¢TemiHb MHOTO-
uynena B(x).

3asHaummo, 1m0 B piBHOCTI P(x) = B(x)- - Q(x)+ R(x) MHOro-
uyjgeH @Q(x) HasWBAIOTh HENO6HOI0 wacmiKow, a R(x) — ocmauern.

3HaUTV HENOBHY YAaCTKy Ta OCTady Bin NiJleHHA OZHOTO MHO-
rouJieHa Ha iHIIIUHA TaKoK MOKHA «KYTOUYKOM». BUKOHaeMo, Ha-
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NpUKJIAL, OiJeHHA MHoroudeHa 3x% — x3 +4x —2 Ha MHOroO4JIeH
2
x?—x+1.

Sxt—x34+4x-2| x2-x+1
Sxt—38x3+38x2 |3x2+2x-1
2x3 —8x2 + 4x
2x3 — 2x2 + 2x
—x2 +2x -2

Cx?ix-1
x-1

OTpuMaIn HemoBHY 4YacTKy 8x2 +2x —1 i ocrauy x — 1.
OT:Ke, MOKEMO 3aIuCcaTH, IO
Sxt—x3+4x-2=(x2-x+1)Bx2+2x-1)+(x-1).
pi0, ynCceJIbHUKOM i 3BHAMEHHUKOM SKOTO € MHOTOUYJIEH 3 OfI-
Hiero i Tiero camMoI0 3MiHHOIO, HA3UBAIOTH NPABULbHUM, AKIIO CTe-
IiHp WOT0 YHMCeJbHUKA MEHIINI 3a CTeIliHb 3HaMeHHHKa, i Bif-
TOBiTHO — HEeNpasuJJibHUM, AKIINO CTEHiHb HOT0 YKWCeJbHUKA He
MEHIIINI 3a CTelliHb 3HaMeHHHKAa. [{ijeHHa MHoOrouseHiB (6e3 oc-
Tayi UM 3 OCTAueln), MO3BOJISAE y HENPABUJIbHUX PaIliOHAJIBHUX
npobax sudinamu yisy 1acmury.

. . 3xt —x3 +4x -2
W Buginuru miny gacTuHy Ipody .

x2—x+1
PosB’a3auHdA. Bullle Mu BikKe PO3KJAIN HA MHOMKHHUKKU MHO-
TOUJIEH, II[0 € UMCEJBbHUKOM APo0y. ¥YPaxoBYIOUH Iie, MAEMO:

Bxt —x3+4x-2 (X2 -x+1)Bx2+2x-1)+(x—-1)

x2—x+1 x2 —x+1
2 _ 2 — - -
(P oxt D@2 42x-1)  x-1 g g o x-1
x2—-x+1 x2-x+1 x?—x+1
x-1

BigmoBigs. 3x2+2x -1+ .
x2—x+1

3. Teopema BesyW IikaBy BIACTUBICTH AlJEHHA MHOIO-
nacnidru yjeHa P(x) Ha ABOUYJEH X —C IIOMiTUB
| ¢pannyspkuii marematuxk ETheH Besy.
PoarisgaemMo 1110 BJIACTUBiCTB.

Teopema Besy.Ocraua Big ninenHa mHorowreHa P(x)
Ha OBOWJIEH X —c JaopiHoe P(c).

HoBemeHnHs. OCKiIbKMU CTeliHb JiJbHUKA (IBOUJEHA X — C)
mopiBHIOE 1, TO cTeminmb ocraui Mae OyTH HYJIBOBOIO (TOOTO
ocraueio € abo mesKe BiAMiHHe Bim HyJaa umciao, abo ocraua
JIIOpPiBHIOE HYJIIO, TOOTO P(x) HA X —c¢ Ainurbed 6e3 ocradui).
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IIpunyctumMo ocrauero € JedKe YUCIO 7.
Toxi
P(x) = (x—c)Q(x) +r.
Armox =c,T0P(c) =0-Q(c)+r=0+r=r,
T06TO 7 = P(c). W
Posrinanemo Hacaigku 3 Teopemu Besy.

Hacaigor 1. dAxmo uuecao ¢ € Kope-
HeM MHorouilena P(x), To mei MHOro-
yJjJeH AiJUThCA HA X — ¢ 0e3 ocraui.

E. Besy
HoBenmenHasa. Hexaii ¢c € KOpeHEM MHOTO- (1730-1783)
uneHa P(x), Togi P(c) =0, ane r = P(c) =
oroke, r=0. H

Hacnigorx 2. Armo muorouwren P(x) miauthesa Ha X —cC
6e3 ocTayvi, TO YMCIO ¢ € KOPeHeM MHOroudiaeHa P(x).

HoBengeuusd. dAxmo P(x) gimutbea HA X —c 06e3 ocrtadi, TO
y piBHOCTi P(x) = (x — ¢)Q(x) + r Maemo, o r =0. Ame r = P(c),
tomy P(c) =0. OTxe, ¢ — KOpiEb MHOTOuUNeHA P(x). W

peHi MHOrouireHa P(x), To

P(x) = (x — ¢, )(x — ¢p)...(x — ¢,) - Q(x).

HoBenennsa. OcKinibKu ¢, — KOpiHb MHOrousiesa P(x), ToO
P(x) = (x — ¢;)@ (x) (3a mHacmigkom 1). Ase ¢, — TaKOX KOpDiHb
mHOrouwsnena P(x), romy P(c,) = 0. ¥V piBricTs P(X) = (x — ¢;)@; (X)
OiICTaBUMO X = ¢y, ~MaTHMeMO P(c,) = (¢, — ¢;)Q(c,); TOOTO
0 = (cy — )@, (cy). Ockinvrm c, # ¢, T0 Q(c;) =0, a Tomy ¢, —
Kopinb MHOrounera @, (x). Tomi @ (x)=(x-¢c))Q(x), a
P(x) = (x — ¢;)(x — )@y ().

Mipkyroun Tak camo maJri, MaTuMeMO:

P(x) = (x —¢;)(x —¢cy)(x —¢g)...(x—¢,) - Q(x). m

B Hacaigzorx 4. MHOro4ieH n-ro crelneHda Ma€ He Oiapmre

B Hacnl,uorc 3. fAxmo c,, c,, g, ..., ¢, — MOMApHO Pi3HI KO-

Hi¥K N pi3HUX KOpEHiB.

HOBe/:[eHHﬂ. Hexail MHOrowIeH n-ro cremeHs P(x) mae
(n + 1) pisHUX KOpeHiB ¢;,Cy,...,C,,C,. - TOAL (3a HacmigkoMm 3):
P(x) = (x —¢;)(x — ¢y)...(x — ¢, )(x — ¢,,1)Q(x). ¥ niBiit wacTuHI piB-
HOCTI MA€MO MHOTOWIEH n-I0 CTeleHsl, a y MpaBifi — He MeHII
Hi’k (n + 1)-ro, 110 HeMOKJIuBO. TOMy MHOIOUYJIEH 1n-T'0 CTEIeHs
Mae He OiyibIrie HiHC n pi3HUX KOpPeHiB. W

Posrasgaemo BmpaBu Ha 3acTOCYBaHHA TeopeMu Besy Ta ii Ha-
CIHimKiB.

npuKna,q -5 3maiiTu ocrauy  Bifg OileHHA MHOTOUYJIeHA
x3 —x2 +7x -2 Ha ABOUJeH X + 3.
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. Poss’sasanusa. Hexait P(x)=x%-x2+7x—2, r— ocraua Bif
mimenus P(x) Ha x+3. YpaxoByiouu, 10 x+3 =x—(-3) Ta
Teopemy Besdy, matTumemo, 110 r = P(-3).

Tomi r = P(-3) = (-3)3 —(-3)2 + 7-(-3) — 2 = —59.
Bigmosings. —59.

W IMosecTu, 110 BUpas P(x) = x1% + (x — 1)16 — 1 ginuTs-
- cd Ha BuUpas x2 — x.
Poss’asanmnrsa. Ockinerum P(0) =015 +(-1)16 -1=0 1 PQQ) =
=115 +016 -1=0, To P(x) minurbcs i Ha x, i HA x — 1.
Hexaii Bupas P(x) ToTo:HO piBHMI MHOroumeHy P (x). Toxi
sa Hacmigxkom 3 maemo: P (x) = x(x - 1)Q(x) = (2 — x)Q(x). Ile
osHauae, 1m0 P (x), a oraxe i P(x), AinuTbcA Ha BUPA3 x2 — x.

M=uorounen P(x) npu pinenni Ha x +1 gae B ocra-

. i 6, a mpu minenHi Ha x —1 mae B ocraui 2. Ky ocTauy oTpu-
MaeMo Bij giJleHHA MHorodneHa P(x) Ha x2 —1?
Poss’asannrsda. 1) Ockinbku cremins MHorouwresa x2 —1 go-
piBHIOE 2, TO cTemiHb IITyKaHOI ocTaui — He Oinmbmuit 3a 1 abo
B3araJi B octaui 0 (HyJIb0BUII MHOTOUYJIEH).
s po3B’sA3yBaHHS 3a7adi 3aCTOCYEMO Memo0 He8U3HAYEHUX
Koe@iyienmis. IlpunycTumo, 1m0 ocTadya € MHOTOYJIEHOM IIep-
IIIOT0 CTeIleHsI, OT:Ke, Mae BUTIAL ax +b (a i b i € HeBu3Haue-
HUMHX, TOOTO MOKK HeBimoMuMu, Koedimienramm).
2) Hexait P(x) = (x2 -1)Q(x) + (ax +b). OcKisbKM Tpu [IijleH-
Hi MHOrousneHa P(x) Ha x+1 B ocraui maemo 6, To P(-1) = 6,
atomy 6=0-Q-1)+(a-(-1)+b)=0+ (—a + b), or:xe, b —a =6.
Awnagoriuno, P(1) =2, Toni 2=0-Q(1) + (a + b), otxe, a + b = 2.

b—a =6, a=-2,

3) MaeMo cucTeMy PiBHSHD: 3BigKU
) yp a+b=2; A b=4.

4) Orxe, ocTauero Bif minenns P(x) Ha x2 — 1 e gounen —2x + 4.
Bigmosigs. —2x + 4.

4. Teopema Besy Q. PiBHAHHA BUrIATY
i 36edene a,x"+a, x"1+..+ax+a,=0,
anzebpaiune .
PI6HARRA nea,#0, a, a, |, ..., a;, a, — geaxi
uNCaa, HA3UBAKTH anzebpaivHum pis-
HAHHAM N-20 CMMENEHL.
Yucna a,, a, q, ..., 4y, a4, HA3UBAIOThL KoeQiyicnmamu anzedpa-

'l'ltHOZO' PIBHAHHA N-20 CMenens, @, — CMapwum Koepiyienmon,
@, — BLLbHUM LJLEHOM.

Yrakomy BUIIISAAI MOMKHA 3amucaTy i Bigmomi Ham JriHiliHe piB-
HAHHA: a,X +a, =0 Ta KBagpaTHe: a2x2 +a,x + a, = 0. Anrebpa-
iuHi piBHSHHS, CTEIIiHb AKUX OiJBINHNN 3a 2, MPUHUHATO HA3UBATHU
asreOpaiyHUMM PiBHAHHAMU SUWUX cmeneHig. Pawmimie Bu Bike
posrasamasu Ti aaredpaiuHi PiBHAHHSA BUIIUX CTENEHIiB, AKi MOXK-
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Ha OyJi0 po3B’sA3aTH PO3KJIAAAHHAM Ha MHOMKHUKU, CTEIiHb AKUX
He IepeBUINyBaB 2, a00 BBeJeHHAM HOBOI 3MiHHOI, UMM TaKOX
3BOMUJIN PiBHAHHS 0 KBaJApPaTHOTO.

Posrasimemo 11e oxmH cmoci6 po3B’sA3yBaHHA ajredpaiuHmx
PiBHAHBb BUINUX CTEIEHIB i3 mMiiumu kKoegimieaTamu.

Hexait a,x" +a, ;x" Lo+ a;x +ay, =0 — anrebpaiune piB-

HAHHA 18 MiauMu Koe(bluleHTaMH, a x =c¢ — UOoro IiJuil KOpPiHb.
Tonxi, 3a HacaigKOM 3, MAaEMO:

a,x"+a, X"+, +ax+a, =(x-c)Qx), (*)
e Q(x) — meAkwit mMHOroujeH (n — 1)-ro cremeHs, HaOPUKJIAL
Q(x)=b, ;x"1+b ,x"2+...+bx+b, I3 mpouecy nineHHA MHO-
TOYJIEHIB «KYTOUKOM» 3PO3yMiJoO, IO SAKIIIO MHOTOYJIEH i3 Iijim-
MU KoeimieHTaMM AiJIUTHLCSA HA ABOYJEH X — C, TO YAaCTKOI TeXX
Oyme MHOTOUJIEH i3 miaummMm KoedilieHTaMu, TOMY, HaIpPUKJIALI,
by — mine uucio. OckiJbKY MHOTOUYJIEHHW B piBHOCTI (*) MixK coboro
piBHi, TO piBHi i ix BigbHI uneHH, TOOTO: @) = —cb). A OCKiNIbKHI
ay, by i ¢ — mini ymesa, TO YMCIIO ¢ € AIIBHUKOM 4HCIA a,. Ilifige-
MO BaHCJII/IBOI‘O BUCHOBKY:

, ‘ AKIIO0 aJrefpalyHe PiBHAHHA i3 MiTUMH KoedillicHTAaMM Mae€
k, MWK KOPiHB, TO BiH € JIJFHUKOM BiJILHOTO YJIeHA.

Ile mae MOKIMBICTH INYKATH Iidi KOpeHi anre6paitHOro pis-
HAHHSA Cepej ALIPHUKIB BIIBHOTO WieHa (AKINO KOPeHi iCHyIOTb).
Aue me e He O3Ha4ae, L0 ALIPHUKY BiIBHOIO 4leHA OOOB’s3-
KOBO OyIyTh KOpeHAMM piBHAHHA. Hamnpukiazn, ojas pPiBHAH-
Ha 3x2+2x -5 =0 girpbHUKaAMM BijsbHOrO uNeHa € umciaa =*1;
15, mpore KopeHeM piBHAHHA € Jwurie umcao 1. s piBHAHHA
6x2 —3x -1 =0 pgirpHWKaMu BigbHOTO uWieHa € umecna 1 i —1,
IpOTe KOJHE 3 HUX He € KOpeHeM DPiBHSAHHI.

OrpumMaHuii BUCHOBOK MOXKHA 3aCTOCYBaTH OO0 OyAb-IKUX aJI-
re0paiuyHMX PiBHSHL BHUMIIUX cTemneHiB. Halbinbin 3pydyHO HOro
BUKOPUCTOBYBATHU AJIA 3BE€IEHOTO PiBHAHHS.

Haramaewmo, 1o

anrefpaiuHe piBHAHHA 3arajJbHOTO BUIIANY Ha3UBAKTH 36€-
&, denum, akmo a, = 1.

)14 E WA Posp’asaru piBHarHEa: x* —x3 —x2 +Tx -6 =0.

° PosB’asauusg. 1) Ilinxi kopeHui piBHAHHS OyaeMo IITyKaTH ce-
pen minbHUKIB umciaa —6, TodbTo cepenm umcea +1; £2; +3; *6.
HocraTHbO 3HANTH Xoua 0 OAWH KOpiHb. HampukJiaz, y HaIomMy
BUNAIKy X = 1 — KOpiHb piBHAHHA. 3BEepPHITH yBary, Io KOJu
KopeHeM aJire0paiuHoro piBHAHHA € ymucjao 1, To cyma Bcix ioro
Koe(dimieHTiB TOPiBHIOE HYJIIO.

2) Buxonaemo pginemHs wMHorouneHa x* —x3 —x2+7x -6 nHa
IBOuJieH X — 1 «KYTOYKOM», OTPUMAEMO, IIO:
xt—x3 - x2+Tx—-6 = (x—1)(x3 — x + 6).
3) Maemo piBHSAHHS, PiBHOCUJIbHE TOYATKOBOMY:
(x-Dx3-x+6)=0
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4) Temep IIyKaeMo KOpeHi MHoroujeHa X3 —x + 6 cepex Iijib-
HUKiB uucia 6, a came, cepen umcen +1; +2; +3; +6. Orpuma-
€MO, 110 X = —2 — KOpPiHb MHOTrouJieHa (YIEeBHIiTbHCA B IHOMY
camoctiiino). Ilogimumo x3 —x+6 Ha x + 2 «KYyTOUKOM», OT-
puMaeMo, mo: x5 — x + 6 = (x + 2)(x2 — 2x + 3).
5) Maemo piBHAHHSA, PiBHOCUJIbHE ITIOYATKOBOMY:

(x—-1)(x +2)(x2 -2x+3) =0.
Ksagparunii rpuuner x2 — 2x + 3 KopeHiB He Mae.
Orxe, x;, =1; x, = -2 — KOpeHi II0YaTKOBOTO PiBHAHHA.

Bigmosigse. 1; —2.

5. Pos e’ﬂsyeaunﬂi Has PosB’aayBaHHﬂ He3BeJIeHUX
He36edeHUX ANzeBPATHUX aJ"II‘e6pal‘-IHI/IX PiBHSHBL BUIMUX CTeIIe-
pienanb euwux cmenenie = HiB MOXHA 3aCTOCYBATH BUCHOBOK 3
| momepemHBLOTO OYHKTY. IocuTh 4acTo
He3BeJleHe PIBHAHHSA I[IJIMX KOPEHIiB He Mae, IIPOTE MAae paillio-
HaJIbHI KopeHi. MoXHa moBecTH, IO

Q AKNIO aJredpaiyHe PiBHAHHA i3 MiauMu KoedilmieHTaMu Mae€
L ]

KOPiHb BMIJISATY £, TO P € AiTPbHUKOM BiJIbHOrO 4YjeHa, a
q — AITBPHUKOM CTapmoro KoedimieHTa.

IIpore 11€ii CI10Ci0 TPU3BOAUTE [0 JOBOJIi TPOMi3IKMX O0UNCIIEHb,
OCKiJIbKM KOPiHL JOBEIeThCA IIYKAaTH cepel BEeJUKOI KiJbKOCTi

unces. Tak, HAIPUKJIAL, 014 piBHAHHA 5x3 +6x2 +11x+2=0 unu-

ceIbHUKaAMU APOOY P MOKYTh OyTu umcyaa +1; +2, a 3SHaMeHHU-
q

Kamu — ymeaa +1; +5.

Posrasuaemo 6inbin 3pyuyHuii cmoci® pos3B’A3yBaHHSA TaKOTO
PiBHAHHA, SKUU IIOJATa€ y BBEIEHHI HOBOI 3MiHHOI Tak, I00
PiBHAHHSA CTaJIO 3BeleHNM. Po3TIssHeMO Iell cIIoci6 Ha IpuKJIaIi.

1B Posp’asaru piBHAHHEA: 5x3 + 6x2 +11x+2 = 0.

PosB’a3anusd. IloMHOKXUMO JIiBYy i mpaBy YacTUHU PiBHAH-
s mHa H2. Maemo: 53x3 +6-52x2 +11-52x+2-52 =0, To6TO
(5x)3 +6-(5x)2 +55-5x+50=0. Hexait bx =%, Toai maemo
3BeleHe DIBHAHHA 3-ro cremeHsa: t3+6t2+55¢+50=0. axui
IMIYKAaEMO KOPeHi I[bOro PiBHAHHA cepel MiJbHUKIB BiJIBHOTO
ujeHa (3pobiTh Ie camocTiiino), ¢ = —1 — eguHUII KOPiHb IIHOTO
piBuaHHsA. [ToBepTatouncsh A0 3aminm, matumemo: ¢ = —1, Tomy
5x = -1, orxxe, x = —0,2.

Bigmosigs. —0,2.

@ Axkuin BUpa3 Ha3nBarTb MHOTOYSIEHOM 71-TO CTEMEHS 3 OOHIE 3MiH-
HO; MOro CTEeNeHeM; CTapLUMM YIEHOM; CTapLUMM KoedilieHTOoM;
BiflbHUM urieHom? @ LLlo Ha3uBatoTb KOpeHeM MHoro4sieHa? @ Y skomy
BUMNaAKy KaxyTb, WO MHorouneH P(x) Ainutbcsa Ha B(x); ainuTtecs
Ha MHorouneH B(x) 3 octayetn? @ CchopmyntoiTe i JoBediTe TEO-
pemy besy. @ CchopmyntonTe i JOBeAiTb HAcNigkn 3 Teopemun beay.
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@ Ulo HasuBalwTb anrebpaiyHuM PIBHAHHAM 7n-ro CTEMEeHs; Moro
cTapwumm KoedilieHToM; BinbHUM YneHomM? @ Ake anrebpaiyHe piB-
HSIHHS Ha3uBaloTb 3BeAeHUM? @ Cepefl SAKUX YMCen MOXHa LUyKaTu
Liini KOpeHi 3Be4eHOro anredbpaivyHoro PiBHAHHSA?

§ Fosb’sxims 3agaui ma buxonaime bnpabu

{1 7.1. Yu € xopenem MHOTOusMeHa X3 —4x2 + x + 6 uwncio:
1) -3; 2) -2; 3) —1; 4) 1; 5)2; 6)3?
7.2. Un € KOpeHeM MHOTo4JIeHa Xx° + x2 —2x uwmcio:
1) -2; 2) —-1; 3) 0; 4) 1; 5)2; 6)3?
9, 3HaiiniTe ocrauy Bin AineHHa MHorouseHa P(x) Ha ABOUWIEH
B(x), akmio (7.3—7.4):
73.1) P(x)=x3-x2+x-1, B(x)=x-1;
2) P(x)=2x3+x-11, B(x)=x+3;
3) P(x)=x*+x3-x2-x-3, B(x)=x-2;
4) P(x) =3x*—x3 +x2, B(x)=x+1.
7.4.1) P(x)=x3+2x2-x, B(x)=x+2;
2) P(x) =3x3 -x2-2, Blx)=x-1;
3) P(x) =x*-x2+11, B(x)=x+1;
4) P(x) = 2x* -3x2 + x, B(x) = x - 3.
Bukonaiite mizenns mHorouwieHa P(x) Ha mHorowneH B(x) (7.5—7.6):
7.5.1) P(x)=x%-5x2+6x+40, B(x)=x+2;
2) P(x)=3x3-5x2 +2x, B(x) = x2 - x.
7.6.1) P(x)=x3-3x2+4x -4, B(x)=x-2;
2) P(x) =5x3 +2x2 - 3x, B(x) = x2 + x.
BukonaiiTe misieHHs 3 ocTauero MHOroujgeHa P(x) Ha MHOTOYJIEH
B(x) i 3HaigiTh, HemoBHY YacTKy Ta ocrauy (7.7—7.8):
7.7.1) P(x)=4x3 +7x2-2x-1, B(x)=x-3;
2) P(x) =bx* —x3+2x2 -38x+2, Blx)=x%2+x-1.
7.8.1) P(x)=38x3-5x2+x-2, B(x)=x+3;
2) P(x)=x*-2x3+x2-4x+1, B(x)=x2-x+1.
Yu ginurbesa MmHorousieH P(x) Ha aBouwieH B(x), axiro (7.9 — 7.10):
7.9.1) P(x)=x3+2x2 - x+28, B(x) = x+4;
2) P(x) =x*-x3+x2-x-9, B(x)=x-2?
7.10.1) P(x)=x3—-x2+11, B(x)=x—4;
2) P(x)=x*+3x3 -Tx -5, B(x)=x+1?
3 7.11. 3maiixiTe BiNBHMI uYleH 1 cymy Bcix KoedimieH-
TiB MHOrouneHa P(x), AKUI TOTOYKHO [OPIBHIOE BUPa3y
(2x2 - 2x - 1)7(x3 + D4

7.12. 3HaiiAiTh BIILHUN UJieH i cyMy Bcix KoedillieHTiB MHOTOUJIE-
Ha P(x), AKUI TOTOKHO HopiBHIOE BuUpasdy (x° —x —1)2(x3 + x)°.
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7.13. IIpu sxoMy 3HAUeHHi IIapaMeTpa m ocTauda Bif [giJeHHS
mHorouneHa 2x° —3x3 +11x2 —x+m Ha x + 2 gopiBHIOE 3?

7.14. Tlpu akoMy 3HAUEHHI ITapaMeTpa ¢ ocTaya BiJ MiJIeHHS MHO-
rouneHa x3 —3x2+5x+c Ha x + 1 gopiBHIOE 4?

7.15. 3HaiigiTh, Ipu AKOMY 3HAUEHHI mapaMeTpa @ MHOTOUYJIEH
x* —ax3 + x2 - 5x + 3 ginuThCca Ha MHOrOUWIEH x — 1?

7.16. 3uaiiniTh, mpu AKOMY 3HAUYEeHHI Iapamerpa k MHOTOYJIEH
x4 —4x3 + kx2 —13x + 6 ginuTbca Ha MHOTOUJEH X — 27

Buginite miny uactuny 3 apoby (7.17—7.18):

4 3 _ A2 _ 3 2 _
7.17. 1) x* +3x% —4x° + bx 7; 2) x3 +7x 4x+1.
x+1 x2 -8x+1
4 _ 7.3 2 _ 3 2 _
7.18. 1) x* —Tx3 + 2x 4x+11; 2) x3 +4x4 —-2x+5
x—-1 x2 +2x+5

7.19. Hosexith, mo Bupas (x —1)2" —1 giauTbCA HA MHOTOUJIEH
x% — 2x pns OyAb-AKOrO HATYPAJILHOTO 3HAUEHHS 1.

7.20. [osexmitb, mo Bupas (x +1)2019 4+ x2020 _1 ginureca wmHa
MHoOTOWJIeH x2 + x.

7.21. IIpu AKMX 3HAUEHHAX HapaMeTpiB a i b ocraua Bifg miseHHS
mHorousnesa x3 —2x2 +ax +b Ha x + 1 mopisHIOE umcay —15, a
Big misenHsa Ha x — 2 — uucay 3?7

7.22. Tlpn AKuX 3HaUEHHAX mapameTpiB a i b ocraua Bix mimeHHA
MHoTrouJeHa x5 +ax?2+3x+b Ha x + 2 mopiBHIOE uwmcay —5, a
Big mimennsa Ha x — 1 — uumcay 7?

Posknanite Ha MHOKHUKE MHOrouneHx (7.23 — 7.24):

7.23.1) x3 +2x2 - 5x - 6; 2) x*-3x3 -3x2+11x-6.
7.24. 1) x3 —2x2 —11x +12; 2) x* +4x% —3x2 —14x - 8.
Poss’saxite piBHaausa (7.25 — 7.26):

7.25.1) x3-x2+3x-10=0; 2) x3+3x2-13x-15=0;

3) xt—x3 —x2+7x-6=0;
4) x* -3x3 -9x2 +17x+30 = 0.
7.26.1) x3 +4x2 +T7x+12 = 0; 2) x3 +5x2+2x -8 =0;
3) x*-3x3 +5x2-x-10=0;
4) x*+2x3 -11x2 -8x +28 = 0.
Posp’sokiTs HepiBHicTh (7.27—7.28):
7.27.1) x2-2x2 -5x+6> 0; 2) x3+3x2-6x-8<0.
7.28.1) x3 -5x2+2x+8>0; 2) x3 +2x2 -5x-6<0.
7.29. Ilpu AKUX 3HAUYEHHAX HapaMeTpiB a i b MHOTOUJIEeH
ax3 +bx? —3Tx +14 ginurbca Ha MHOTOWIEH X2 + x — 27
7.30. Ilpum saxuUX B3HAUYEeHHAX IlapaMeTpiB a i b MHOrodjeH
x3 + ax? + bx + 2 minurbcs Ha MHOrouJeH x2 —1?
Posknanite Ha MHOKHUKY MHOTOWIeH (7.31—7.32):
7.31. 1) x5 —Tx* +23x3 — 40x2 + 28x;
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2) x° —x* —2x3 +5x2 —bx + 2.
7.32. 1) x5 +3x* +5x3 +16x2 + 20x;

2) x® —2x*-2x3 —Tx - 6.
Poss’sxkite piBHAHHS (7.33—7.34):
7.33.1) 4x3 +3x2 +19x -5 = 0; 2) 3x3 +7x2-x-1=0.
7.34.1) 9x3 +10x2 +19x + 2 = 0; 2) 2x3 +Tx2 -6x+1=0.
7.35. Muorousnen P(x) mpu ginenui Ha x — 1 gae B ocraui 1, a

npu OiJieHHI Ha X — 2 gae B ocrayi 4. IKy ocTauy oTpuMaeMo Bif
ninenHa mHorouseHa P(x) ma x2 —3x + 2?

7.36. MuOTOUNIEH P(x) AK mpm AijieHHi Ha x + 1, Tak i mpu fmi-
JeHHi Ha x — 2 gae B ocraui 2. Ky ocTauy oTpuMaeMo Bin mijeH-
Hs MHOrouwreHa P(x) ma x2 —x —2?

Posp’sokiTs mHepiBuicTs (7.37—7.38):
7.37. x3-3x+2<0. 7.38. x3-x2-5x-32>0.

7.39. 'yMoBi HMOKPUINKHN KOJIiC aBTOMOOiJISA cTHpamThCd, i

-V II0opiuHO KOXKeH aBTOMOOiIb po3citoe B moBiTpa 10 Kimorpa-
MiB rymoBoro nuay. CKiIbKM TAKOTO MUY 3JaTHI BUPOOUTH 3a
pik Bci aBTOMOOiJIi HEBEJIWMKOro MiCTeuKa, y SAKOMY IIPOKHBAaE
3000 poguH i YBepTh i3 HUX Ma€ MO OJHOMY aBTOMOOiIi0?

7.40. 3maiigite yeci ¢pyuKmii f(x), Bu3HaYeHI HAa MHOMKMHI
¥ Bcix mificHUX UYmMcesJa, TAaKMUX, IO OJs OyAb-sKOro X € R

CIPaBIKYETHCA PiBHICTD:

1) Af(x)+ Bf(—x) = Cx2t-1, ne A, B, C — uncua, IpUIOMY

A#0,B-0,A+B#0,C=0,k R,

2) Af(x)+ Bf(-x) = Cx2¢, ne A, B, C — uucia, OPUIOMY

A#0,B-0,A+B+#0,C=0,Fk €R.

METOL,
MATEMATUYHOI IHAYKLIT

Coocrepiratoun 3a HaBKOJIMIIHIM CBiTOM, JIIOgu, B3as3BUYal,
po0IATH 3arajibHi BUCHOBKM HA OCHOBiI OKpeMUX cIlocTepesKeHb. Ha-
MPUKJIAJ, CIIOCTEPITaloyM 3a TUM, IO IIiCJs HOUI HacTae PaHOK, a
micyiAg Beyopa — Hid, JIIOAWHA POOUTH BUCHOBOK IIPO HACTAHHSA IIEB-
HOTO yacy noou. Ileil BUCHOBOK € MTpaBWJILHUIM.

3arajbHi BHCHOBKH, fAKi 3p00JI€HO Ha OCHO-
Bi OKpeMHX CcIOCTepe:KeHb, HA3WBAIOTh IHOYK-
MUBHUMU, & caM MeTOJ TaKWX MipKyBaHb — iH-
JdyxmueHum memodom, abo iHdykuyierw (Big sat.
inducatio — HaBemeHHsa). Haim mpuKJam Ioao
BHUCHOBKY IIPO HACTAHHA MEBHOTO Yacy mobu € iH-
IYKTUBHUM.

IIpore 3a momomMoOroi iHAYKTHBHOTO METOIY
He 3aBKIM MOYKHA OTPMMATU MPABUJIbHI BUCHO-
BKku. Hanpuriaan, y XVII cr. BumaTHUii pan- IT’ep ®epma
nyspkuit maremaruk II. depma momituB, W0 (1607-1665)
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uncna surany F,=22" + 1, skmo n = 0; 1; 2;
3; 4, € TIPOCTUMMU. Cmpasni, yucaa
Fo=2'+1=3;F,=22+1=5;F,=2*+1=1T7;
F,=28+1=257; F;=21%+ 1 =65 537 — mpo-
cTi. Pepma IPUIYCTUB, IO i IPU OYIAb-IKOMY
iHIIIOMY HATypPaJbHOMY 71 YKCJIA TAKOTO BUTJIAIY
OyayTh nmpoctTuMu (iX cTajy Ha3WBATU IIPOCTUMU
yucaamu Pepma). Ajse B 1732 p. iHmmwuit Bugar-
Huii matematuk JI. Eimep (1707-1783) moxa-
Jleonapn Eitnep 3aB, IO IIPKM 711 = 5 maemo umeyo F. = 232 + 1 =
(1707—1783) =4 294 967 297 = 641 - 6 700 417, AKe BiKe
He € mpoctuM. OT:Ke, rimoresy Pepma, 10 AKOI

BiH NPUAIIOB iHAYKTUBHUM METOIOM, OyJIO CIPOCTOBAHO.

TakumM YMHOM, MOXKHA CTBEPAKYyBaTH, IO B OAHUX BUIIAIKaX
MipKyBaHHA 3a IHAYKIIi€I0 IPUBOIUTL OO HPABUJILHUX BHCHOB-
KiB, a B iHIIMX — [0 HempaBWJbHUX. A ToMy 3’sBHJacs moTpeda
B METOHi, AKWI TO3BOJUB OM BCTAHOBJIIOBATH, Yy AKUX BHUIATKaX
rimoresa € iCTMHHOIO, a B AKUX — XNOHOM. TakuM MeTOmOM € JMe-
mod mamemamuyroi iHOYKYil.

1. Memod ~— | ChopmyI0eMO CYyThH METOLY MaTeMa-
mamemamuynoi indyxyii | TUIHOL IHAYRILL.

‘ Axmo BucaosdeHHA S(n), y ¢hopmynroBaHHI aKoro dirypye

L HATypalbHe YHCIO N, MpaBUIbLHEe IiA n = 1, a 3 nmpunyueH-
HdA, {0 BOHO MPaBUIBHe ANA n — k, BUNTMRAE, 1O ROHO €
MPABUIBHUM Oa4 n = k + 1, To BUcTOBIeHHA S{n) NpaBUIb-
He AJs Oyab-AKOT0 HATYPAJIBHOTO N.

Ile TBepaKeHHA HaA3WBAIOTH NPUHUUNOM MAMEMAMULHOL iH-
OJyxuyii. I3 iporo (opMysaOBaHHS 3PO3YMijIO, IO METOAOM MaTe-
MaTUYHOI 1HAYKIIII MOXXHAa MOBOAMWTH JIUIIE Ti TBEpPAKEeHHS, BU-
CHOBKHU SAKUX B3ajieKaTh Bif HaTypaJbHOro uwmcaa (iHKoJHW Bin
HYJA Ta HATypPaJbHUX YICEJ), TOOTO JIMIIle MaTeMaTHUYHi.

Omxe, 11100 JOBECTH TaKe TBEPAKEHHS METOIOM MaTeMaTUYHOL
iEayKIrii, Tpeda:

1) nepesipumu, wo meepdxcenns cnpagdxyemovcs 0na n = 1
(in00i 0na desKuXx HACMYNHUX 3G HUM HAMYPALbHUX YUCETL);

2) npunycmuswu, wo meepdrieHHs cnpagiiyemvcs O0asl
n = k, dogecmu, w0 80HO € npasuibHum 0as n =k + 1.

TakuM YMHOM, Ha MEPIIIOMY eTalli MmepeBipATh MPaBUILHICTD
TBepaskeHHA S(1), AKe Ha3WBaWOTH 0a3010 iHOYKUil, a Ha APYro-
My — Ha OCHOBi TBepmkeHHA S(k) (dKe HaA3UBAIOTH NPUNYULEH-
Ham iHOYykuil) moBomATh TBepmKeHHA S(k + 1). Ile moenmenns
Ha3UBaOTh iHOYKMUBHUM nepexodom, a cam mepexin Bim S(k) mo
S(k + 1) — kpoxom iHOYKUYiL.

3a JOIOMOT0I0 METOAYy MaTeMaTHUHOI iHAVKII MOoKHa HOBO-
IUTU Pi3HI TBepKeHHs, Vv (QOPMYJIIOBaHHI AKMX (Qirypye HaTy-
pajbHe YMCJO0 N: YMCJIOBI TOTOKHOCTi, UUCJIOBI HEPiBHOCTi, TBEP-
IKEeHHS IIPO HOMiJIBHICTh UMCesl, TeOMETPUYHI (paKTU TOIIO.
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2. Jlosedennsa 4ucnosux M Hosectu, 1mo axd 6yab-

momovHocmed AKOro n € N CIpaBIKYeEThCA PiBHICTD:
. nn+l) nnrn+1)(n+2
1+3+6+...+ ( ):( X )
2 6
HoBemeunus.l) IlepeBipuMO MPaBUIBLHICTH TBEPAXKEHHSA MIJIA
1-2-3 . .
n = 1. Maewmo: 1= 6 PiBHICTH € MPaBUJIBLHOIO.

2) Hexait piBHicTh mpaBuabHa id n = k, To6TO:
N k(E+1)  k(E+1)(k+2)
6 .
Hasa n =k + 1 maemo piBHICTB:
143464, + k(k2+1) N (k+1)2(k+2) _ (k+1)(k;;2)(k+3),

noBeznemo ii. IleperBopumo JiBy yacTuHy I1i€l piBHOCTI, ypaxo-
BYIOUM Hallle IPUIYIIeHHS:

+k(k+1)+(k+1)(k+2): k(k+1)(k+2)+(k+1)(k+2)_

1+3+6+...

1+3+6+... 9 5 9 =
- (k+1)(k+2)(§+1]_ (k+1)(k+2) k+3 _(B+1)(k+2)(k+3)
- 2 3 B 2 3 6 '

Or:xe, JiBa yacTuHa piBHOCTI Ansa n = B + 1 gopiBuioe ii mpaBiit
YyacTHHi, TOOTO PiBHiCTH cupaBmKyeThbes i g n = k + 1. Tomy,
3a IPUHINIIOM MaTeMaTHUYHOI IiHAYyKIIil, piBHiCTHL IpaBHJIbHA
I Oyab-askoro n € N. W

W Hosectu, 1o aasa 0yab-akoro n € N:

2
. 13+23+33+...+n3:(m).
2
1(1+2))2
——— | — mpa-

ODosemenusa. 1) dxmo n = 1, maemo 13 = ( 5

BUJbHA YHCJI0BA PiBHICTH.
2) IIpunyctumo, 110 Ajs n = k CIpaBIKyeThCSA PiBHICTH:

Bk + 1))2

13+23+33+...+k3:( 5

Hasa n =k + 1 maemo:

2
13+23+33+...+k3+(k+1)3:(Wj .

HoBexmemo 1110 piBHiCTH. IlepeTBopuMoO ii JiBYy yacTuny:

2
13+23+33+...+k3+(k+1)3:(k(k;l)j +(k+1)3 =
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3. Hoeedennsa zinomes

k2 +4k+4 (B+1)2(k+2)2
4 4

:(k+1)2(§+k+lj:(k+1)2~

- ((k +1)(k + 2)
B 2

Omxe, piBHicTh nasa n = B + 1 € npaBusbHO0. ToMy, 3a mpuH-
IMUIIOM MaTeMaTHUHOl iHAYKI[ii, piBHicTh, HOpaBuJabHA 1 a4
Oyab-sikoron € N. W

2
j , OTPUMAaJIU IIpaBy il YacTUHY.

Meton matemaTmuHOl iHAYKII momo-
MOKe HaM i B 3ajgauax, JIe CIIOYaTKY

Ha OCHOBi KiJIbKOX CIIOCTepe:KeHb YCTAaHOBJIOIOTH AEeSKYy 3aKOHO-
MipHicTb 4060 popMyay AJId 00UKCIEHHSA AesIKOI CYMU Y1 JOOYTKY,
110 3aJIe’KaTh BiJ HaTypaJbHOTO YMCJA N, a IIOTIiM METOIOM MaTe-

m 3uaiitu  QopMyJay IS OOUYUCIEHHS HTOOYTKY

1—l 1—l 1—i ,gen e N, n > 2, ta goBecTn ii.
4 9 n2

Poss’aszaumusa. CoouaTKy o0UMCIMMO KiJbKa IIEPIINX 3HA-
YeHb IILOTO HOOYTKY.

Hﬂﬂn=2:1—l:§=2+1;

4 4 2.2
Townog: [1-1)(1-1)_3.8_2 4 3+1

4 9 49 3 6 23
Tone s (111 1)1 L) 3.8.15_ 5 a+1

4 9 16 4 916 8 2-4

1 1 1 n+1

B i , 1-— | 1-——=|..|1-—— [=—,
HUCYHEMO TilloTe3y Ipo Te mo( 4)( 9} ( n2j on

neneN,nz=2

HoBemeMo 1110 TimOTE3y METOMOM MaTeMaTUYHOI iHAYKITIi.
1) llna n = 2 mepeBipeHo BuIIe.

2) IIpuniyctumo, 110 A n = B CIPaBIKy€ETHCA PiBHICTD:

(1—1j 1—1).. - L]kl

4 9 k2 2k

3anuiieMo piBHicTL Ana n =k + 1:

JRNER| TR N T | S PG
4 9 k2 (k +1)2 2(k+1)

i moBememo ii.
IlepeTBOpUMO JIiBYy UacTuUHY ITi€el piBHOCTI:

(1_1j{1_1j [1_1]1_ 1 _k+1 K2+2k+1-1 _
4 9)" k2 (k+1)2 2k (% +1)2
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D _k+1 R(k+2)_ k+2 _(R+D)+1
2k (B+1)2 2(k+1)  2(k+1)

Orxe, misa n = k + 1 Hama rimoresa € iCTUHHOIO, TOMY 3aIlPOIIO-
HOBaHa (hopMyJia € IPaBUILHOIO IJsI Oyab-AKoro n € N, n > 2. W

1 1 1 n+1
Bi ige, |[1-—||1-=|...|1-—|= .
izmoBigs ( 4)[ 9) [ nzj o

, OTpuUMaJu Ii IpaBy YacTUHY.

4. losedenns e EERES  [ToBecTH, IO JJIA BCiX
HepisHocmell n € N, n 2 3 cupaBIKyeTbCsA HEPiB-

— micre: 2" > 2n + 1.

cODosemenusa. 1) dxkmo n = 3, To, cupasgi, 23 > 2 -3 + 1.
2) Ilpunyctumo, 110 AJIsS n = k CIpaBIKyEThCA HEPiBHICTB:
2k > 2k + 1.
3anuineMo HepiBHICTh Auaa n = k + 1, maemo: 2671 > 2(k + 1) + 1.
HoBememo, 1110 BOHA € IIPABUJIBHOIO.
OckinbKU HepiBHICTL mJg n = k 3a IPUOYINEHHAM € IIpa-
2 - 2k > 2(2k + 1), a BpaxoBymoun, mo 2 - 2% = 2871 orpumaemo:
2k+1 > 2(2k + 1).
Posrnssmemo mpaBy yacTuHy IIiel HEPiBHOCTI:
2k +1)=4k +2 =2k + 2k +2=2k+ 2k + 1)+ 1 -1 =
=2+ 1)+ 1+ 2k -1).
Ockimbku 2k —1>0,m702(k+ 1)+ 1+ 2k—-1)>2(k+ 1)+ 1.
Tomy, akmo 21 > 22k + 1), a 22k + 1) > 2(k + 1) + 1, To
2kt > 2(k + 1) + 1. Oroxe, niisi n = k + 1 HepiBHICTH € MPABUIIb-
HOIO, a TOMY, 3a MPUHITUIIOM MaTeMaTUYHOI iHAYKIil, HepiBHiCTH
2" > 2n + 1 cupaBmKyeThea A Oyab-askoron € N, n > 3. W

1 1 1 13
w HoBectu, 1110 + +.t > — a4

. n+2 n+3 2n+2 24
« Oynp-sgkoro n € N.

1 1 14 13

. Hd =1, s Dy =TT

Hosegeumua. 1) Ao n MAaeEMO 3 1791 o

2) IlpunycTumo, 110 AJIS n = k CIpaBIKYyEThCA HEPiBHICTB:
1 1 1 13

+ +oeet > —.
E+2 Ek+3 2k+2 24
3amnuIiieMo HepiBHicTL aasa n = k + 1:

1 1 1 1 1 13
+ +.e + + > —,
E+3 k+4 20k+1) 2E+1D)+1 2(k+1)+2 24
HoBememo 1ii.
g moBemeHHA M0 000X YacTWH HepiBHOCTI (¥), momamo cymy
1 1 1
+ - .
2k+1)+1 2(k+1)+2 Ek+2

Toni, 3a BJIAaCTUBOCTSAMM UYHCJIOBUX HEPiBHOCTEH, OTPUMAEMO
TPaBUWJIbHY HEPiBHICTH:

(*)
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. 1 1 1 1 1 13
——t———+.+ + + >—+
E+3 k+4 2k+1) 2(B+1)+1 2k+1)+2 24
1 1 1
+ + - ,
2k+1)+1 2(E+1)+2 EkE+2

JiBa "yacTWHa SKOI TOTOYKHO PiBHa JiBiff yacTWHi HepPiBHOCTI,
ARy Tpeba IOBeCTH, a IPaBy YaCTUHY MOYKHA CIIPOCTUTHU.
g mpaBoi 4aCTUHU MaTUMEMO:

B, 01 1 1 18 1 1 _
24 2k+3 2k+2) k+2 24 2k+3 2k+4
13 1 13
=—+ > —.
24 (2k+3)2k+4) 24

OT:xe, HepiBHicTb a1 n = B + 1 € IpaBUJIBLHOIO, a TOMY € IIpa-
BUJILHOIO IJIsI Oyab-AKOoro n € N. W

5. Joeedenns W7 ERRGS  [ToBecTH, IO JJis OyIb-
nodinvrocmi supasis AKOTro Iijioro 3HadyeHHsa n = 0 uwmcio
——— | 1172 4+ 122n*1 gparHe uncay 133.

°* Nosemenusa. 1) Iag n = 0 maemo: 1102 + 120+l = 133 —
KpatHe uncay 133. OTike, nasa n = 0 TBepI KeHHsS iCTUHHE.
2) Ina n = k maemo: S, = 11#+2 + 122k+1, TIpunycrumo, mo mei
BUpa3 KpaTHU# ymcay 133.
Husa n =k + 1 maemo: S, ; = 11¢-+TD+2 4 122041+,
Hosenemo, mo Bupas S,,; KpaTHui yncay 133.
Maemo: S, ; = 11(¢-+D+2 - 122(:+1H = 17 - 1142 + 144 - 122k =
=11-11%"2 + (11+188) - 122k+1 =
=11(11%+2 +122k+2) + 133 -122#+1 =11 S, +133 - 122k+1,

| S
Sg

Ockinbku gomasok S, = 11#%2 + 122kl gparumit umcny 133
(3a mpunymeHHaM iEaykii) i nogamox 183 + 122k+1 rexx xpaTHUIL
uncay 133, To cyma S, ; = 11 - S, + 133 - 122k*! rakox kpaTHa
yuery 133.
OTsxe, 3a DPUHIUIOM MaTeMaTHYHOI iHAYKIIii, umciao 11712 +
+ 122n+1 gparre uncay 133 musa 6yab-sakoro mijgoro n > 0. W

6. Josedenns Hesxki reomerpwuni ¢axTtm, ymoBa

. ’
zeoMempUUHUX PaKmie AKUX TOB’A3aHa 3 HATyPaJbHUM UYKC-
= joM n, MOKHa JOBECTH METOJOM Ma-

TeMaTUYHOI iHgyKIIii.

Q7 GEnREAS Ha moomiuui mpoBemeHo n nmpamux (n = 1), »Kopa-
. Hl IBl 3 AKUX He ITapaJjieJibHiI 1 KOAHI Tpu He MAIOTh CHiJIb-
HOI TOouku. [loBecTm, 110 Ii TpAMi PO3OMBAIOTH IJIOIIUHY Ha

n2+n+2
— YaCTUuH.
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. doBemeununsa. 1) OueBumHO, IO OJHA MPAMA PO30OMBAE ILIO-

124+1+2
IUHY Ha 2 YacTUHU; B =2. lna n = 1 TBepIKeHHS €
MIPaBUJILHUM.
2) Ilpunyctumo, mio k mpaAMHX, SKi 3aJ0BOJBHSAIOTL YMOBY,
B2+Ek+2
po30MBaIOThH ILJIOIITUHY Ha — YacTHUH.

IIpoBenmemo 11e omuy nmpamy, Temep ix k£ + 1. g npama neperu-
Ha€ KOXKHY 3 IIONepPemHiX MPAMUX, IPU IIbOMY BCi TOYKU IIepe-
TUHY OyAyTh PisHUMU (OCKiJIBKY cepej] IPAMUX HEMA€E mapajeib-
HUX i KOOHI TpW IPAMi He MalTh CIiJbHOI Toukm). I[i Toukm
ginare (B + 1) opamux Ha (B + 1) wactuH, a came (B — 1) Bin-
piskiB i gBa mpomeni. KoykHuii i3 mux BigpiskiB abo mpomeHiB
IMTH paHime IiJly YacTUHY IJIOIIWHYW HA ABiI YaCTWHU, TOOTO
KiJgbKicTh yacTuH 30igbmryerhesa Ha (B + 1) i Oyme mopiBHIOBaTH:

2 2 2
k +k+2+(k+1):k +k+§+2k+2:(k +2k+21)+k+3:

(k1) +(B+1)+2

2
OT:xe, TBepPAKEHHS € IpPaBUJbHUM 1nad n = Bk + 1, a Tomy, 3a
OPUHIIUIIOM iHAYKIIiI, TBEPIKeHHA 3aadi € MpaBUJAbLHUM. B

WLGERRS Mosexirs, mo n kix (n € N), sAKi IpoBejeHO Ha
. ILIOIIMHI, AiAATH ii He 6inbIre Hidk Ha n2 —n + 2 YacTHH.

HoBenmeunusa. 1) OueBugHO, IO OJHE KOJO PO30MBAE ILIOIIH-
Hy Ha 1Bi wactuamu; 12— 1+ 2 = 2. Ina n = 1 TBepIKeHHS €
MIPaBUJIbLHUM.

2) IIpunyctumo, 110 k£ KiJl po30MBAIOThH IJIOIIMHY He OijbIile
Hi2K Ha k2 —k+2 uvactus. Ilposememo (k + 1)-me kouso. Ile
KOJIO MOJKe MaTu 3 k IoIlepenHiMu He OijbIile HiK 2k CIiib-
HUX TOYOK, AKL 6y,11y'r1> p036HBaTn (k + 1)-mmre Kosio Ha 2k myrT.
Korkua i3 mux gyr OijIuTh paHiie Iijgy o0JacTb Ha ,Z[Bl, TOOTO
KiJBbKiCTh YACTUH IJIOMIMHY 30iJbINIUTHCA He Oijblile HijK Ha 2k
i Oyzme mopiBHIOBATH:
BP-k+2+2k=(k2+2k+1)-(E+1)+2=
=(k+12-(+1)+2.

OT:xe, TBepAKeHHSA 3aJaui € ONpaBUJILHUM Iad n = B + 1, a
TOMY, 32 IIPUHITUIIOM MaTeMAaTHUYHOI iHAYKILil, i 11 OyaAb-AKOTO
HaATypaJbHOTO 7.

@ SKi BACHOBKM Ha3nBatTb iHAYKTUBHUMU? @ Y YOMY Nonsirae NpuH-
LN MateMaTU4YHoI iHOYKUii? @ 3 AKMX eTaniB CKnagaeTbca JOBEOEH-
HS TBEPOPKEHHS METOAOM MateMaTUyHoI iHAYKUiT? @ LLlo HasuBatoTb
©a3010 IHAYKLT; NpUNYyLLEeHHAM iHOYKUIT; KpoKoM iHAyKLii? @ Lo Ha-
3UBaIOTb IHAYKTUBHUM NEpPeExXoqom?
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§ Pozb sxims 3agaui ma bukonaime bnpabu

2

8.2.

8.3.

8.4.

8.5.

8.6.

8.1. BunucasBimu Kinbka 4wuces, KpaTHUX UYuCIy 6, HaIpuU-
kaang 12; 36; 72; 216, momiuaeMo, III0 BOHU 3aKiHUYIOTHCS
mudpor 2 abo 6. Uum mMokHA OiliTM BHUCHOBKY, IO YMCJIO,
AKe 3aKinuyerbea mudpoio 2 abo 6, Kparne uucay 67

Bunwucasmu KijgbKa uMces, KPaTHUX UYUCJAY 5, HAIPUKJIAL
15; 30; 75; 190, momiuaemo, 1[0 BOHH 3aKiHUYIOTHCA IHQ-
poto 0 abo 5. Yu moKkHaA AiATH BUCHOBKY, IO YHCJIO, SKE
s3akinuyioTbea nu@ppoio 0 ado 5, kpaTHe uncay 5?

HoBemiTh MeTOIOM MaTeMATUYHOI iHAYKIIi1, 1110 1/ OYIAb-sIKO-
0 HATYPAJIbHOTO 1 CIIPaBIYKYEThC piBHiCTB: 1 +3 + 5 + ... +
+ (2n — 1) = n2. fIx me Mo)KHA J0BeCcTH o (popmyry?

HoBemiTh MeTOIOM MaTeMATUYHOI iHAYKIIiI, 1110 1/ Oy Ab-sIKO-
T'0 HATYPAJIbHOTO 1 CIIPaBIKyEThCs piBHiCTH: 1 +2 + 3 + ... +

4= (n+1n

. fIx 1me mosxkHA moBecTH 1110 YOPMYJIY?
HoBemiTs MeTomoM MaTeMaTHUHOI iHAYKIiL, 1mo mma n € N
CIIPaBPKYy€eThCs pPiBHiCTH: (8.5—8.6):

+1)2n+1
D12+22+3+ .. +n2= "0 é( n+ D,

2)1-3+2-54+3-T+...+n@2n+1)=

n(n +1)(4n +5)
6 b
3)1-2-3+2:-3-4+ ...+ nn+ n + 2)-=

= in(n+1)(n+2)(n+3);
4)L+L+...+ ! =L
1-4 4.7 Bn-2)3n+1) 3n+1
2 _
1) 12+ 32+ 52+ ...+ (2n — 1)2= —n(4n3 D,
n(n+1)(n+2)

2)1-2+2:3+3 -4+ .4+ )= =

3)2:-1+2-3+2-5+...+22n-1)=2n%
4) 1 + 1 +..+ 1 = n(n +3) .
1-2-3 2-3-4 nn+1)n+2) 4n+1)(n+2)

HoBeniTs, 110 Mia 6yab-aKoro n € N cupaBIKyeThCA HEPiBHICTH

(8.7-8.8):

8.7. 2n*2 > 2n + 5. 8.8. 2" > n.

HoBenits, 1o aasa n € N cupaBIKyeTbca HepiBHicT (8.9—8.10):
89.3">4n+ 1, nen > 3. 8.10. 2" > n2, ge n > 5.
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8.11. VYcraHoBiTH icTMHHIiCTHL rimoresw mpo Te, IO A n € N
cIOpaBIKyeThea piBHicTh: 20 + 21 + 22 + |, + 2771 = 27 — 1,

8.12. MoBenith, 1110 n TPSAMUX, MPOBEJAEHUX Ha IMJIOIIWHI uepes
OJHY TOUKY, OiJIATH ILIOLIUHY Ha 271 YaCTHH.

8.13. 3Bmaiigite Gopmyay Oad OOUMCIEHHS  BHpPas3y

4 4 4
(1—;)(1—§j.(1—mj, e n e N.

8.14. 3uaigite dopmyay LIS o0unCIIeHHA cyMu
1 1

+ +...t+ 1
1.2 2.3 n(n +1)

HoBenits, 110 npu Oyab-AKOMY n € N CIPaBIYKYEThCA PiBHICTH:
(8.15—8.16):

,men e N.

8.15.1) 12— 22+ 32 — 42 + .. + (-1)* 1. 2= (-1)» 1 - —”(”; b,
2)13+28+33+ ...+n3=(1+2+ 3+ ...+ n)%
3) 12 22 n2 _ n(n+1)

+ +...+ = .
1-3 3-5 2rn-1)(2n+1) 22n+1)
816.1)-1+3-56+7-9+ ...+ -1D)"2cn—-1)=(C-D""n
2) 13+ 33+ 53+ ...+ (2n - 1)3=n22n%2-1).
8.17. HoBenits, 110 AJsA OyAb-AKOTO 11, n € N Ta Oyab-IKUX UU-
ceJl a i b cupaBIKyeThCA PiBHICTD:
1 1 1 n
+ +aet = .
a(a+b) (a+b)a+2b) (a+((n+1)b)a+nb) a(a+nb)
HoBenits, 1110 1y OyAb-AKOTO n € N CIpaBIKyeThCA HEPiBHiCTH
(8.18-8. 19)
1 1 1

8.18. 1) _+32+E+ +;<1

1 1
+ +eot—>20n+1-2;
Jn

3 2n 1 1
3) —-——-
2 46 2n \/3n+1
1 1 1
8.19.1) ——+——+.. +—— > /s 2) 27 > 1+ ny2n1,
"R :
8.20. losenite, mo anA OyAb-AKHUX 4ucend dq, dy, ..., 4, CIPaB-

IPKYEThCA HEPIBHICTE: |a) + @y + ... + a,| < |ay| +

ay|+ ...+ a,

HoBenits, 110 Aasa 6yab-aKoro n, n € N, uucio (8.21-8.22):
8.21. 1) 7* — 1 ginuTtsca Ha 6;

2) 6271 + 1 ginureca Ha 7;

3) 9" — 8n — 1 ginmuTrsca Ha 16;

4) 5" + 2 - 3" 1 + 1 ginurbcs Ha 8.
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8.22. 1) 5" — 1 ginutbcsa Ha 4;

2) 22n-1 4+ 1 ginuTbes Ha 3;

3) 4" + 6n — 1 minmuThcsa Ha 9;

4) 5" + 2 - 3" — 3 — minuTbca Ha 8.
8.23. HoBeniTs, 110 cyMa Ky0OiB TPHOX MOCJIiJOBHUX HATYPaJbHUX
yuceJ JiIUThCA Ha 9.

8.24. [loBexiTh 3a MOIOMOI'OI0 METOJAYy MAaTeMATHUYHOI iHAYKIIII,
III0 cyMa BHYTPIIIHiX KYTiB JOBiJIBHOIO OIYKJIOTO N-KYTHUKA JIO-
piBaIOE 180°(n2 — 2).
HoBemitsb, 110 s Oyab-aKOTO n, n € N, CIOPaBIKYEThCA
piBHicTh (8.25—8.26):
2 _
825. 14+ 24+ 34+ ...+ nt= n(n +1)@2n +1)(3n” + 3n 1).
30
8.26. 1 + 1 +...+ 1 = 1 + 1 +...+i— n .
23 -2 43 -4 @n)¥-2n n+1 n+2 2n 2n+1

8.27. llosexiTh, 1110 cyMa 4YHCEJ, SAKi CTOATH Y KOKHOMY PAIKY
TabanITi

IOPiBHIOE KBaJpaTy HelapHOro Ymcja, HOMEep SKOT0 B PAIKY IO-
pPiBHIOE HOMEDPY PAAKA, PaxXyluW Big mouaTKy Tabauii, To0OTO,
mol=12;2+3+4=323+4+5+6+7=52....

8.28. IlosexiTh, mo uucao 36" + 197 — 2"+l nng Gyab-aKoro Ha-
TypaJbHOTO 1 AiauThcsA Ha 17.

8.29. llosexiTh, 110 uwmcio, 3amnucanHe 243-mMa OAUHUISMH, [Ii-
JUThCA Ha 243.

8.30. Yucmna ay, ay, ..., G, B3a[0BOJBHAITL YMOBY a4 = 2;
. 5.371 -1
a, =3a, ,+ 1. losexits, mo a, = —
8.31. Yucna ay, ay, ..., G, B3a[0BOJBHAITL YMOBY ay = 2;
n+2
a,.,= ——a,. oBexirs, mo a, = n? + n.
n

8.32. Posmip KomiTiB, BHeCeHUX Ha O0aHKiBCBKUH pPaxyHOK,
¥ crkaamzae 10 000 rpr. 3a mBa POKHU I cyMa spocia Io

13 456 rpH. KoM € BiZICOTKOBa CTaBKa 6aHKy, AKIITO BifCOTKU

HApaxoBYIOTHCS OAUH pa3 Ha PiK HA MOTOUYHUH PAXYHOK?

8.33. (HauionaavHa oaimniada Beﬂurcm Bpumawii). ose-

,E[lTB, 1110 KOJIU KOPEeHAMU MHOI‘O‘-IJIeHa x2 + px + 1 € uncaa

a i B, a koperamu mMHOrouwieHa x2 + qx + 1 — umcrna vy i §,
to piBHicTb (a0 — V)(B — V) (a0 + 8)(B + 8) = ¢? — p? — npasBuIbHA.
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Tligzomyimecs go bubuernsa Hobozo mamepiany

8.34. O0uucIIiTh:

1) 25; 2) V16 -2,0,01;  3) %«/100_(\@)2;
OO+ @VDE  5) 5T 6) (JB)! + V2 1 1.

8.35. Ilpu AKMX 3HAYEHHSIX X MA€E 3MiCT BUpas:

1) Vx;  2) V2x-T7;  3) V4+8x; 4) Jx-2+x+7?
8.36. Po3B’saoKkiTh piBHAHHA:

1) x2 = 36; 2) x2=0; 3) x2 = -9; 4) x2 =1,

@‘V—_ﬂ/(ﬁ—: imi | Muxora Isanosuu Ilkine Hapoduscs
LYEPa"’u!‘]‘ Yy c@i[‘}] 13 2pydusa 1932 pory 6 c. Byp6u1—£ (ITox-

1 o B " mascvka 004.). Ilicas 3axiHueHHs cepeod-
HbOL WKOLU 6CMYNUE HA Qi3uKOo-mamema-
muynuii garxyremem Kuiecvrkozo nedazoziunozo incmumymy
im. O.M. TI'opvrozo (KIIJ[I), axuii 3axkinyue 3 8i03Hakow 3a ¢a-
xom «Yuumenv mamemamuru». ¥ 1955 poui Mukona Ieanosuy
3aKiH4ue acnipanmypy i Hadasi ce cB80€ Hum-
ma noe’asaé 3 KIIJ[I (runi ye HayionaavHuil
nedazozivnuil ynieepcumem imeni M.II. JIpazo-
MmaHosa ), 0e i npoitwos wasx 6id acnipanma 00
pexmopa.

Ynpodosi 6azamvox porxie Murxonra Iearnosuy
noednyeas Haykogy pobomy 3 nedazoziuHow —
yumas Kypcu 0ns cmydenmis Qi3uko-mamema-
muuHozo0 Qaxkyrememy, 30ilicHI08a8 HAYKOBe
KepisHUUmMB0 acnipaumamu i OKMOpPaHmamu,
nidzomyeas Oinvwe 30 kandudamie ma 5 0ok-
mopie nayx. Hozo dianrvricms 0yna 6UucoKo 6i0- (1932-2015)
3HaueHa 0eprcagon. 3a Komniekm niOpyiHukKie
«Buwa mamemamurxa» ma « Mamemamuyunuit ananiz» M.I. Il kino
Yy ckaadi aemopcvkozo Konexkmuey Yrxasom Ilpesudenma Yrpainu
6 1996 poui npucyodircero [JepraHy npemir 6 2ary3i HAYKU i mex-
Hixu. I[Ipemiero Hauyionanvroi arxademii nedazoziyvnux Hayk Ykpa-
iHU 8i03HAYeHO MAKOM NiOpYYHUK «AJazebpa i nOLamKU AHALI3Y»
Ons 10 Kaacy wKin i Kaacié 3 nozaubieHUM UELEHHAM MAMeMa-
muku, o0num i3 aémopie axoezo € M.I. Illkinv.

Muroana Ieanosuw 3nanuil y ceimi. Hozo morozpagito «Acumnmo-
muuni memoOu 8 meopii LiHillHuUX OupepeHyiarbHuX Pi6HAHDY (Y Cni6-
asmopcmai) nepesudano y CIIA. M.I. Ixins Oyno 6i03HAUEHO
npemicto HAH Ykpainu imeni M.M. Kpunosa, 6in makoxc € aaypea-
mom npeniit imeni B.I. Bepradcvkozo ma M.B. Ocmpozpadcvkozo.

M.I. IIlkine ynpodosgi Oecamunims 0Y6 uaeHoM pedKoaeziil Hyp-
Hanie «Heninilini Koausauus», «Buwa wrxona», «PiOna wkoia».
Ilo ocmanHix c60ix OHIB 8iH OY8 CNOBHEHUIL eHepzielo i 8eAUKUMU
meopyumu 3a0ymamu...

Aemopy nidpyuHukKa, AKuil 6u mpumaeme 6 pyYKax, NOU,ACMUJLO
oymu cmydenmom Muxoau Ieanosuua Il kins.
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Y UbOMY PO34INII MM!...

@ npuzadaemo MOHAMMS apughMemuyHo20 KeadpamHo20 KopeHs ma
tio2zo enacmueocmi;

O Oi3HaeMocsi Mpo KopiHb Nn-20 cmerneHsi ma (020 er1acmueocmi;
cmeniHb 3 payioHanbHUM MOKasHUKOM ma (o020 ernacmueocmi; npo

yHKUiO Yy = Yx ma cmerieHesy yHKUo;

@ Hasyumocs ob4ucroeamu ma nepemeoprosamu 8upasu, Wo Mic-
msmb KOpeHi | cmeneHi 3 payioHanbHUM MoKa3HUKOM; po36’ssyeamu
ippauioHanbHi PigHsIHHS.

& KOPIHb n-ro CTEMNEHA.
APUOMETUYHUUN KOPIHb n-ro CTENEHA
1. dynxyis y = x*, de Posriauemo Qyukmio y = x", n e‘N.
neN Ii mHasuBarTL cmenernegorw PYHKUIENW
-~ 3 HnamypaavHum nokasnuxom. Crerme-
HeBi QyHKUIL s n =11 n =2, To6To PyHKHii y = x i y = x2, Ham
ByKe Bimomi. Ix rpagixku sobpakerno Ha mamdioHKax 9.1 1 9.2.

y Y
+ 2
Z =x
3 Yy
1.
01 x
1 L
0 1 x
Maia. 9.1 Mau. 9.2

Ka g Oyab-AIKUX 3HAUeHb n, n € N.
CrouaTKy poO3TJISHEMO BUIAIOK, KOJHU 1 — IIapHe YHCJIO.
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Ha mantonkry 9.2 3o6paxkeno rpadik pyHkmii y = x2, a Ha Ma-
aoHKY 9.8 — rpadik ¢ysrmii y = x*. ®yEKOig y = x", ge n —
mapHe, € IMapHOI0, OCKijabKU (—x)* = x", Tomy ii rpadik cume-
TPUYHUYN BiTHOCHO OCi opamHAT.

T'padix dysKIil y = X" 3 1apHUM HATYypaJIbHUM IIOKa3HUKOM 7
cXeMaTUYHO 300pasKeHo Ha MaJoHKY 9.4.

Yy
y=xt Y
y=x",neN
n —napHe
0l 1 x 0 x
Maut. 9.3 Mau. 9.4

PosrismeMo BUIagoK, KOJIU 1 — HeMapHe YHCJIO.

Ha mantonkry 9.5 306paxkeno rpadik ¢pyHrmii y = x3, a Ha Ma-
JoHKY 9.6 — rpadgik QyHKIii y = x°. OyHKNiA y = x" Opu He-
HapHOMY NI € HeIlapHOoI0, OCKimbKu (—x)* = —x", Tomy ii rpadik
CUMETPUYHUN BiJHOCHO MOYATKY KOOPJAMHAT.

T'padik pysrmii y = x" 3 HemapHUM HATypPaJbHUM HOKA3HU-
KoM n, n = 3, 300paskeHo Ha MaJOHKY 9.7.

Yy Yy I y
ly =x", neN
Y = a3 JI= B n — HemapHe
0 x (0 x 0 x
Maua. 9.5 Maa. 9.6 Maxa. 9.7

¥YzaraarbHUMO BJacTUBOCTI MYHKII y = x", Ie n — HaTypaJbHe
YKCJIO0, i momamo iX y Buriasami tadauii (c. 86).

®yHKIi0 3agaH0 Gopmyoo f(x) = x9. IlopiBHATH:
1) (0) i f(-1,8); 2) 1(=2) i 1(2).
PosB’asamnda. Ockimeku ¢Qyskmia f(x) = x° spocrac Ha
(=003 +00), To OiNBIIIOMY 3HAUEHHIO apryMeHTY BifmoBigae 0ib-
e 3sHaueHHs QyHKIii. Omxke:
1) (0) > f(-1,8), 60 0 > —1,8; 2) (=2) < f(2), 60 -2 < 2.
Bigmosizns: 1) f(0) > f(-1,8); 2) f(—2) < f(2).
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DyHRUiga y = x", n € N
BaacruBocti n — mapHe n — HemapHe

06Ji1acTh BU3HAUEHHS (—00; 400) (—00; +00)
MHuoXnHa 3HaUEeHDb [0; +00) (—00; +00)
Hyni pysarmii x=0 x=0
3uakocraiaicts (y > 0) x<0abox >0 x>0
3uakocraaicts (y < 0) - x <0
ITapuicTs, HenmapHicTb napHa HemapHa
IIpomiskKu 3pocTaHHA [0; +00) (—00; +00)
ITpomiskKku cnagaHHS (—o0; 0] -

W dyHKII0 3amaH0 Qopmyoio g(x) = x14. IlopiBEATH:
. 1) g(=2) i g(=3); 2) g(1,7) i g(1,6);

3) g(5) i g(-5); 4) g(-8) i g(7).
PosB’szanud. 1) Ockinbku Ha TPOMiKKY (—°°; 0] dyHKITiA
g(x) = x4 cnagae, To GiIbIIOMY 3HAUEHHIO apI'yMeHTY BiIImoBifae
meHIre 3HaueHHA QyHKIii. Ockinbku —2 > —3, To g(—2) < g(—3).
2) Ha npomimxky [0; +°°) ¢pysrmis g(x) = x4 spocrae, Tomy
OiTBIITOMY B3HAUEHHIO apryMeHTy BifmoBizae Oinbiile 3HaUeHHS
¢yurmii. Ockineku 1,7 > 1,6, To g(1,7) > g(1,6).

3) ®yuknia g(x) = x* — mapra, Tomy g(—x) = g(x). Orxe,
8(9) = g(-95).
4) dyurnia g(x) = x1* — mapra, Tomy g(—8) = g(8). Ha npo-
miskry [0; +°°) ¢dyuKIia spocrae, Tomy g(8) > g(7), a orxe
g(=8) > g(7).
Bigmosiags. 1) g(=2) < g(=3);  2)g(1,7) > g(1,6);

3) 8(5) = 8(-9); 4) g(=8) > g(7).

2. Kopins n-zo cmenens Haragaemo, mo K8adpamHuum Kope-
Hem i3 uucaa a HA3UBAIOMb MakKe

uucno, keadpam K020 00PiBHIOE A.

Hampuraan, uucaa 4 i —4 — KBagpaTHi KopeHi i3 uucaa 16, 60
42 = 16 i (—4)2 = 16; 0 — xBagpaTHUII KOPiHL i3 unciaa 0, OCKiIL-
ku 02 = 0; a KBaZPaTHOTO KOpeHd i3 umucia —9 He icHye, 60 HeMae
yucJia, KBajgpaT sIKOTo AopiBHIOE —9.

VY Toit camuii cmoci6 yBemeMo O3HAUEeHHA KOPEHS Nn-TO CTeleHs
i3 yuecna a, ge n € N, n > 2.

, ‘ Kopenem n-zo cmenens i3 unela a4 Ha3MBAIOTH TaKe YUCIO,
Nn-H CTemiHb AKOTO JOPIBHIOE .

Hampukiaan, KopiHb TpeThoro cTeleHs i3 uucaa 64 mopiBHIoE
4, ockinpKku 4° = 64. Yucna 3 i —3 € KOpeHAMHU 4eTBEPTOTO CTe-
neHd i3 umcaa 81, 60 34 = 81 i (—3)* = 81. Kopernem m’ATOTO CTe-
meHs i3 uymcaa —32 € umcao —2, ockiabru (—2)° = —32.
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Ar i pna KBagpaTHOTO KOpPeHs, IJsd
KOPEeHs N-TO CTEeNeHs PO3TJISAHEMO II0-
~ || Harra apudmMeTuUHOro KopeHs. Hara-
IaEMO, 1[0 APUPMeMULHUM K8AOPAMHUM KOPeHeM i3 Yucaa a Ha-
3usaiomv make Hegid’ eMHe HUCLO, K8adpam sK0z0 O0PIBHIOE a.

Apudpmernunnii KBaApaTHUN KOPiHBL i3 uMcja @ MO3HAYAIOTHL d
i YMTaTh TaK: K8AOpamHuil KOPiHby i3 uucaia a (CI0BO «apudme-
TUYHUNA» OPU IILOMY JOMOBUJINCA He ByKuBaTu). Haramaemo, II1o

BUpas a Mae 3mict aia a = 0.
AHaJOTiYHO 03HAUYYIOTH apU(PMETUUYHNI KOPiHb 1n-TO CTeleHsd.

3. Apugpmemuunui
KODIHb 1-20 cmenens

‘ Apucppmemuunum Kopenem n-20 cmenens 3 HeBil €MHOro
& YHCIa ¢ Ha3UBAIOTh TaKe HeBix'€MHe 4YHelo, n-U CTeIliHb
SIKOTO JIOPiBHIOE 4.

ApudmeTnyHUN KOPiHBb 71-TO CTENeHdA i3 ymceja @ IMO3HAYAIOTh
Ya, npu npomMy 4MCIO N HABUBAIOTH NOKA3HUKOM KOPEHS, & UHUC-
J0 @ — nidkopenesum 8upa3om. S3HaAK KOPEH: J 1Ile Ha3WBalOTh

padukanom. 3anuc Ya UUTAIOTH TaK: KOPIHb N-20 CMeNneHs i3
yucaa a (TyT TAKOXK CJIOBO «apu(MeTUYHUI» He BIKUBAIOTH).
Ao n = 2, To maTumMeMo apupMeTHUUHHUIN KBaApPaTHUN KO-

pPiHb i3 umcia a, AKUHN IM03HAYAIOTh /a4 (IIOKA3HUK KOPEHS Yy IIhO-

My BUIAJKy He IuIIyTh). AKINo 1 = 3, MatuMeMo 3a — apudme-
TUYHUHN KYOiYHUil KOpiHb i3 uwucaa a (CIOBO «apumemuynuil»
i yac YUTaHHA He BIKUBAIOTH).

(IR Buaimu: 1) 327;  2) ¥16;  3) 5%; 1) 70.
: PosB’asaunnda. 1) 27 =3 (ockineku 33 = 271 3 > 0);
2) 416 = 2 (ockimbru 24 = 161 2 > 0);
1.1

5

1

3) 5L =l (ockinbku (—) =— 1= >0);
32 2 2 32 2

4) 70 =0 (ockimexu 07 =01 0 > 0).

3 o3HAUEeHHS BUILJIUBAE, IO PiBHICTH '\’/7 =x, ne a = 0, € mpa-
BUJIBHOIO, AKIIIO BUKOHYIOTBCS OJHOYACHO ABi ymoBm: 1) x > 0;
2) x" = a. Tomy, AKIIIO B PiBHIiCTH X" = @ 3aMiCTh X IiJCTaBUTU

Q/E, TO OTPUMA€EMO TOTOKHICTH ((L/E)” =a.

Q Jlna 6yab-axkoro a > 0, n € N, n > 2 MaeMO TOTOKHICTb:
- oy = a.
Hanpuxnag, (Y17)7 = 17;

¥8)t = (-1-¥8)t = (-1)* - (¥8)t =1-8=8;
(_lﬁ/ﬁf - [_1]6 - (%16)6 = i.lﬁ = l
2 2 64 4
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WTOEEEN Buaiitu sHauenHs Bupasy: V3% + 52 +137

e Poss’asaumuda. Coouarky Tpeba 3HANUTH 3HAYEHHS IIigKOpe-
HeBoro Bupasy 3% + 52 + 137, a moriM 3 oTpUMaHOTO 3HAUEHHA
IO0OYyTU KOPiHB 5-TO CTeIleHs:

/31 + 52 +137 =¥/81+25+137 =¥/243 =3 (60 35 = 243 i 3 > 0).
Bigomosings. 3.

3HAaK KopeHs o BUKOPUCTOBYIOTH
He TiJIbKM [AJA 3amucy apupMmeTuy-
| HOro KOpEeHs N-T0 CTeleHs 3 HeBix eM-
HOI'0 YMCJIa, a I IJIs 3aIucy KOPeHs HelIapHOI'o CTEeIleHs 3 Bix eM-
HOTO umcaa. Hampukian,

¥-32 = -2 (60 (-2)° = -32); U-1 =-1 (60 (-1)7=-1);

3
3_i:_g 00 (_gj =—i
3

4. Tomoocnocmi dna
KOPEHS N-20 cMmenens

Tomy piBHicTs ¥a = x, ge a — Oyab-AKe 4YmCJIO0, N — Hemap-
He HaTypaJbHe YMCJO0, € IPAaBUJIBHOIO, AKIIO BUKOHYETHCS JIMIIIE
omHa yMoBa: x" = a. JloXomuMO BUCHOBKY:

‘ OA OYyaAb-AKOT0 YHCHA @ 1 HemapHoro uucna n, n € N, n > 3,
&‘ MA€EMO TOTOMKHICTH:
Ha) = a.

Ockinbku 3-8 = -2 i —§/§ =-2, 10 3-8 = —5/5. Vzaraui,
& LA RopeHlB HEIMAPHOTO CTCNMEeHA MAacMO TOTO?ICHICTI:’
Y—a - —Ya.

Omxe,

1) AKIIO a>0,ne N, n> 2, To Bupas Ya osmauae apudme-
TUYHUN KOPiHb N-TO CTeleHs i3 uucia a;

2) axmio a < 0, To Ipu HEeNmapHOMY 1 BUpPAa3 Ya osmauae xo-
pPiHb n-rO cTemeHs i3 umciaa a, a MpPU MMAPHOMY 71 1€l BUpas He
Mae 3Mmicry.

JloxonmMo BUCHOBKY:

‘ BHpa3 Ya IpH NapHOMY n Mae€ 3Mict jume aad a > 0;
&. IIPU HEMAPHOMY n — AJsl OyAb-IKOr0 3HAYEHHS d.

W IIpu axux 3HaUeHHA X Mae 3MicT BUpas:
1) Yx+2; 2)¥Y5x-10?

Poss’assaumuda. 1) Kopiap 7-ro (HemapHOro) cTemeHs iCHYe
I Oyob-sIKOTO 3HAUEHHS ITiTKOPEHeBOr0 BHpasy, TOMY BUpPa3
Mae€ 3MicT IJis1 OyAb-AKOro 3HAUEHHSA X.

2) Kopiab 4-ro (HapHOT0) CTeIeHs Ma€ 3MICT JIHIIle B TOMY BU-
najgKy, KOJM IIiTKOpeHeBUH Bupas — HeBing eMmuHuii. Pos3s’s3aB-
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mu HepiBHicTh: 5x — 10 > 0, maTumemo, 110 X > 2.
BigmoBigs: 1) x — Oyab-ake unucao; 2) x = 2.

g n_ Posrnsuemo piBHaAHHA X" =a, a € R,

ft' EP lﬁ:”,ltug ;12 * n € N, n > 2. Posp’s:xxeMo iioro rpa-
| diuno.

Hexait y piBHAHHI X" = @ MaeMO BUIIAI0K, KOJIu 1 — mapHe. [100y-

nyemo rpadikmu QyHKIIiH y = X", n — napHe, i y = a (mai. 9.8). ko

a> 0, To rpadiku IepeTHHATUMYTHCA Y IBOX TOUKAX, TOOTO PiBHAH-

HA X" = a matume aBa KopeHi. Ockinbku (Va)* =a i (—(‘/E)” =a,
TO X; = Ya i Xy = —(‘/E — KOpeHi piBHAHHA X" = a y BUIAAKY

napuoro n. fArmo a = 0, To piBHAHHA x" = 0 Mae eguHUi KO-
piab — umcso 0. dAximo a < 0, Opu HapHOMY N PiBHAHHA X" = a
KOpeHiB He Mae.

Yy Yy y=x" neN
y=x" neN n — HemapHe
n — mapHe
-
:\/ y=a,a>0 o| /!
: : (L/E x

(L/E X

y=a,a<0

Max. 9.8 Max 9.9

Hexait n — menapue. Toxi g5 Oyab-sIKOro a piBHAHHA X" = a
Mae equHui Kopins (Mai. 9.9). Ockineru (Ya)” =a, 0 x =%¥a —
eIUHUN KOPiHb PiBHAHHA X" = 4, KOJIX 1 — HeIlapHe.

CucreMaTu3yeMo gaHi IIPO PO3B’A3KH PiBHAHHA X" = a4 y BU-
TJIAL CXeMU.

x"=a, ac R, neN, n>2

e ~

n — napue

n — HellapHe

e b

o~

Axmo — Axo Axmo
a> 0, To . 5“ . a <0, To a — OyIb-aKe
=0, T .
X = Ya; X —,O KOpeHiB YHCIIO, TO
_ . n - HeMae x=%Ya
x, = 4a
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7RSS PosB’A3aTu PiBHAHHSA:

1) x*=81; 2)x%=-1; 3) x5=19; 4) 2x — 1)¥=1.

Poss’asanud. 1)x = Y81, x, = —481. Omxe, x; = 3; x, = 3.
2) KopeniB Hemae.
3)x = Y19; KOpiHb piBHAHHSA x° = 19 € ippallioHaAIBHUM YHCJIOM.

4) Maemo: 2x — 1 = 81 a6o 2x — 1=-%1;
2x —1=1 2x — 1 =-1;
x=1 x = 0.
Or:xe, piBHAHHA Mae aBa Kopewni: 01 1.
BigmoBigs. 1) 3; -3; 2) kopenis memae; 3) ¥19; 4) 0; 1.

iute. .. Tepminu «paduxan» i «KOPiHb», AKi OYJ0 66e-
A we pa}um . Oeno y XIII cm., noxodambv 6i0 LAMUHCLKO20
e

N caosa «radix», ake mae 08a 3HAYEHHS: CMOPO-
Ha i KopiHv. I'peuvbki mamemamurku 3amicmo

«0obysamu KOPiHbY 2080PULL «3HAUMU CMOPOHY K8adpama 3a ilozo
0aHO0 6eUUUHOI», MAIOYU HA Y8a3i nid 6eluiuHo0 Keadpama ilozo

naouy.

3nak Kopena y euzaadi cumeony \ eénepwe 3’aeueca 6 1525 p.
YV 1626 p. zonnandcvkuii mamemamurx Anvbep Hupap (1595—
1663) yeie nosnavenHs 2, 3V, .., npu yvomy Had nidKopeHesum

8Upa3omM cmasuau pPucKy, moomo 3amicmov J5 nucaau 5. Cy-
YaCHe NO3HAYEHHA KOPeHA 3 A6UNOCA 3A60AKU (PPAHUYILKOMY Ma-
memamury, @isuxy i @inocoppy Pene Hdexapmy (1596—1650 ).
Y ceoiii npaui «'eomempisy (1637 p.) 6in 3’€0HA8 20pU30OHMALLHY
pucky 3i 3Harkom \. AneznilicbKuil mamemamur, Qi3uK i MexaHixK
Icaarx Hviomon (1643—1727) 3anucyseasé kopeni 6yov-aKux cmene-

Hi8 Y cyuacHomy euzasli: 3/_ ‘\1/— mouwo.

nokasHukom? @ Cdbopmyntorite BNacTUBOCTI PYHKLUiT y = x* ang
napHoro n i gng HenapHoro n. @ LLlo Ha3MBaloTb KOPEHEM n-ro cTe-
neHs i3 yicna a? @ Lo HasmBaTb apMPMETUYHUM KOPEHEM n-IO
cTeneHs i3 uncna a? @ lNpyn SAKMX 3HAYEHHSIX a Mae 3MIiCT BUpas
Ya y BUMagKy NapHoro n; HemapHoro n? @ LLlo moxHa ckasatu npo
KOPEHIi PIBHAHHA X" = a, 3aNeXHO Big 3HaYyeHb a in, e n € N, n > 27?

Q © AKy PYHKLiI0O Ha3nBaloTb CTENEHEBOI (DYHKLIE0 3 HaTypanbHUM

§ Posb sximo 3agaui ma buxonaime bnpabu

{1 Ywu mae smict Bupas (9.1-9.2):

9.1.1)¥19; 2¥-1;, 3)%¥%; y¥-17; 5)%0; 6)J-3?
92.1)%1; 2)%; 3)Y-11; 4)Y-10; 5)812; 6)¥11?
9.3. [loBeaiTh, 1110 YMCJIO:

1 . .
1) 3 € apu@MeTUUYHIM KyOiuHMM KOpeHeM i3 umciia g;
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2) 5 ¢ apu(pMeTUYHUM KOpeHeM UeTBEpPTOr'0o CTeIleHs i3 umc-
aa 625;

3) —1 He € apu@MeTHUUHMM KOpPEHEeM IIIOCTOTO CTeIleHsd i3
yucia 1;

4) 0,1 He € apu@MeTHUYHMM KOPEHEM II’STOr0 CTemeHs i3
yucja 0,0001.

HoBexiTs, 110 CIpPaBAKYyEThCS PiBHicTh (9.4—9.5):

9.4. 1) /361 =19; 2) 3-125 = —5; 3)81 =1

4) 5 ﬁ - %; 5) 80 = 0; 6) 40,0001 = 0, 1.
9.5.1)J121 = 11; 2) 3/0,027 =0,3;  3) 40 =0;
4) §-1=-1; 5) %64 = 2; 6) 4/%:%.

3HalgiTh 3HaueHHA Bupasy (9.6—9.7):

9.6. 1) /0,25;  2) ¥64; 3) 41; 4)5/—3—12.
9.7.1)/0,81;  2)332; 3)3(/%; 4) %1.

9.8. (YVcno.) Uu mae KOpeHi piBHAHHA:
1) x6=2; 2)x8=-1; 3) x10 = 0; 4) x7=-27

2, O6uuncraits (9.9—9.12):

9.9. 1) 103/0,216; 2)0,25364;  3) 43/ 3— 4) 34/7—

9.10. 1) 230,125;  2) —%/8_1; 3) 25 19, 4) 123 910
3 V" 32 Va7
9.11. 1) :‘;/i - /i; 2) 3/-0,00032 + 3/i;
8 \16 125
3)106i+3£’ 4)7 128 +4£
V64  \64 2187 \625
9.12. 1) 3/_i _ 4/ﬁ; 2) 3/-0,00001 + 3/1;
27 \625 125
3)_35i+ﬁﬂ; 4)4E_5 243 .
V32 " \729 \81 110000

CxemaruuHo noOyzayiite rpadik dyskiii (9.13—9.14):
9.13. ) y=x% 2)y=x" 9.14. 1) y = x3; 2) y = x6.
IIpu axux sHauvenHsa sMinuOoI Mae 3mict Bupas (9.15—9.16):

9.15. ) Vx+2; 2)¥9+a; 3) Y9 - 3b; 4) §5¢ — 4?2
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9.16. 1)Va-4; 2)¥+7; 3) Y6 +2x;  4) 810 -4y?

O6uwncairs (9.17—-9.18):

9.17. 1) 53 2) A5 3) (-¥2)5; 41"

9.18.1) (33 2) ®9)5 3) (¥2)% 4) (Y120

Posps’sxkiTh piBHAHHA (9.19-9.20):

9.19. 1) x3=64; 2) x3=—64; 3) x6=1; 4) x6=-1;
5) x5=17; 6) x5°=-1T; 7) x8 = 0; 8) x10=2,

9.20. 1) x3=8; 2) x3 = —8; 3) xt=16; 4) x*=-16;
5) x"=5; 6) x"= —5; 7) x8=38; 8) x12=0.

9.21. Yu masexuts rpadiky QyHKOil y = (‘/; TOUKAa:
1) A(0; 0); 2) B(-1; 1);  3) C(16; 2);  4) D(81; —3)?
O6uuciits 3HaueHHA BUpasy (9.22—9.23):

27 / 19 [ .1
9.22. 1) 9/0,01024 —3——; 2)5-7T— —,[12—.
) 125 ) 32 4

243 / 1 / 5
9.23. 1) 3/-0,343 — 5/ ; 2) 45— - 3-15—.
) 1024 ) 16 8

3HaligiTh 3HaueHHA BUpasy (9.24—9.25):

9.24. 1) (2¥5)3;  2) (-3¥2)4  3) (-2%11)%  4) (53-0,1)3.
9.25.1) (3%2)3  2) (-2¢5)  3) (-3%2)5 4) (103-0,2)3.

8 IIpu saxux sHaueHHA x Mae 3MmicT Bupas (9.26—9.27):

9.26. 1) ¥2x — x2; 2) VYx2 - 2x - 3;
3) Yx2 +2x - 8; 4) Yx+1 +Vx2 - 4?
9.27. 1) ¥x2 + 3x; 2) UYx2 - 5x;

3) V—x2 + 2x + 3; 4) Y1 - x2 +¥x -T2

Posp’s:xkiTh piBHAHHA (9.28— 9 29):

9.28.1)%364—4:0; 2) x5+8 0; 3)9x3—%=0;
4) (x — 2)5 =1; 5)(x+5)3=8; 6) (x —3)" =
9.29.1)%366—4:0; 2) = x3+9 0; 3) Txt+ 7 =0;
4) (x + 7Y = 0 5)(x+3)4:81; 6) (x + 1)° = 2
9.30. ®yuxknio s3agano Gopmyaomn f(x) = x17. IlopiBasaiire:
1) 7(4) i £(7); 2) f(=2) i f(=5);
3) 1(0) i £(1,8); 4) 1(3) 1 f(=3).
9.31. dyuxknio 3agano Gopmyoio g(x) = x!1. IlopiBHaiiTe:
1) g(2) i g(1); 2) g(-9) i g(=8);
3) g(1,7) i g(0); 4) g(-5) i g(5).
9.32. ®yukmio 3agano Gopmynom g(x) = x12. IlopiBaaiiTe:
1) g(7) i g(11); 2) g(=7) 1 g(-11);
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3) 8(=7) 1 g(7); 4) g(-11) i g(7).
9.33. dyuxmio 3agano ¢opmyoro f(x) = x8. IlopiBasaiiTe:

1) 7(9) i f(7); 2) f(=9) i f(=7);

3) 1(=9) i 1(9); 4) 1(9) i f(=7).
9.34. 3HaigiTe OBa IOCHILOBHMX I[IJIMX UYNCJA, MK SAKUMHA
micTuThes umeno: 1) 41,9;  2) -¥/5; 3) ¥/65; 4) -9/0,511.
9.35. 3HaiifiTh ABa MOCJIZOBHMX I[IINMX YHCIA, MK AKUMU
MicTuTbesa umeso: 1) §/L_2; 2) -40,85; 3) {’/ﬁ; 4) —%/7,_8.
9.36. Bak mae dopmy Kyba i Bmimye 2,744 m3 Bogu. 3HaHIITH
BHCOTY 0aKa i oIy #oro OCHOBH.

9.37. Braaguuk BigkpuB y 0auky memosutr Ha 10 000 rpH, a ue-
pe3 3 poKu, 3aKpuUBaioOuUud Aermo3uT, orpuMaB 17 280 rpu. Axwuii
BiZICOTOK piuHMX HapaxoByBaB OaHK?
9.38. Braaguuk BigkpuB y 0auky memosutr Ha 20 000 rpH, a ue-
pe3 4 poKu, 3aKpuUBaAIOUYM AeIo3uT, orpuMaB 29 282 rpu. Axwmii
BiZICOTOK piUHMX HapaxoByBaB OaHK?

VYeraHoBiTh rpadivHo, CKiIbKY PO3B’sA3KiB Mae piBHAHHS (9.39—9.40):

939. 1) x5 =x+2; 2)x"=x2-4; 3)§=x8; 4) x — 7 = x19,
x

9.40. 1) xt=x—2; 2)4x = x5 3)é=x6; 4) x10 = x + 5.
x
IToGynyiiTe rpadik pynkiii (9.41-9.42):
x4, axmo x <1, —2x, Ao x < 0,
9.41. 1) g(x) = 2) f(x) =
3 — 2x, AKIio x > 1; x3, axmo x > 0.
X + 6, AKmo x < —2, x3, axmo x < 1,
9.42. 1) f(x) = 2) f(x) =
x2, aKImo x > —2; 2 —x, armo x > 1.

3HanmiTh yci KopeHi piBHAHHA (9.43—9.44):
9.43. 1) x8— 15x* — 16 = 0; 2) x8— 7x3 — 8 = 0;

3) x12+ 3x5 + 2 = 0; 4) x16 — 4x% + 3 = 0.
9.44. 1) x8+ x* — 2 = 0; 2) x84+ 26x3 — 27 = 0;
3) x16 + 5x8 + 4 = 0; 4) x12—-6x6 + 5 =0.

3HaliTe obsacTk BusHaueHHa QyHKII (9.45—9.46):

9.45. y=Yx? —dx—5+—L

8x+3

9.46. y = 1 +8x+3.

J-x2 - 3x +10
‘4, IToGyayiiTe rpadix pyukriii (9.47—9.48):
9.47. 1) y = |x| x%; 2)y = fo’;

x-1 x
=2 = x3. — 3 — x4,
D= Dyl
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_ ) _ X 3.
9.48. 1) y = |x|x; 2)y |x|x ;

+1
gyy=F e )y et
x+1

3HalgiTh 00/1acTh BUSHAUEHHA (QYHKILIT (9.49—9.50):

1—|x| 18

:8 M 2 .

949.1) y 1,x+4’ 2)y = Yx +\/r + Nx? + 3x
|x|—2 5

H50.1 =10 L 2 Yx \/ -2

9.50. ) y 1/3_ )y = ,—||+ +Nx x.

g Bcix 3HaueHb MapaMeTpa @ po3B’sKiTh piBHAHHA (9.51—-9.52):

9.51. 1) x8=a — 1; 2) x°=a + T;
3) (a +4)xb=a+ 4; 4) ax*= 6.

9.52.1)x5=a + 1; 2) x2=a — 2;
3) axt=a; 4) ax10= 2,

9.53. Ha MamiOHKYy TOYKAMU IO3HAYEHO CEePeAHBOLOGOBY
LV Temmeparypy HOBlTpr B Ogeci moznenHo i3 6 mo 19 uepBHA.
Tlo FOPUBOHTANBHIN OCi BKAasaHO 4YMCiIa MICHALs, [0 BEPTHKAIb-
HifT — Temmeparypa y rpaaycax lleabcis. s HaoOYHOCTI TOUKHU
3’eqHaHO JiHieo. 3a JaHMMH MaJIOHKA BU3HAUTE Pi3HUIII0 MiiK
HaWOiIBIIIO i HAWMEHIIIOI CePeIHbONOOOBUMU TeMIepaTypaMu
y 3asHaueHUM nepiox. BixmoBias matitTe y rpaaycax Ilenbcisa.

°C
27
25 1
23 /

21 . //
19 ,
17 \| /

6 7 8 9 10 11 12 13 14 15 16 17 18 19

@ 9.54. [Tazo Tpu uucia 2; V2; \/_ HosBonseThes Oyab-AKi aBa

3 HUX 3aMiHUTH ABOMAa TAKWMM: iX CyMOIO, IIOJiJIEHOIO Ha V2, ta
ix pisHmIEIO, IOAiNIEHOI0 HA V2. Uu mokHa, BuKOHABIIN I[}0_IIPO-
meaypy KijbKa pasiB, oTpUMaTu TPIWKy uuces: 1; \/5 1+ /22

Tligzomyimecs g0 bubuenns Hobozo mamepiany

O6uwucaits 3HaueHHa Bupasy (9.55—9.56):
9.55. 1) 40,16 - 25; 2) \/24 - 32; 3) 4/72-0,01-64;
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36 1 9
4 . 5) /2= 6),[22.1-2.
) 625 %4 ) 16

. 1[5, 2T, N2
9.56. 1) \/8 -\/2; 2)6-\@-\& 3)J§’ 4)@.

9.57. Ilpu AKKUX 3BHAUEHHSX X CIPABIKYETHCA PiBHICTH:

1) Vx? = x; 2)Vx2 = —x?

9.58. 3aminiTh Bupas oMy TOTOXKHO PiBHHM, ajie 0e3 3HaKa KOpeHs:

1) Vm?2; 2) 3/p?; 3) v/100a2;
4) —/36¢2; 5) Vnb; 6) \/b12.

9.59. CupocriTs Bupas:

1) Jiz, aKmo [ > 0; 2) Jit;
3) 3Ve?, sxmo ¢ < 0; 4) 5,/ pb, axmo p > 0;
5) Vm10, axmo m < 0; 6) xvx, axmo x < 0.

n-ro CTENMEHA. NEPETBOPEHHA KOPEHIB.

@ ﬂ BITACTUBOCTI APUPMETUHYHOIO KOPEHA
OITHADQ KOPEHAMU

1. Kopinws 3 dobymxy 3 Kypcy anrebpu 8 KJjacy HaM Bimomo,
i dpoby mo:
%KOHHG>Oib>O,TO\/ab=\/a_-\/Z;

koamua =>0ib >0, To \/§=ﬁ.
b o

Taki cami BiacTuBOCTI Mae 1 apupMeTUUYHUN KOPiHb N-TO CTe-
HeHda Oada n > 2.

Teopema 1 (upo KopiHb n-T0 cTeneHs 3 go0yTKy). Kopins
n-TO CTeNmeHs 3 MOOYTKY MBOX HEBi’€MHUX YHce] TOPiBHIOE
MOOYTKY KOPEHIB n-TO CTeNmeHdA i3 IHUX YHcel, TOOTO AKINO

a>0ib >0, T0
Yab =%a - Yb.

HoBemeunusa. Ockimbkm a > 0 i b > 0, To BUpasu (‘/E i
(‘/5 MaloTh 3MicT i % =0, (‘/5 > 0. Tomy (‘/E . 41/3 = 0. Kpim Toro,
®a Aoy = Way - (by" = ab.

OT:xe, (‘/E . {‘/5 >0i ((’/E . (’/5)” = ab. Toni, 3a o3HaueHHAM apud-
METUYHOI'0 KOPeHdA Nn-TO cTeleHs, Vab = Ya - Yb. m

Teopemy MOKHA IIOIIUPUTH i HA BUIAAOK, KOJW MHOYKHUKIB
mijJ 3HAKOM KOpeHs 0iJibIllie HiK IBa.
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Hacuaigok. Kopiup n-ro cremensa 3 go0yTKy HeBix €MHMX
MHOQJKHMKIR TOPIBHIOE TOOYTKY KOPEHIR n-ro ¢TelmeHdA i3 IuX
MHOKHHKIB,

HoBenennda. [oBememo Ieli HACJHIIOK, HAIpPUKJIAL, IJId
im’ >20,b>20,c=>20.M :
TPhOX HeBix' emHux uncea a = 0, b > 0, ¢ = 0. Maemo:

3a BJIACTUBICTIO PO KOPiHb 3 AOOYTKY, HAIPUKJIAL, MAEMO:

1) 27 .64 =327 - %64 =3-4=12;

2) 48162 =48.2.81 =416 -481=2-3=6.

3ayBaxeunusa 1. OueBugmo, 110 BUpa3 Yab Ipy TapHOMY

n mae 3mict, koau ab = 0, ToOTO Koy umcyaa a i b — ogHOTO 3HA-
Ka, a 3HAYUTD, i TOAi, Koau a i b — Bix’emMHi. ¥ TaKOMy BUIIAAKY

piBHicTB y Teopemi 1 HabyBae BUTIALY Yab = Y-a - Y-b. Omxe,
Yab = \/m . '\L/m, akmo ab > 0 i n — mapue.

dAkmo B pismocti Vab =%Ya -Yb momimaTu wmicramMu JiBy i
IIpaBy YacTUHU, MATHMEMO TOTOMKHICTb:

Ya - Yo =Yab, nea >0, b > 0.

, ‘ Jo6yToKk KOpeHIiB n-ro cremneHsd 3 HeBiI’¢MHUX YHCeT TOPIR-
&, HIO€ KOPEHIO n-T0 CTEeIeHsd 3 NOOYTKY IIUX YMCel.

Hampuxaan, Y438 =%4.8 =332 =2.

Teopema 2 (mpo KopiHb n-ro cremeHsa 3 apoby). Kopius
n-ro CTEeNeHA 3 Apoly, YMCEeIbHUK AKOTO HEeBia €MHMI, a 3HA-
MEeHHHUE MOJATHUII, TOPIBHIOE KOPEHI0 N-T0 CTENmeHA i3 Yu-
CeTbHUKA, MOMiTeHOMY HAa KOPiHBb N-TO CTeNeHsd i3 3HAMEeHHH-
Ka, TooTo axmo a > 0i b > 0, To

n|—

b U

IIpomoHyemMO moBecTH III0 TEOPEMY CAMOCTiHHO.
3a TeopeMoio 2, HAIPUKJIAL, MAaEMO:

4 3
1)4L:£:l; 2)§/15é:§/%:@:§:2,5.
256 256 4 8 8 3 2

3ayBaxenua 2.0ueBnaHO, III0 KOPiHb i3 YaCTKM mpu Imap-
HOMY n Mae 3mict, Koau ab > 0, b # 0, oTKe, i Tomi, Koam a < O,

E

a
b < 0.V upomMy BUODAIKy I— = . Omxe, armo ab > 0, b =0

b Y-p
i n — mapHe, TO
a _ 4
nf— = .
b b
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Ya

. . 1a . . . .
SAxito B piBHOCTL nz = % MOMIHATHU MiCIIAMHU JIiBY i IIpaBy

YacTuHU, MaTuUMeEeMO TOTOXKHICTh:

Ya [a
%='\l/;,nea>0,b>0.

‘ YacTra, YMCeTbHUK AKOI — KOPiHB n-TO CTeleHd 3 HeRix eM-
HOTO YHCJIA, 2 3HAMEHHUK — KODPIHb 71-TO CTeleHd 3 JIONATHOTO
Yncsaa, JOPIBHIOE KOPEHIO N-TO CTENEeH i3 YACTEM IUX YHce.

Y486 _ .

486
H , 222 _ 3243 = 3;
alIipurKJang é/ﬁ 2

§/128_§/128_3J64 Y64 4

3250 V250 V125 3125 5
2. Kopinws Teopema 3 (IIpo KOpiHL N-TO CTele-
iz cmenensa Hs 31 cTemend). Iaa 6yas-axoro ¢ < R
S in e N,n > 2, maemo:

|a|, AKINO n — IapHe,
n[an —
a, AKII0 n — HeIlapHe.

ODosemeunnsqa. 1) fxmo n — maprue, To Bupas3 Ya" mae 3micT
nasi OyIb-sIKOT0 @, OCKiIbKH B IIboMy Bumagky a” = 0. Kpim Toro,

. n .
|a =201 |a| =a". Tomi 3a O3HAUEHHAM KOPEHS N-TO CTEIeH:d:
Ya =lal.

2) §Ikmo n — HemapHe, TO BUpPa3 Ya" TaKOXK Ma€ 3MiCT
nasa Oyab-sIKOTO a, TOAiL 3a O3HAUEHHSIM KOPEHS 71-T0 CTeIleHsd:
Ya® =a. W

3a TeopeMoi0 3, HAIPUKJIAL, MAaEMO:
§os = 9| = 9; §-2)5 =|-2| =2
w Copoctutu BUpas:

1)\/76; 2)§/a_8, akmo a > 0; 3)%/(3;
4) f16m8;  5)91024a°, axmo a < 0;  6) Yadblo.
Poss’asanuda. 1) \/p7 = \/(pT) = |p3‘.

2) §ad = |a|. Ockinprn a > 0, To |a| = a, a Tomy Yad = a.

3) Yelz = W =ct

4) H16m3 = 416 - Ym? = 24(m?)* = 2|m?|. Ockinprn m? > 0 gus
6yae-aKoro m, To |m2 = m2, a Tomy Y16m8 = 2m2.
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* 5) Yadp10 = Ya> - Yp10 = a3f(b2)> = av2.
6) 01024410 = 91024 - Walo = 2|a|. Ockinbku a < 0, To |a| = —a,

a Tomy 91024410 = —2q.
Bigmosings. 1) |p3f; 2) a; 3) ¢; 4) 2m?2; 5) ab?; 6) —2a.

W ITo6ynyBatu rpadik GyHKIm y = x — Yxt.

: PosB’asamusa. Ockinbku ‘\L/x_:|x|, TO

y=x—|x. y
SIxkmo x > 0, To |x| = x, a ToMmy y = x — x,
To6TO Yy = 0} R —
akmo x < 0, To |x| = —x, maemo y = x — (—x), i 01 x
TOOTO Y = 2Xx. y=x—Nx*
o B 2x, armio x <0,

TKE, Y = 0, axmo x > 0. Mazn. 10.1

I'padik dyHKOIT y = x — x* sobpaxeno Ha mamouKy 10.1.

3. Kopinw i3 kopens Teopema 4. dxmo n i k — HaTYpaIH-
ma cmeniny KOpeHs Hi uncaa i ¢ > 0, To

tla = "a.
HoBenenns. Ockinbku a = 0, To BUpasu \k/{‘/g i k(‘/E MAaroThb
amicr i meix’emni. Kpim roro, ({%a)tn = ({¥a)k)n = Wa)* = a.

Tozi 3a 03HAUEHHAM KOpeHs n-ro cremeHs: 4%Ya =*a. W
3a TeopeMoio 4, HAIPUKJIAL, MAEMO:

2 -2 736 - 936 - Y36 - 4.
Teopema 5. dArxmo n, ki m — HaTypaasHi yuena i a > 0, To
@ mrny Iamk = W.
HoBemeHHs. BUKOPUCTOBYIOUH IIOIIEPEIHIO TEOPEMY, MAEMO:
myfgmk = (‘/”\’/a’”k = ’{/"Q/(ak)’” =%Yak. m

SBayBamenHsa 3. Ikmo m — mapHe umcio, To Bupas Na™k
Ma€ 3MiCT Ipu OyIb-AKOMY TifiCHOMY @, i TOAi miass OyOb-aKOTO a

. N k . -
Mae Micne piBHicTs: "Namk = |a| (moBemiTh caMOCTiITHO).

3ayBaxkeunusa 4. [JomoBumocs, 110 KOPiHb IIEPIIOro CTeIle-
HA i3 yncsa a mopiBHIOE umceay a. Ile m03BoOJIsIE BUKOPUCTOBYBATH

rorokHicTe "Na™t =X%a* iy Bumagky, xoau n = 1.
Bpaxosyiouu Teopemy 5 i 3ayBasKeHHS, HAIPUKJIAA, MAEMO:

20 (ll — 5.4,(15‘3 — A\l/(l_3, 1(\)/b76 _ 5-2lb3.2 — 5,|b3|;
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2128 = A7 = "Ya7 = Y21 = ¥
39434 = 5/(35)4 _ 51354 _ g4 _ 81

(I Teopema 6. druo n — HaTypalbHe YHCI0, B — IijJe Umc-

a0ia>0, 10
®ay: = Yak.

Nosenensa. Ockineru ((Ya)k)* = ((Ya)?)* = a, To sa osHa-

YeHHAM KopeHsa n-ro cremes: (Ya)t =¥a*. W

Hanpuxnazg, 1) ¥4y = 843 = $/(22)3 = 806 — 2;
2) ¥f5)6 = Y56 —355) 2 = ¥53)2-52- L - L

52 25

@ Cdopmynionte i [oBediTb TeopeMy NpO KOpiHb n-ro crene-

Q HA 3 gobyTky. ® YoMy AOpiBHIOE AOOYTOK KOPEHIB n-ro crteneHsa?
@ Cdopmyntorite TeopemMy npo KOpiHb n-ro cTeneHss 3 gpooy.
@ Yomy OOpiBHIOE YacTka KOpeHiB n-ro cteneHa? @ ChopmyntonTe i
O0BefiTb TeopeMy Npo KOPiHb n-ro CTeneHs i3 creneHd. @ Cdopmy-
nonTe TeopeMy Npo KOPiHb 7-ro CTEeMNeEHS 3 KOPEeHs.

§ Fosb sximo 3aga4i ma buxonaime bnpabu

{1 10.1. (Ycuo). Yu npaBUJIbHO BUKOHAHO OOUMCIIEHH:

1) ¥64-125 =364 - 3125 = 4.5 =20; 2) /% = g = %?
10.2. Yu npaBUIBbHO BUKOHAHO OOYMCJIEHHS:

[1 41 1
1) V100 -4 = /100 -4 = 10 - 4 = 40; 2) 4— = — =29
) ) 16 Y16 2

3akinuiTe obumcaenna (10.3—10.4):

16 {16

625 :—4,—625 = eee o
27 327

10.4. 1) 481-10000 = 481 -410000 =...; 2)3—— = ——— =....
) ) 343 3343

ITomaiiTe Bupas y Buriani 1o0yTry xopeuis (10.5—10.6):
105.1)V2-5; 2)36p;  3)¥a, mea >0; 4) Ymp.
106.1)37-6; 2)%2a, nea>0; 3)3ab; 4)83p, nep > 0.

ITomatiTe Bupas y Burasani dactku KopeHis (10.7—10.8):

10.7.1)\/5; 2)</E,L[ep>0; 3)5\)/2; 4) 82 nem > 0.
7 p Y 11
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2 Im /a p
10.8. 1) 6/—; 2) 3l—; 3).|—, nea =0; 4)5~=.
) 7 ) 3 ) 19 8 ) t

(2 3muaiinits 3HaueHHsa Bupasy (10.9—10.22):

10.9. 1) /36 - 49; 2) 327 - 64; 3) 416 - 256;
4) 40,0001 - 81; 551 .32,  6) 6/64.%.

10.10.

10.11.

10.12.

10.13.

10.14.

10.15.

10.16.

10.17.

10.18.
10.19.

10.20.

10.21.

10.22.

243
1) V9 -100; 2) ¥8.125;

3) 40,0016 -625;  4) 5/L -243.
1024
Y444, 2)¥5-%25;  3)

EER

3
4) %
pi2-316; 2Y9-Yo;  3) = 9 2
1) ¥28; 29305 32 4) ¥/35.
1) Y34 2)Y1E;  3) 2T 1) Ya21.
DEBE Y MBI 4 F)
1) @7y3; ¥y Ay 4 @25

6 7.914
1) ¥86.5%;  2)%28.312; 3 6/5_- gy 74270

312’ 621
7 10 . 95
1) Y18 .24, 2)¥29.36; 3)7%; 4)525153 :
1) ¥4 54; 2) ¥/48 -¥162;
6/710,221
478 |5 . 4/53. N e
3) Y78 .5 . 453, 4) T
1) 3/375.9; 2) 454 - ¥24;
8/ 21 10
5/910 . 42 .9/43. &
3) ¥/310 . 42 . 943, 4) e

1) V6 + V11 -6 - /11; 2) Y5 - V17 -5+ J17;
3) 482 + /66 - 482 - 665 4) Y572 - 32 - Y542 + 34/2.
) ¥7+22 - 31-22;  2)43J11-342 - 4311 + 342.

ITomaiiTe Bupas y BUIJISAAI OgHOUJIeHA (JiTepaMu IO3HAUEHO He-
Big’emui umcia) (10.23—10.24):

10.23.

100

20 4.15
1) V64a?; 2)3f64p5; 3) Y625a%012;  4)5S2L X"
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4,24
10.24. 1)\25m;  2) ¥8b;  3) ¥1024610m25; 4y 410X M

81
3 10.25. Ilpu axux sHaUeHHAX @ CIPaBIKYETHCA PiBHICTH:
1) Yab = a; 2) Yab = —a;
S)Q/a_f’:a; 4)5\/a_:—a;

5)8a+1)8 =a+1; 6)§a+1)® =—a-1;
N Y@-2)° =a-2; 8) Ya-2)? =2—-a?

10.26. Ilpu AKUX 3HAUEHHSX b CIPaBIKYEThCA PiBHICTD:

1) Vb2 = b; 2) Vb2 = —b;
3) Uo” = b; 1) U7 = b
5)9b-3)10 =b-3; 6) 19(b-3)10 =3 b,
) Yb+13 =b+1; 8) 3(b+1)3 = —(b+1y

10.27. Ilpu axux 3HAYEHHA X i Yy, BiAMIiHHUX Big HyJIs, BUKOHY-
€ThbCA PiBHICTH:

1) Jxy =Jx -y Z)Jx’y—H-F;
x Wx x 18-

10.28. ITpu axux 3HAUEHHd c i t, Bi,lIMlHHI/IX BiZ HYJIs, BUKOHY-
€ThCA PiBHICTH:

1) Yet = Ye -t 2) Yet = Y= - Y-¢;
)ﬁzzi )6£_£9
s 7

Cupocrits Bupas (10.29—-10.37):

3) Y(x-1)8, axmo x > 1; 4) §(b-5)8, axmo b < 5.

10.30. 1) 4(5 —v/2)4; 2) V(T - 3)2;

3) (3 - V11)3; 4) 47 - 53)t + 99 - 5435,
10.31. 1) Y(x +2)*, axmo x > -2; 2) Y(c-T7)8, axmo ¢ < 7;

3) 32 - 5)8; 4) 6 - 243)2 + Y3 - 243)1.
10.32. 1) ¥p12; 2) Wel0 | grmo ¢ > 0;

3) IW, Ao b < 0; 4) IW;

5) /27 p30; 6) 416¢4, axmo ¢ < 0;

7) $64m18, armo m > 0; 8) Ya21p7;
9) 4/0,04a2b*, axkmo a < 0;
10) §/c24p?® axmo ¢ > 0, p < 0.
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10.33. 1) §p®, sxmo p > 0
3) e20 | grmo ¢ < 0;
5) ¥32a15;
7) 81p?°, sikmo p < 0;
9) {/0,09m2p8 | akmo m <
10) Ye39p0 | grmo ¢ < 0, p <
10.34. 1) 347, 2) ¥3;
1y Pedx;  5) Yudlxs
10.35. 1) ¥32; 2) 37,
4) iﬁm%; 5) \4/x§/x_2;
10.36. 1) 3Ym?5; 2) 8fv4;
10.37. 1) ¥/e27; 2) 1/c6;

2) ¥t3;

4) 12, 024;

6) V100¢2, axmpo t < 0;
8) 9/027m9°;

< 0.
3) 416;
6) Wx23x.
3) {4125;
6) Yx2¥x.
3) 14/ p21,28 .
3) §e*p'%;

4) a28p32,
4) 18[p24a30 X

O6uwncairs (10.38—10.41):

10.38. 1) 4728, 2) /323, 3) 1§/(-11)32;
H2%;  5)WB2 Y 6) Y-8 2T,

10.39. 1) 131024, 2) {1282; 3) 4/(-5)28;
931 5)%27-43;  6) W(-2)1° - 8.

44/3;

2) 326 — 2. §/49 + 2046.

@ 10.40. 1)32+3 .97 -

10.41. 1) 4 - 242 - 46 + 442;

IToGynyiiTe rpadik pynkii (10.42—10.43):

10.42. 1) y = Y29 + x;
4)y=§/x76+2x;
7) y = ¥x? ¥x3;

10.43. 1) y = 2x — Ux7;
4)y:3x+§/x_8;
Ty ={xs - Yut;

10.44. Kunienr «Jlo0p

24 000 rpu Ha pik mig 16 %.

2) {’/\/5—2-19/7+4\/§.

2

x
2) y = 2x — {Yx10; 3y = \/7+1;

st

%3
5)y=x—§/;; 6)y = \/72

x
8)y =Yxb .-Yx5.

9/,9
2)y=Yxl2 —dx; B)y=-""y

x

%3
5) y =~x? +x; 6)y=4—,x—4—1;

8) y = Yx - Yud.

00aHKY»

B3dAB KpeJUT y Ppo3Mipi
IlorammaTtu Kpegut BiH Mae,

BHOCAYM II[OMICSAIlA OZHAKOBY CYMy KOIITiB, Tak, II[00 uepes pik
BUILIATUTH BCIO CYMy KPEIUTY pasoM 3 Bigcorkamu. CKiJIbKM KO-
ITiB Ma€ IOMiCAIls BHOCUTH B OAHK Iiell KiaieHT?

102



10.45. (MixcHnapoOruil mamemamuuHuii KoHKypc «Kenezy-

¥ py»). Ipuna pospizana npaAMOKyTHUK ILtomeo 2016 cm2 Ha

56 piBHuX KBaapaTiB. [[OBXKMHU CTOPiH MPAMOKYTHHKA i KBajpa-

TiB y caHTHMeTpaxX € IijamMmMu uyucaamMu. asa CKiTbKOX pisHUX
OPAMOKYTHUKIB JiBUMHKA MOTJa Iie 3poouTu?

Tligzomyimecs go bubuennsa Hobozo mamepiany

10.46. BuHeciTh MHOMKHHUK 3-IIiJ 3HAKa KOPEHS:

1) V18; 2)V48;  3) 755
4) \15a2, axmo a > 0;  5) /p°; 6) V7al0, axmo a < 0.

10.47. BueciTh MHOYKHUK IIiJ 3HAK KOpPEHd:
1) 54/2; 2) -37; 3) %Js ;

4) a\/g, akigo a = 0; 5) c3\/§, ArMmo ¢ < 0; 6) m\/E
10.48. Cxoporits gpi6:

N 2)\/;+2' 3)\/7+7- 4)a+6\/a_
m—\/g’ 4—p’ \/7 ’ a-36"
10.49. 3BinbHITH, 3HAMEHHUK APOOY Bij ipparioHaJabHOCTI:

4 10 12 18
D5 RNk YT Y

{m NMEPETBOPEHHA BUPA3IB,
O WO MICTATb KOPEHI

BiactuBocTi apudmeTmuHOrO KOpPEHS n-TO CTeHeHA BUKO-
PHUCTOBYIOTh MJId TOTOXHHNX II€PETBOPEHDb BI/IpaSiB: BUHECEHHA

MHOXKHHKA 3-TiJl 3HaKa KOPEeHs, BHeCEeHHA MHOMKHUKA Wil 3HaAK
KOpeHsd, CIIPOINeHHA ippallioHaJbHIUX BUPAa3iB.

1. Bunecenna MHOMHUKA
3-nid 3HaAKA KOpens

Y Bupasax, 110 MiCTATh KOpEHi n-ro
CTelleHdA, AK i y BUpasax, IO MiCTATH
| apudMeTWyHi KBajJpaTHi KOpeHi, Ta-
KOXX MOXKHA BUHOCUMU MHOMWHUK 3-ni0 3HAKA KOpPeHs, BUKO-
PHUCTOBYIOUU TP IILOMY TE€OPEMY IIPO KOPiHb N-TO CTENEHSA 3 J10-
OyTKY.

w BunecTu MHOMKHUK 3-IiJ 3HaKa KOpPeHs:
* 1)%108; 2) ¥160m.
Poss’asauusa. 1) 3108 =3/27.4 =327 . ¥4 = 3¥4.
2) 3160m = ¥32-5m = ¥/32 - Y5m = 2¥5m.
Bigmosigs. 1) 3%; 2) 2?/%.
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M BuHecTr MHOMKHUK 3-IIiJ 3HAKA KOPEH:
DRty 2)Yald; 3) Y-pll.

PosB’azaHHA.

1) 5311 — 3,10 .y _ 3[x10 By = 5/(x2)5 B = x2¥x.

2) Ya15 = Ya12 .03 = Ya12 . Ya3 = Y(a3)* - Ya? = |a3|‘\*/a73.

OueBunHO, 06JACTI0O MONYCTHMHUX 3HAauYeHb Bupasy val® e
HeBin’emui 3HauenHd a, TodTo a > 0. Tomi a3 > 0, a oTixe,

|a3| = a3. Maemo: Yal® = a3%a3.
3) Ob6sacTh momycTUMUX 3HAUE€Hb BUPAa3y MOYKHA 3HAWUTH 3 He-

piBHOCTi —b!! > 0, TOOTO b!! < 0. OTRE, b < 0, TOMY |b| = -b.
Temep BUKOHAEMO BHHECeHHS MHOMKHUKA 3-IIiJ 3HAKA KOpEeH::

o1t = §lb8 - (-b3) = Y8 - ¥-b3 = |p|¥ b3 = b b3,

Bigmosins: 1) x2¥x; 2) b2%b; 3) a3¥a3; 4) —b313.
m CopocTuTu Bupas: 4405 - ¥80.
*Poss’asanusa Y405 -480 =481.5-416-5 =

= Y8145 - 416 - 45 = 345 - 245 = 3 - 2)¥5 = ¥5.

BigomoBigs. (1/5.

Posrasimarounn IepeTBOPEHHS BUHe-
CeHHsS MHOKHWKA 3-TIi]] 3HaKa KOpeHs

— | y 3BOPOTHOMY IIOPAIAKY, OTPUMAEMO
IIEePETBOPEHHS, sIKe HAa3UBAIOThL BHECEHHAM MHOMHUKA Nid 3HAK
KOpeHsL.

BuecTu MHOMKHUK IIiJ 3HAK KOPEHS:

©1)2%3; 2)-3%2.
Poss’ssanmsa 1)2Y3 =¥25 %3 =¥32.¥3 =323 = ¥/96.
2) -342 = -§/3642 = —§/729 . §/2 = 4729 -2 = —4/1458.

3BepHiIThL yBary, Io IIiJi 3HaK KOPEHs IIapHOTO CTeIleHsd BHO-
CHUMO JIUIIIe MOAYJb MHOKHHKA, 3HAK MHOMKHUKA 3aJIUIITAEMO
nepen KOpeHeM.

Bigmosigs. 1){’/%; 2)—%.
BuecTr MHOKHUK IIiJ 3HAK KOPEHS:
o 1) c%; 2) mx8/§, akmio m = 0;  3) a%, akmo a < 0; 4) bgﬁ.
PosB’sazamua. 1) ci;/g:?\’/c?-%:w;
2) Ockinbru m = 0, To m = |m| = W, TOMY
3) Ockinbxku a < 0, To a = —|a| = —‘x‘/aj, TOMY
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2. BHeCeHHA MHOMCHUKA
nid 3HaK KOpeHA




. 4) OckinbKY B YMOBi He 3aJjaHO 00MeKeHb JJisi 3MiHHOI b, PO3-
IVISHEMO [BA BUNALKU.

Axmo b = 0, To b?/?:@/ﬁ.ﬁ/?zw,
Axio b < 0, To bg/?:—g/b?~§/7=—w.
BignmoBins. 1)%/5?; 2)%; 3)—%;
4) W, Ao b = 0; —W, akio b < 0.
BHecTu MHOXKHUK IIiJi 3HAK KOPEHS:

- 1) aﬁ/E; 2) b319-p.
a

Poss’azaumua. 1) O3: a > 0. Maewmo:

aﬁm = %62 = 6a6 E = \6[100,5_
\J a \J a a
2) O13: b < 0. Maemo:
b31-b = —[b3|- Wb = Q(®3)10 b = Y30 - (-b) = —1Y-p31.
Bigmosins: 1) ¥10a%; 2)-19-p31,

CropocTuTtu Bupas 35\/5 .

*» PosB’as3aunusa. BHeceMo MHOKHUK D IIiJf 3HAK KBaJApPaTHOTO
KOpeHd i JaJri 3acTocyeMO BJIACTUBOCTI KOPEHS 1-TO CTEIeHs:

P55 = o7 -5 = o7 = 957 = 357 = \5.

BigmoBingsb. \/5

3. Cxopouennsa dpobis

Cxopormra pi6: 1) Ya+3, 2) Vx - 2x
° : ) %_%, @—\/E.

L] . .
PosB’sas3aunusa. Bupasu 8a i Yb marors smict ansg a = 0

ib>0, romy 3a =a)2 i ¥ =)

Maewmo:

Yo+  Ya+%p §a + %o 1
Ya-Po a2 -)2  a-¥o)a+8) Ya -

2) 3 ymMo0BU BUILIUBAE, 110 X = 0; x # 2. g TaKuX 3HAUEHDb X
MaeMo: \/_=‘\‘/x_2=(‘%/;)2, KpiM TOTO, \/52‘3/272=(‘\‘/§)2. Toni:
&—@_(%)Z—%%_%(%—@_@

fox V2 42 Yx -2 Yallx-42) N2

1 x
Bi ine. 1) ————; 2) 4=
igomoBings )%_% ) 2
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4. 36invHenns
610 ippauyionanvrHocmi

Y 3HameHHUKy dpoby

Haramaemo, 1o 3BijabHUTHCA Bin ip-
pamioHanbHOCTI y B3HAMEHHUKY (Um-
CeJII:HI/IKy) Ipo0y oO3HaAYae BUKOHATU
TaKi IepeTBOPEHHs LbOro Ipo0y, 11100

1oro 3HAMEHHUK (‘{I/ICGJIBHI/IK) He MiCTHUB 3HaKa KOpeHd.

7 ER RS 3BiTbHUTHCA Bif ippallioHaJbHOCTI Y 3HAMEHHUKY

o 1 10
© /:l;p06y: ].) ?; 2) §/——

%

11fff

PosB’asaHHA4. D\F \/7 \/2—2 ?/_ \/—

2) 1106 sBimbHUTHCA BiA ippaliioHaJIbHOCTI B 3HAMEHHUKY IPO-

0
0y ————, IIOMHOYKUMO
v §/1 +1

MOro 4YuceJbHUK i 3HAMEHHUK Ha BU-

pas, CUpsKeHUH 10 3HaMeHHHKAa, TOOTO Ha HeIOBHUII KBaaparT
pisuumi uncen ¥4 i 1. Maemo:

10 1042 -¥4-1+12) 10316 -¥4+1) _

Y441 B @4 +1)(F1)2 -

Ya.1412) @ap+13

10416 -4 +1) _10Q16 -¥4+1) _,ue a7, )
. .

4+1

Bigmosine. 1) —; 2)2316 -4 +1).

% | &)

5. Cnpoujennsa supasie

G ER RS CipocTuTn

VW5 -2-49+ 45 + a2 - Ya_

s +2-49-45 +a

PosB’sga3aHHdA. 3a3HAUNMO, IO

%/9i4f=<‘/5i4£+4

i W52 J9+4f

—Y(Byz 252422 =
V5 + 2.
Ya2 —%a _

V5 +2-49-45 +a
:J(JE—2)(J3+2)+J¢T—JE_\/(\/3)2—22 +¥a? -¥a _

Jo5-2WB+2+a  JWB)2-22 + Fa)y

1+%e2 ¥ 1

_%4_(%)2 1

1+@ap  A+¥a)1-¥Ya+@a)?) 1+%a’
1

BigomoBins. .
1+3%a
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W Cupoctutu Bupas A, AKIIO

2 2
A=\/(22+l2j —4(2+1j +12:(z-1).
z z

3HaiiTu 00J1aCTh JOIMYCTUMUX 3HAYEHb BUPa3y A.
PosB’as3aumua. CopocTuMo migKopeHeBUil BUPas:

2 2 2 2 2
(22+ij —4(z+l) +12:[£z+1j —ZJ —4(z+1] +12 =
22 z z z
4 2 2
:(z+lj —4(z+l) +4—4(2+1) +12 =
z z z
2

0on3: z # 0, z # 1. SayBamkumo, II10
22-1 (z-1)(z+1)
z z
(z-1)(z+1)
z
Tomy maemo aBa Bumagku: 1) z € (—o0; —1) U (0; 1).
Toni 221 _ 22-1 A4 _ -DE+) 241
| z | z 2(z-1) z

>0, akmo z € [-1; 0) U (1; +20), i

< 0, akimio z € (—°0; —1) U (0; 1).

2) z € [-1; 0) U (15 +o°). Toxi
22—1‘_22—1. 4o -DE+]) _z+1

b

2 2(z-1) 2

2

. . 2+
BigmoBiagsn., —

! axmo 2 e (o005 1) U (0; 1);

z+1

, AKIo z € [-1; 0) U (1; +0).
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WHOBeILiTL, 10 §/9+\/% +§/9—x/% =3.

. PosB’azaunua. Hexaii x:§/9+\/80 +§/9—\/80.
Ockinpku (a + b)3 = a3 + b3 + 3ab(a + b), To

x3 = (39 + v/80)3 + (39— V/80)3 + 339 + /80 - &9 — /80 x
x (49 + /80 + %9 —/80) = 9+ /80 + 9 — /80 + 33/92 — (\/80)2 - x =

=18 + 3x.

Maemo x3 —3x —18 = 0. 3a HacuaigkoMm 3 TeopeMu Besy 3Hax0A1-
MO KOpiHBb: X = 3.

Toxi piBHAHHSA MOYKHA IIepPeIIMcaT Y BUTJIAMI:

(x — 3)(x3 + 3x + 6)=0.

M=uorounes x3 + 3x + 6 KopeHiB He Mae, TOMy DiBHAHHS Mae

enuHNI pos3B’a30k: x = 3. OTike, :\3/9 ++/80 + §/9 -J/80 =3.

@ [NOACHITb, K BUHECTU MHOXHUK 3-Mig 3HaKa KOpeHd. @ [oACHITb,
AK BHECTU MHOXHUK Mig 3HAK KopeHs. @ [MosACHITb, SK 3BiNbHUTUCA

1 1 3
Bif ippaLioHanbHOCTi B 3HaMEHHUKY ApobiB: W; %; K?

§ Po3b'sxims 3agaui ma bukonaidme bnpabu
‘1, Bukonaiire mii (11.1-11.2):

11.1. 1) 437 + 237, 2) 74/3 — \/3;
3) 48/3 + §/3; 4) 9¥7 - 837.
11.2. 1) 243 + 743; 2) 985 — 28/5;
3)5U3 + U3; 4) 7¥2 - 2.

ITopaitire y Buraazni xopeus (11.3—11.4):

3 5
11.3. D7 -3; 2 %; 3) Ya-47; 9 %.
4
11.4.1) %9 -%2; 2 %; 3)Up-U2; 4 %

2, Bumneciter MHOXHUEK 3-m1ix 3HaKa kopeHda (11.5—11.6):
11.5. 1) ¥/64m; 2) 3/3000;  3) 481p;
4) 432; 5) /486; 6) \/50c.
11.6. 1) 4/32; 2) \25p; 3) 327a;
4) ¥/96; 5) 4162; 6) \72b.
BreciTh MHOKHUK mTig 3Hak KopeHs (11.7—11.8):

11.7. 1) 236; 2) 54{/; 3)23m;  4)3.2p.
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11.8. 1) 3J7; 2) 4?&; 3) 34/a; 4) 2¥/3m.

3BiLIbHITHCA Bif ippalfionanabHOCTi B 3HaMeHHUKY apody (11.9—11.10):
1 2 9 5
11.9. 1) —; 2) —; 3) —; 4) —.
N ' ) o7 ) 16

10 1 8 7
11.10. 1) NG 2) F7% 3) 6 4) &
Cupocrits Bupas (11.11-11.12):
111 1) @z - Fx + 4y 2) A-Yp)a+Yp +Yp?).
11.12. 1) Fa + ¥o)¥a - ¥);  2) Xa + DFa? - Ya +1).

3aMmiHiTh Bupas omy ToTOoKHO piBHHM (11.13—11.14):

11.13. 1) ¥/32 + #/500; 2) 24/48 — 4/3.
11.14. 1) 432 + ¥162; 2) 5356 — 7.
OO6uwncaits 3HavuenHa Bupasy (11.15—11.16):
4 24[ _ 44[4
11.15. 1) §2(¥4 - 5¥32); 2) Y5 + i% 05
235 + %40 — 43135
11.16. 1) 49349 — Y144); 2) 5+ 7 :
ITopatiTe y Burasazni kopeua (11.17—11.18):
11.17. 1) ¥z -Yx;  2)Va-%a 3) P g Im
. . X -NX, a-Na; —— —
) ¥ ) Y
12 4
s n¥a Ve 2-9m HIL g %ﬂ.
Ja b
3 Bu=necite MHOKHUK 3-IIiJ 3HaKa KopeHd (11.19—11.20):
11.19. 1) /32a*; 2) 162p8, axmo p > 0;

3) V50x2, sxmpo x < 0;  4) I54c8;

5) ¥al3p8, axmo b > 0;  6) 432x5y*, axmpo x > 0, y < 0.
11.20. 1) V7548, axmpo a > 0; 2) 448 p16;

3) ¥128m18, sxmo m < 0; 4) 3250x4.

BaeciTh MHOKHUK mix 3HaK KopeHsa (11.21—-11.22):
11.21. 1) a§/§; 2) xx/g, armio x = 0; 3) y(‘/?, akmo y < 0;

4) a¥a; 5) pY-p; 6) xy¥2, armo x < 0, y > 0.
11.22. 1) b¥/3; 2) m¥2, axmo m > 0;

3) t\/g, akio ¢t < 0; 4) cg/c?.
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3BinbHITHCA Bif ippaliioHasbHOCTI y 3HaMeHHUKY apoby (11.23—
11.24):

12 10 6 9
11.23.1) — 2)—" . 3 .4 )
)\/13—1 )\/17+\E )%+1 )\3/16+§/Z+1

7 18 6 6
1124, 1) ————; 2)———; 3 ;4 .

Y2 2B Yoy YT da
Cxoporits api6 (11.25—11.28):

11.25 1)M Q)M
Y+ 4y’ Ja b2
1\1/5_41)' 5m2_\/;

11.26. 1) == D

11.27 1)\/E+4ab_ 2)6x2y3+6x3y2_

21D o TR
a+8 x-y
3) T/————— 4) = 7.
)%_2—2%+4 )4y_<1/}
198 1 Jm —4mn 9 9+ 3%a + a2
o )4mn—\/;’ ) a-—27 )

Cupocrits Bupas (11.29—-11.30):

11.29. 1) 11aﬁ/i +4%96a — a25 i;
at a®

1 1
2 .
) JVx + 4xy " Yxy + \/3
1 1

2 2
11.30. 1) Tp4|— — 4162p — p24/—; 2 + .
)P p? p=p \/ p’ ) Ya —%ab  Yab -3

4 ? 11.31. Hosenits, mo npu a > 0, b > 0, a?2 > b maioTh Micie
Gopmyau ckaadHozo paduxaa:

1)W:J“+J;Z—‘b+J“‘m;

2

2)W:J“+ng——b_Ja—m.

2

Cnpocrits Bupas (11.32—-11.33):
11.82. 1) (Ya - ¥y + Ya + Yoy2) : %;
Az + 4y)? + Az - Yyy? 1
2 : 3w
) 2(x —y) N \/ny \/E

a->b 1 1
) Var —Yarb + Yab? ﬁ[Tﬁj
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4)\/x+2\/x—1 +\/x—2\/x—1.

Ya3 -3, Ja .,
1133'”[&-@ —4a - f}{( 1}

2)\/x2+x\/§+2+\/x2—x\/§+2.

11.34. O6uucIiTh:

o Ws-2e 73054 + 153128

(3 + ¥2)¥3 - ¥2)’ 3128724 + 63375

Capocrits Bupas (11.35—11.36):
Yx+1

4 _ 2 2 _ _ .
11.35. 41 - 2x + x2)(x% — 1)(x — 1) eI

4 2 _ 21 . a-1
11.36. #(a+1)(a? - 1)1 + 2a + a?) R

11.37. Crpocrits supas 46x(5 + 26) -\/3v2x — 2J3x i smaiizits

. 1
JOr0 3HAYEHHHA, AKINO0 X = s

Copocrits Bupas (11.38—11.39):

11.38. 1)\/(1 2Va +1 i‘/a+1'
Ja-24a +1 #a -1

21+ %20 [1- /=P | axmoa>b>o0.
a+b a+b

11.39. 1)[\/_ afz—j \/: b[,

2)(ﬁ+x/1—x):(\/l—x2 +1),

3HaligiTh 3HauenHA Bupasy (11.40—11.41):

a++a?2-4a a-+a?-4a

a—x/a2—4a_a+x/a2—4a

2 @-b ] 2 va—b| 22 1| axmo a = 2019;
a-b b

11.40. 1) , AKINO a = 9;

— a_
=-0,5;

-8x+(x2-1)/x2-4-2

—3x+(x2 — 12 -4 +2

, AKII0 x = 4,25.
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a+2+\/m+a+2—\/m
a+2-+Ja2-4 a+2++Ja%-4
g Yz y [x@ FJ Vi
DUy e ) gy
akmo x = 2020; y = 16;
3)p2—p—2+(p—1)x/p27—4

p2+p-2+(p-1)p? -4

2
{9 11.42. [losexmits, IO 3HAUEHHS BUPA3Y £+i+2—
\Vx 2

B x242 - 2x
x2x — 484

11.43. OGuuciiTs sHaueHHs BUpasy a3 + 3a, axmo a = 32 + J5 +

+32-5.
3BinbHITHCA Bif ippallioHaJbHOCTI B 3HaMeHHUKY apoby (11.44—
11.45):

3+2+3 ) 2) 6
3-42-48’ N2 +8 +5
23

V2 +8 +4/6°
11.46. loBeniTh, 1110 pallioHAJIBLHUM € YKCJIO:

1) 399 -70v2 V17 +12V2;  2) 20 + 1442 + &20 - 1442.

11.47. HoBemiTh, IO YHUCJO ?\’/26+15\/§ +§/26—15\/§ € paitio-
HAJbHUM.

11.41. 1) , axigo a = 2018;

, AKRINO p = 2,5.

He 3aJIe’KUTh BiJl 3BHAUEHHS 3MiHHOI.

11.44. 1)

11.45.

11.48. VYHacaimox IIOMIKOM)KEeHHS BOJOIPOBimZHUII KpaH

craB mpotikatu. II{oceKyHAM 3 HHOTO IaJa€ Kpalljisg BOIH,
a 3a 24 xB Habirae moBHaA cKJAHKA. CKiJIbKM BOAU BTPAYAETHC
yepes 1eil Kpau 3a go0y? 3a micamne? IIlo Tpeba spobutu, 11100
VHUKHYTU IuxX BrTpar? (BBamxatumemo, 10 B 1 JiTpi 5 CKIAHOK
Boau, a B 1 micami 30 guis).

@ 11.49. (Hayionanvha orimniada Pymyl-m, 1981 p.). PosB’a-
sKiTh piBHaAHHA x6 + 3x3 + 1 = y* y minux umcnax.

Tligzomyiimecs go bubuenns Hobozo mamepiany

11.50. 3uaiigiTs obsacTh BusHaUeHHA (PYHKILII:

Hy=-vxi 2y-Jx 2 3)y=ﬁ; 4) y = x? + 2x.
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11.51. IToGynyiiTe rpadik PyHKILII:

1)y=\/;;
4) y=+x-3;

2)y=~x+1;
5)y =x +2;

3)y=x -2
6) y=3+x_1.

®YHKUIA y = Yx
TATI TPA®IK

8

Posrnauemo dyHkIito y = (2/;, neneN,n>1.

Posraaremo GYHKILiIO

y= \/;, Ky MU BiKe _BUBUAJU B Kypci
anreopu 8 kiacy. Ii rpagik so00pa-
| xeuno Ha MasouHKy 12.1. O6sacTio BuU-
sHaueHHd (GyHKHii € x > 0, a MHOXKMHOIO 3HaueHb: § > 0. DyHK-
mis spocrae Ha [0; +00).

) CIIOYATKY
1. dynxuyia y = %, de

n — HamypaneHe naphe
qUCno

y yA
Y= (’/;, neN
et n —mapHe
_—
0] 1 X 0 ;
Ma. 12.1 Mau. 12.2

Posrusnemo saranpuuii Bunagok Gyukiii y =¥ x, e n — Ha-
TypaJibHe IapHe uucjo. PyHKIia BusHaueHa ajad x = 0 i € 3po-
craiouoro. MHoKmHa i 3HaueHb: iy = 0.

T'padix Qpyurmnii y = ¥x, me n — HaTypa/JbHe mapHe YKUCIO, CXe-
MaTHUYHO 300pakeHo0 Ha MaJOHKY 12.2.

Posragremo cmouatky rpadik GpyHK-
mii y = 3 x. O6nacrio BusHAUEHHS i€l
dyuKIii € MHOKWHaA BCixX milicHUX
|| yucesn. CxkiaamemMo TaOJUII0O 3HAYEHDb
GYHKII oI nedKuX 3HAYeHb apryMeHTY:
-8 -1 0 1 8
y | 2] -1 0] 1| 2
ITosHaunMo oTpuMaHi TOUKM HA KOOPAWHATHIN MJIOIMUHI
i cmonyumMmo ix muaBHOMO JiHiero. Orpumaemo rpadirk (pyHKIii

y=3%x (manx. 12.3). MHOMXKHOIO 3HAUEHD Iiel QYHKII € MHOKH-
Ha BCixX AificHUX 4yuces, (PYHKI[iS € 3PpOCTarvuoio.

¥ saranpHOMY BUIIaAKYy (YHKIA Y = (‘/;, e n — HaTypaJbHe
HemapHe YUCJO0, N = 3, TAKOK BU3HAUEHA s OyAb-AKOTO Iilic-
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2. dynxyin y = %, de
n — HamypanvHe Henap-
He wucno, n > 3

X




HOIO 3HAUEHHS apryMeHTy, 3pocTae Ha R, MHOXMHOIO i 3HaYeHb
€ MHOJKMHA BCiX OiHICHUX YMCeJI.

T'padir pysxnii y = ’\’/;, e n — HaTypaJibHe HellapHe YHCJIO,
n = 3, 300pakeHo Ha MaJOHKY 12.4.

y

-

Y= ’\1/;, neN
n — HemapHe

Mau. 12.4

3. Bracmusocmi pynxyii VY3araabHUMO BJACTUBOCTI (QOYHKIIII,

AKY MU MIOWHO PO3TJIAHYJIU, y BU-

— . .

y= \/;: neN,n>2 TJIAAL TaOJIUITi.
(Dymcniﬂyzk‘/;,n e N,n > 2
Baacrusocri n — mapHe n — HemapHe
O6s1acTh BU3HAUYEHHSA [0; +00) (—00; +00)
MHoXVHA 3HAYEHD [0; +00) (—00; +00)
Hyni pysarmii x=0 x=0
IIpomiskku 3HaKocTasocti, y > 0 x>0 x>0
IIpomiskkm 3Harocramocti, y < 0 - x <0
. . Hi mapu
ITapuicTs, HenmapHicTb . apHa, Hemnapua
Hi HemapHa

ITpomiskKu 3pocTamHsA [0; +o0) (—00; +00)
ITpomiskKku cmagaHHS - -
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4. 3acmocysanns Posrngraemo Kinbka  BOpaB, AKi
enacmusocmeti GynKyii poO3B’sKeMO 3a [OIMOMOTOI0 BJIACTH-

y= % BOoCTeN (ByHKIII y = (‘/;

w 3HaliTu 00JacTh AOIMYCTUMUX 3HAUEHb BUPA3Y:
R e T K
-x

Poss’asaumna. O3 supasy ¥f(x) y Bumagxy mapHoro n
3HAXOOUMO, PO3B’s3aBIIM HepiBHicTh f(x) = 0, AKINO K n —
HemapHe, To OJ[3 Bupasdy 306iraeTbcA 3 00JIACTI0O BU3HAUECHHS
bysrOii f(x).

D)x+120;x>-1; Dy) =[-1; +0);

2) D(y) = (—00; +0).

3)x2+2x -3 2 0, omke, D(y) = (—o0; —3] U [1; +0) (maxn. 12.5).

-3 ~ 1 X 2 3 X
Mau. 12.5 Mau. 12.6
-2

> 0, po3B’A3aBINY I[I0 HEPiBHICTL METOAOM iHTepBaJiB

(MaJI 12 6), orpumaemo, o D(y) = [2; 3).

Bigmosigs. 1)[—1; +00); 2) (—00; +0);
3) (—o0; —8] U [1; +0);  4) [2; 3).

W 3HaWTN MHOYKUHY 3HA4YeHb MYHKILIi:

Dy =Yx+1;2)y=Yx+1;3) y=Yx -11; 4) y = Yx2 + 64 - 3.
Posp’asamuda. 1) Ockimeru Yx+1 >0, To E(y) = [0; +0).
2) ¥x >0, Toni Yx +1> 1, Tomy E(y) = [1; +0).

3) Ockinbku obisacTio 3HAUeHb (QYHKIIL y = §/; € MHOKUHaA R,
TO 00JIacTIO 3HAaUEeHb QYHKII y = \/; 11 e Taxo:x MHOKUHA R.
4) x2 > 0, Tomi x2 + 64 > 64. Maemo: ¥x2 +64 > 964, Toni
§x2 +64 > 2, a romy Yx2 + 64 —3 > —1. Omexe, E(y) = [-1; +0).
BigmoBigs. 1) [0; +0); 2) [1; +o0);

3) (005 +00);  4) [-1; +0).

m ITopiBHATH YuMCTa:

B iYL, 241512 3T i ¥45; 44 i ¥s.
PosB’asanusda. OckinbKu (QyHKIA y = (‘/; 3pocTae Ha BCiit
CBOi#i 00JiacTi BU3HAYEHHS IPU OYAb-IKOMY HATYPAJIbHOMY 11,
n > 2, To AKIIO @ > b i 3HAUeHHsS BUPAa3iB (‘/a_ Ta (2/5 iCHYIOTB,

o Ya> Y.
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© 1) Omxe, U3 <¥11.
2) Ockinbru 2 =416, a 415 < 416, To 415 < 2.

3) 3a BJIACTHUBOCTAMHU KOPEHS 71-TO CTEIeHs IIePeTBOPUMO BIU-
pas ‘\‘/? , TOAABIIIM ¥MOr0 Yy BUIJIAAI KOPeHA 8-TO CTemeHsd:

‘\1/? = 4'\2/7;2 = \S/E. OcKinepku %>%, TO 3/7>§/E.

4) ITogamMo YmMCJIO y BUIJIALI KOPEHIB OZHOTO i TOro caMoro
cremens: 49 = 4'\3/973 =13729 r1a Y5 = 3'{‘/5_4 =1¥625. Ockimbku
13729 > %625, ro 49>35.

Bigmosigs. 1)Z/§<Z/ﬁ; 2) ‘\L/B< 2; 3) ‘\1/?> %; 4) (1/§>§/5.

Q @ CxematnyHo nobyaywvite rpadikn dyHKUin y = (‘/; AN napHo-
ro n Ta Ans HenapHoro n. ® CcopMynionTe BRNaCTUBOCTI (OYHKLi

Yy = \”/x AnA NapHoro n Ta And HenapHoro n.

§ Posb sximo 3agaui ma buxonaime bnpabu

“13, 3HaiigiTh 00JacTh BU3HAYEHHS i 00JacTh 3HAUEHDb (QYHKILIL
(12.1-12.2):

121. ) y=Yx; 20y=Wx; 3y=¥; Hy=¥x.

122. ) y=%% 2y="x; 3y=VJx; Hy=Yx.

Cxemaruuno mooyayite rpadik ¢pyurmii (12.3—12.4):

123. ) y=¥x; 2y=%Hx; 3y=VJx; Hy=¥r

124. ) y=¥x;  2y=Rx; By=¥Yr; Hy=x.

12.5. Yu Hasexkuth rpadiky QyHKII y = ‘\‘/; TOUKA:
1) A(0; 1); 2) B(16; 2); 3) C(-1; 1); 4) D(0; 0)?

12.6. Y vanexuth rpadiky GyHKIIT y = 3x Touxa:
1) A(1; 1); 2) B(-8; 2); 3)C(8; -2); 4) D(-1; -1)?

9 3a momoMoroio reoMeTPUUYHUX IIepeTBOPeHb IIOOyny#Te cxe-
mMaTuyHO rpadik pyskmii (12.7-12.8):

12.7. 1) y = Yx + 2 2)y=4x-1.
128. )y=vJx-3;  2)y=3x+2.

Yu mepeTuHAOThCA rpadikm GYHKIIH (BiAmoBiZbL oOT'pYHTYHTE)
(12.9-12.10):

129. 1) y=3x iy=-2019; 2)y=Yx iy=-0,01?
12.10. )y =%x iy=0,003; 2)y=3%x iy=2020?
ITopiBuaiite uyucaa (12.11-12.12):

12.11. 1) {5 i Y9; 2) 1019 i W18;
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3) 45 i §/26; 4) 3 i '8/26.
12.12. 1) /11 i +/13; 2) Y3 i Y2;
3) Y7 1 Y48; 4) ¥4 i Wes.
3HalimiTh 00sacTh BUsdHaUeHHA QyHKII (12.13—12.14):
12.13. 1) y = ¥x + 1; 2) y = %10 - x;
3)y:m; 4)y=1m.
12.14. 1) y = Yx + 3; Dy=VYx-1;
3)y=Bx—x2;  4)y=Y2x%+3x5.

3HalIiTh MHOKUHY 3HaUeHb GyHKII (12.15—12.16):

12.15. 1) y = ¥x + 1; 2)y=Yx -2
12.16. 1) y = Yx + 5; 2)y=Ux-1
12.17. O1i"iTh 3HAUEHHS BUPa3y %, AKIIO:
1) -1 < x < 27T; 2) 0 < x < 1000.
12.18. OmimiTh 3HaUeHHA BUPA3Y (1/;, AKIIO:
1) 0 < x < 16; 2) 1 < x < 81.

8 Ilobynyiite rpadik dysknii (12.19-12.20):
1219. )y =¥x-1+2; 2)y=3Yx.
12.20. )y =4x+1-2; 2)y=2¥x.

Mixk AKMMH ABOMA IIOCJiMOBHUMMU ITITMMM YHCJIAMHU Ha KOOPIHU-
HaTHiN mpamii micTurhea yucio (12.21—-12.22):

12.21. 1) \/5; 2) U5; 3) 3/0,5;
4) 9-0,2; 5) -9/65; 6) 3-8,012
12.22. 1) +/3; 2) ¥3; 3) 7/0,3;

4) 3-1,05;  5)-482; 6) 3/-0,012?

YrKamiTe yci 1migi uwmesaa, sAKi posTamioBaHI Ha KOOPAMHATHIN
mpamii mixk yucaamu (12.23—12.24):

12.23. 1) 30,25 i 4/17,9; 2) 3/-27,3 i 4/3,99.
12.24. 1)3-2.4 i 416,7; 2) Y11 i J41.

3HaigiTe 00acTh BU3HAUCHHA PyHKIHI (12.25—12.26):

1 x2 —4x

12.25. 1 = 2 =6 .
Ty P R

4 [2x — x2

12.26. 1 = — 2 =38 .
)y Yx2 +x-2 )y x—-3

ITopiBusaiiTe uncaa (12.27—12.28):

12.27. 1) ¥5 i /3; 2) 810 i Y343.
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12.28. 1) 33 i Ya; 2) 97 i Y2372,
‘4, Posp’skiTh piBHAHHA rpadiuno (12.29—-12.30):
12.29. 1) ¥x -1 =3-x; 2)-Yx =x-2.
12.30. ) Yx+1=1-x; 2) -¥x = 2x - 3.
Q IopiBuaiiTe uncaa (12.31-12.32):
12.31. 1) ¥2 +/3 i 3; 2)V13 - ¥4 i 2.
12.32. 1) 34 +2 i 3; 2)/6 -¥3 i1.
\ 12.33. s crIiHHA My3eMHUX BITPUH B OAHIA 3 TPHOX
(dipm Tpeba zamoBuTH 28 OZHAKOBUX CKJAHUX MPAMOKYT-
HukiB. Ilnoma ko:xHOro ckiaa 0,25 m2. ¥V Tabnumi s3azHaueHO

IIiHM Ha CKJO i Ha pisKy ckJa. CKinbKu OyIe KOIITyBaTH Hamme-
IIeBIlle 3aMOBJIEHHS?

dip- ITina ckaa | Piska ckaa (rpH I TTROmE TroEn
mMa | (rpH 3a 1 M2) | 3a ogHe CKJO) &l y
A 140 9
b 150 7
Insa samosiens Bix 1200 rpu
B 160 5 piska Ge3KOIIITOBHA

g@ 12.34. MosexiTs, mio uuciao n? — n3, n € N, kpatae uncity 504.

Tligzomyimecs g0 bubuenns nobozo mamepiany

12.35. Po3B’sa:kiTh piBHAHHA:

)Nx =T; 2) Jx = 0; 3) Vx +2 = 0;
4)%{:5; 5)Jx -7 =3; 6) 24x+2-3=5.

IPPALIOHANBHI
PIBHAHHA

‘ Pignanna Ha3UBAIOTH IPPAYIOHANLHUM, SIKIO BOHO MIiCTHUTH
L 3MIiHHY i 3HAKOM KOpPeHA.

Poarasuemo mesaki Buau ippaljioHaJbHUX PiBHAHBL i MeTOaU X
pos3B’A3yBaHHA.

) iz Posrusanemo piBaanas Yx =a, ge a —
1. P‘ﬁ,”ﬂ";"é X =a, nesdKe umcygo, n € N, n > 2.
LS Ay 12 2 Hexaii n — mnapre. 3Haiizemo

posB’A3Ku piBHAHHA rpadiuno. [1ooy-
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nyemo rpadiku QyHKIIR y = (‘/;, n — napHe, i y = a (manx. 13.1).
Ao a > 0, To piBHAHHA Yx = a mae po3B’as3ku. OcKimbKu

Ya" = a, armo a > 0, To x = a" — eqUHUN KOPiHL PIBHAHHA y BU-
nagry a = 0. dArmo & a < 0, To piBHSIHHS KOPeHiB He Mae.

Yty =Nx, n — mapue
'y=a,a>0
0 a” x
y=a,a<0

Mau. 13.1

yr o
y=\x, n — HemapHe

/

y=a

|
|
0 a’ x

Mam. 13.2

dAxmo n — HemapHe, To AJA OyAb-IKOTO 3HAUEHHA 4 PiBHAH-

HA Mae€ TiIbKM ofuH Kopieb (man. 13.2). Ockimpru ¥a" = a, To

X = a" — eIUHUN KOPiHb PiBHAHHSI.
CucreMaTH3yeMO [aHi IPO PO3B’A3KM PIBHAHHA VX = a y BU-

TJIAOL CXeMU.

(‘/Eza,aeR,neN,n?Z

o .

n — 1mapHe n — HellapHe

— T~

Axrmio a 2 0,
x=a"

Axrmo a < 0,
KOpPeHiB HeMae

PosB’sa3aTu piBHAHHA:

[ Mpuknan 1.
cDYx=2 20Jx =7, 3)Yx=-5; 4) Y2x -5 = 3.

PosB’asaunda.

1) x = 23 2) x =72 3) -5 <0; 4) 2x -5 = 3%
x = 8. x =49. KOpeHiB HeMae x = 43.
BigmoBigs. 1) 8; 2)49; 3) memae Kopeuis; 4) 43.

2. PigHaRHA euznady

Vi(x) =3/g(x), n < N,

nz=2

OckinbKu GyHKIia y = ¥x mas Oyas-
sAKoro n € N KOKHOTO CBOTO 3HAYEHHSA
HabyBae JiiIlle OAWH pas, TO 3 PiBHOCTI

| Yf(x) =Yg(x) Bumnusae, mo

f(x) = g(x).

Y Bumagky HemapHoro n GyHKIL f(x) i g(x) MoxxyTsr HaGyBaTH

Oyab-aKux sHadeHb. Tomy piBHAHHS ¥f(x) =¥ g(x) gma memap-
HOTO N OyzAe piBHOCWJIbHE PiBHAHHIO f(x) = g(x).
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Sxmo ®® n — mapHe, TO 00JaCTIO JONYCTMMUX 3HA4YE€Hb PiB-
HAHHA € TaKi 3HaUeHHA X, AJdA AKUX OLHOYACHO CIIPABAKYIOTHCS
ymoBu f(x) 2 01 g(x) > 0. Tomy y BUIIaAKy MApHOTO 7 PiBHAHHS

Yf(x) = Yg(x) 6yme piBHOCUIBLHE OfHill i3 cucTeM
{f(x) = g(x), {f(x) = g(x),
abo
flx) =20 g(x) = 0.

VY mepriiii cuctemi ymoBy g(x) = 0 Mu He IMHcan, OCKIIbKY IIPU
BuKoHaHHI yMOB f(x) = g(x) i f(x) = 0 ymoBa g(x) > 0 BUKOHYETH-
cA aBTOMATUYHO. AHaJoOriuHo ¥ y Apyriii cucremi ymoBa f(x) = 0
€ 3aiiBol0. 3aluCyIOUM CHUCTEMY /[AJs PO3B’A3yBaHHA PiBHAHHSA

Yf(x) = Yg(x), axy came 3 nBOX HepiBHOCTeii f(x) > 0 abo g(x) > 0

BUOMpATH 3aJIE}KUTH Bifl TOro, AKy 3 HUX JIeTIle PO3B’A3aTu.
CucremaTuayeMo gaHi mpo po3s’asku piBusHua Yf(x) =¥ g(x)

Y BUTJISOL CXEeMU.
Yf(x) =%g(x), n e N, n > 2
/ \

n — mapHe n — Hemapue
d |
f(x) = g(x)
{f(x) >0 (abo g(x) = 0) f(x) = g(x)

W Posp’sa3aTu piBHAHHA:
c1)YBx-2=Y2x+11;  2)Yx2+2x = Y3x + 2.
Poss’asszamuda. 1) 3x — 2=2x + 11, TobTo x =13.
x2 +2x =3x + 2,
3x+2 > 0;

2) PiBHAHHSA piBHOCUJIbHE CUCTEMi: {

x2-x-2=0,
TOOTO: - 2 3BiIKM OTPHUMAEMO, IO X = 2.
X Z2 ——,
3

Bigmosigse. 1) 13; 2) 2.

3. Pienannsa suznady 3araJbHUM METOAOM pPO3B’ A3yBaHHA
n/f(x):g(x)’ neN,n ¥ p@BHf[rgHﬂ «”/f(af =g(x) e 'Hi,Z[HeceHHH
JiBoi i mpaBoi yacTWH PIBHAHHS 10

CTeIeHs M.
SKmIo n — HemapHe UYMCJO0, TO HiJHECeHHs 000X YaCTUH PiB-
HSHHS [0 CTEleHs € PiBHOCUJIBHUM II€PEeTBOPEHHSM PiBHSIHHSI.

Omxe, y BUIAAKy HemapHOro n piBHanusa ¥f(x) = g(x) Oyzme pis-
HOCUJbHE PiBHAHHIO f(x) = g"(x), me g(x) = (g(x))".
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Arimio n — mapHe 4YWHCIO0, TO JiBa 4YacTHHA PiBHAHHSA
Yf(x) = g(x) € HeBim eMHOIO, TOMY HeBij’eMHOIO Mae OyTu i mpa-
Ba Hioro uactmHa. OTiKe, OJA PIBHOCUJIBLHUX II€PETBOPEHDb pPiB-

HAHHA yMmoBa g(x) = 0 € o60oB’a3koBoio. Ilicia migHecenHsa o60x
YacTUH PIiBHAHHA [0 CTeleHA n, oTpuMaeMo: f(x)= g"(x), nme

g"(x) 2 0 (ockinpkum n — mapae), Tomy f(x) > 0. OT:xe, y BUmaj-
f(x) = g"(x),

g(x) >0
YmoBy f(x) =2 0 (OII3 piBHAHHA) BKJIIOYATH B CHUCTEMY
Heo0O0B’s3K0BO, OCKiJIbKU, AK OyJIO 3a3HAYEHO BUIIe, 3 PiBHOCTI
f(x) = g"(x), e n — TMapHe YWCJO, aBTOMATUYHO BUILJINBAE, IO
flx) > 0
CucrematusyemMo faHi mpo poss’asku piBHaAHHA Yf(x) = g(x)
Y BUTJIALL CXEMMU.

Ky HDapHOTrO 1 PiBHAHHSA PiBHOCUJbHE CHCTEMi

Yf(x) =g(x), ne N, n>2
/ \

n — mapHe n — HemapHe
Y \

f(x) = g"(x); -

2(x) > 0 f(x) = g"(x)

W Posp’sa3aTu piBHAHHS:
1) a8 + x2 — 2x = x3 2)Jx -3 =5-x.
PosB’asanuda. 1) litnecemo niBy i IpaBy YacTUHU PiBHAHHA
0 TPeThOr'o CTelleHd, OTPUMAEMO DiBHAHHA: x5 + x2 — 2x = x3,

pO3B’A3aBIIN AKe Matumemo: x; = 0; x, = 2.
2) PiBHAHHA piBHOCUJIbHE CHCTEMi:

x—-3=(5-x)2, 5 x2 -11x+28 =0,
5-x 2> 0; x < 5.

X =4 — eIuHUHA PO3B’A30K CHCTEMH, a OTKe, €IUHUI KOPiHb
PiBHAHHA.

Bigmosigsw. 1) 0; 2; 2) 4.

, .
4. Po36’33y6anRA Posp’sssyBaHHsA pPiBHAHHA BUTJIAILY

ippayionanvrux pienans,  ./f(x) +./g(x) = a, fe a — nesxe uuco,
wo micmamp Kinbka . o
K6A0pAMHUX KOPEHIE \/f({C) + \/g(x) = \/t(x) Ta IM momioHi

) MOouiJIbHO IOYMHATU 31 3HAXOMKEHHS
OII3 piBHAHHSA, a JaJli CKOPUCTATUCHh OOHUM i3 JBOX HUKUEHABE-
IeHuX cIocobiB po3B’A3yBaHHS.
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1-ii cnoci6. IlocaimoBHicTs Aili MOXKe OYTH TaKOIO:

1) snaitmu OJ13 pienaHHA;

2) 3anucamu piBHAHHA Mak, w00 o6udsi 1020 YaCMUHU CcmMaJnu
Hegid’ eMHUMU, Hanpukaiad, nepenecmu 000aHKU 3 00Hiel yac-
MUHU PIBHAHHA 8 IHWY;

3) nidnecmu sigy i npasy wacmuHU OMPUMAHO20 PIBHAHHS 00
keadpama, cnpocmumu ilozo ma 3gecmu 00 0ilbUl NPOCMO2z0O
ippauioHabH020 PIBHAHHS,S

4) poszg’szamu ompumaHe DPiBHAHHS MA 3 OMPUMAHUX KOPEHi6
8ULYLUMU CMOPOHHI, moOmo mi, w0 He Hauaexwamb O3 no-
4amK08020 PiBHAHHA.

Q7 eSS PosB’a3aTu piBHAHHA: VX +1 —+x -2 =1.

*« PosdB’sasauuga. 3uHaiizemo O3 piBHAHHS, pO3B’A3aBIIN

x+1>0,
cucreMy 3BIIKM OTPUMAEMO, IO X = 2.
x—-220,

IlepeHecemo Bupas3 X —2 y TpaBy YacTUHY DiBHAHHSA, MaTH-
MeMo: Vx+1=1++x—-2. Ockimbku Temep OOMABI UYacTUHU
piBHAHHA — HeBix eMHi, migHecemo Ix m0 KBaapaTa Ta pPO3B’ -
sKeMO oTpuMaHe piBHAHHS: (Vx +1)2 = (1 ++Vx —2)%
Xx+1=1+2Jx-2+x-2;
2Nx -2 =2
Nx—2=1;
x—-2=1;
x = 3.
Ockinbku 3 Hanexkursb O3 mouaTKOBOTO PiBHAHHSA, TO i € foro

KOpeHeM.
Bigmosigs. 3.

2-il cnoci6 mojArae B TOMY, 100 micas smaxomxenHs O3 pis-
HAHHS 061/1/:[131 loro yacTUHU Hl/I[HOCHTB o KBaJpara, He BUMara-
yu ixX HeBix eMmHoOcCTi. AJle TaKuii cIOCi6O MOKe IIPU3BECTHU A0 IMOSIBU
CTOPOHHIX KOpeHiB. {715 BUABJIEHHSA CTOPOHHIX KOPEHIB MOXKHA
3aIpoIoHyBaTy ABa migxoxu. Ilepmiuii mojsrae B Tomy, 100 BH-
KOHATU TEePEeBipKYy OTPUMAaHUX KOPEHIB ITi/ICTAHOBKOI B IIOYATKO-
Be piBHAHHSA. AJle, AKIIIO OTPUMAHI KOpeHi — ippallioHaabHi, mepe-
Bipka Oyzme moBoji rpomizakoro. Hpyruit miaxim moasrae y Tomy,
100 IepeiTH J0 CUCTEMU, PiBHOCWJIBHOI JaHOMY piBHAHHIO. Taky
cucTeMy MOXKHA OTPHUMATH, AKINO JOIMOBHUTHU PIBHAHHA, ¥ AKOMY
3aIMcaHo JiBY i IIpaBy YacTWHU, IIiJHECEHi M0 KBaJpaTa, HepiBHi-
CTIO, 110 3a0e31Ieuye OMHAKOBUI 3HAK 000X YACTHH.

w Posp’asaTu piBHAHHA: VX +3 +Vx+8 =5.

*« PosdB’asauuga. O3 piBHAHHS 3aJa€ThCsA CHUCTEMOIO
x+3 =20,

x+8 > 0;

JliBa i mpaBa yacTUHHU 3aJaHOI0 PiBHAHHS HEBif eMHi, TOMYy ix
MOJKHA IIIIHOCUTH IO KBajpaTa, aje Iie IIPU3BOLUTHL OO0 JOCHUTh
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° rpoMisaKmux oOumcyeHb (mepeBipTe 1e camocriiino). Tomy m0-
IiJbHIiIIIe OAMH 3 ippallioHaJIbHUX BHUpPAa3iB, HAIIPUKJIAL X + 8,

ImepeHecTH y mpaBy uacTuHy. Marumemo: Vx +3 =5 —+/x + 8.
ITigHecemo oOMABI YacTUHM PiBHSAHHS IO KBaApaTa i posB’siiKe-
Mo toro. OcKinbKM mpaBa YacTUHA OCTAHHBOTO PiBHAHHSA MOXKE
OyTu SIK DOJATHOIO, TaK i Bifi’€MHOI0, TO TaKe IepPeTBOPEHHA He
€ PiBHOCUJILHUM, TOMY OTPMMAaHUHA KOPiHb CJIiJ mepeBipuTH.

Wx+3)2 =(b-vVx+8)3%
x+3—25—10\/x+8+x+8;
\/x+

ITepesipra: 1+ 3 +\/1+ =2+3=5.

Orxe, uncyo 1 — efMHNN KOPiHL PiBHAHHS.
Bi,Z[l'IOBi,Z[b. 1.

Poss’sizatu piBEAHHE: \BX +5 +/2x +1 = +/3x + 4.
. PosB’asanua. Buaiigemo OJI3 piBHAHHA, PO3B’A3aBIIH CHC-
5x+5 >0,
TeMy HepiBHOCTeii: <2x +1 > 0, 3 akoi maemo: x > —0,5.

3x+4 >0,

O0uaBi yacTuHM PiBHAHHA € HeBig emuumu. IligHeceHHsa iX 10
KBajJpara NIpuU3Bele [O0 TI'PoMisgKmx obunciaenb. Tomy Bupas

\v2x +1 mepeHeceMoO y TIpaBy YacTUHY:

VBx+5 =3x +4 —2x +1.
OTrpuMaHe PiBHAHHS MOXKXHA PO3B’sI3aTH THM CaMKM CIIOCOOOM, II[O
i 1omepenHe, a MOYKHA ITiNTH OO PO3B’sA3yBaHHA iHakime. JliBa
YacTHUHA OTPUMAHOIO PiBHAHHS — HEBiJ €éMHAa, TOMY HEBiJ €MHOIO
Mae OyTu i mpaBa uyactuHa. OT)Ke, PIBHAHHSA PiBHOCHUIbHE CHCTEMi:

(5x+5)2 = (V3x +4 —2x +1)2,

V3x+4 —2x+1 >0
5x+5=8x+4-2J3x+4-y2x+1+2x +1,
J3x +4 >x/2x+1;

28x+4-42x+1=0, [J3x+4-2x+1=0,
3x+4 > 2x+1; x = —3.

. . 4
Ilepiie piBHAHHA Mae KOpeHi x; = ——, x, = —0,5. Ase mauire
1 3’ 2

IPYTUuil 3all0BOJIbHAE AK YMOBY X > —3, Tak i OIl3 piBHAHHA.
OckinmbKu BCi IepeTBOpPeHHS PiBHAHHS OyJu PiBHOCUJIBHUMU,
TO IepeBipka He € 000B’saA3KoBo0. OTiKe, x = —0,5 — emuHMIA
KOPiHb PiBHAHHSI.

Bigmosings. —0,5.
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Or:xe, po3B’sA3yBaTH PiBHAHHS, III0 MiCTATh KiJbKa 3HAKiB pa-
IuKajga, MOKHA B Takill mocaimoBHOCTI:
1) snaitmu OJ]3 pienaHHA;
2) nidnecmu 0o keadpama 00ud8i 1020 LACMUHU;
3) nicas cnpouienb ompumamu npocmiuie ippayioHanbHe PiBHSH-
HA i po3s’asamu i0zo;
4) suKoHamu nepegipKy ompumMaHuXx KOpeHis.

AOo B Takiii mocaimoBHOCTI:

1) snaiimu OJ[3 pieHAHHA;

2) nidnecmu 0o Keadpama o6udsi ilozo0 LaCMUHU;

3) ckracmu cucmemy ymos, 00ONOBHUBULU OMPUMAHE nicas nidHe-
cenHsa 00 keadpama piBHAHHS HepigHicmio (ab0 HepieHOCMS-
MU ), wo 3abezneyyromsv 00HAKOBULL 3HAK Ji60L i npasoi ua-
CMUH PLBHAHHSA,;

4) po3g’sasamu ompumany cucmemy;

5) suraowumu 3 it po3s’a3kie mi, wo He Hasexncamsv O[3 nouam-
K08020 PDiBHAHHA.

5. Memod saminu sminnoi | Ae7KI Ippanionanbii pIBHANHEA 3pYIHO
¢ ippayionc pO3B’s3yBaTH, 3BOAAYU iX HO paiio-
pieHAnHI HaJIbHUX 3aMiHolo ¥/f(X) = t.

6
WG ENRNAY Poss’asaTy piBHAHHS ﬁ —vb—-x =1
5-—x

PosB’a3auud. 3pobumo 3aminy +d—x =%, OuUYeBUIHO,
. 6 .
mo t > 0. Toxi ?—t =1, 3BigKu maemo t; = 2; t, = —3. YMo-

By t >0 zamoBosbHAe jume t¢,. IloBepraemocs g0 3aminun:
Vb —x =2; 3BinKkm x =1.

Bigmosigs. 1.
7RSS PosB’a3aTu PiBHAHHSA: Yx-2-5Yx-2+6=0.
*Pose’asanua. Hexait Yx-2=¢ ¢>0, toni marumemo

Yx-2= {‘/(x -2)2 =(¥x-2)2 =¢2. Omme, maemo piBHAHHS:
-9t +6 =0, KopeHi akoro: ¢, =2, t, =3. O0uaBa KopeHi 3a-

IOBOJIBHAIOTL yMOBY t = 0. IloBepraemocs g0 3aMiHm:
1) akmio t = 2, T0o Yx—2=2; roni x = 66.

2) axmo ¢t =3, To Yx -2 =3; roni x="1731.
Bigmosingn. 66; 731.

1 EGRS  Posp’asaru piBHAHHEA: X2 +/x2 +20 = 22.

{PosB’szaunua. Hexait vx2+20 =t¢, ¢t >+/20 i x2=t2 — 20.
Maemo piBEamaHS: t2 — 20 + t — 22 = 0, TobTO 12 + ¢t — 42 =0,
3BigKM t; = 6, t, = —7. BpaxoBylouu oOMe:KeHHA Ha t, Mae-

Mo, mo t = 6. IToBepraemoca mo saminm: x2 +20 = 6. Togi:
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° x2 4+ 20 = 62, TobTO x2 = 16, OoTIKeE, Xy 5= 4.

BinmosBigs. t4.

2

o174 NS PosB’ a3aT PiBHAHHS: 5/ 1621 +5 Zlg 1 =2,5.
L ] Z -

PosB’asaumuma. Hexain 5

Z - y # 0. Bpaxosyioun, II0

1 1
2,56=2+ %, Ma€EMO piBHSHHS: Y +— =2+ > 3BinmKM Yy, = 2,

Y

1 .
Yy = 5 IToBepTaemocs mo 3aminm:

/ 16z = 32(z - 1),
1) dAxmo y=2, T0o 5 1621 = 2. Maewmo: { ( ) 3BigKU
2_

z=2.

z2#1;

/ 32-16z=2z-1,
2) dxmo y = %, TO 5 1621 = % Maewmo: { 3BiIKU

1
511

BigomoBings. 2; —

6. P0o36’A3Y6aHRA
ippayionanvrRux pieHAHb®

511"

3 napamempamu

z#1;

Posrnsmemo, AK pos3B’sidyBaTu ippa-
IMioOHAJIbHI PIBHAHHS 3 IIapaMeTpaMu.

Wﬂﬂﬂ BCiX B3HAUYeHb MIapaMeTpa a PO3B’SKiTH PiB-

. mana (a2 -1)%x =a-1.

PosB’aszannd. Tpeba posragayTu gBa Bumagku: a2 — 1 =0
s 2

ia 1#0.

1) Hexait a2 — 1 =0, Togi a = 1 abo a = —1.

Ao a = 1, maemo piBuaaaa: O - Qf =0, Toxi KopeHeM € OyIb-
ake uucyo 3 O3 piBuanusa. Omxke, x = 0;

Axmro a = -1, maemo piBHanua: 0 - §x = —2, AKe He Ma€ KOpeHiB.

2) Hexait a2 — 1 # 0, To610 a # 15 a # —1. Toxi Yx = “2_11;
a —
TOOTO ‘\5/7: 1 .
a+1
1
Armo a +1 >0, tobTo @ > -1, TO *x = ———.
(a +1)8

Axmo a + 1 <0, To6TO @ < —1, TO PiBHAHHSA He Ma€ KOPEHiB.

Bigmosigs. Ao a < —1, KopeHiB Hemae; akiio a = 1, To
1

x 2 0; agmpo -1 <a<laboa>1,T0 x =—7—.
(a +1)8
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m Hnia Bcix sHaueHb ITapaMeTpa @ PO3B’SKiTh piB-
L]
* mamEA Va2 —6x +5 +x2 —Tx +10 = a/x — 5.

° . .

- PosB’asauusga. IlepenuiiemMo piBHAHHA Yy  BUIJIAIL:
Jx=5)(x—1) +(x-5)(x—2) =av/x—5. ON3 pismauua: x > 5.
OueBUIHO, IO X = 5 — KOPiHb PiBHAHHA IJd OYIb-AKOTO a.
Posrisanemo piBHAHHA mia x > 5. oA Takux 3HAYEHb X Mae-
Mo, 1m0 x—5>0, i piBHAHHA MOKHA 3alMCATH Yy BUILJIAIL:

Jx-5-Jx-1+Jx-5-Jx-2 =aJx—-5. Tlogimmmo o6uxsi
oro yacTUHU Ha X — 5, oTpuMaemo: Vx —1 ++x -2 =a.

Posraaaemo @yskrmio y(x) =+vx-1++x—-2 nna x = 5. Bona
€ 3POCTalnuo0l, AK CyMa ABOX 3pocTaoumx (PYHKI[IN, a ii Hai-
MeHIlle 3HaueHHsA AopiBHIOE y(5). 3HalimeMo Iie 3HAYEHHS:

y®)=v5-1++5-2=2+ J3 (man. 13.3).
Tomi nnsaa =2 2 + \/§ piBHAHHA VX —1++x -2 =a maTume egu-
HUN PO3B’sI30K, Ta He Oyle MaTu pPo3B’sI3KiB, AKINO a < 2 + \/§

3anuIeMo piBHAHHA Y BUIMJIAAL VX —2 =a —+/x —1 i sHaiimemo
oro KOpiHb 3a yMOBH, IO @ => 2 + J3. Maemo:

{x—Z:az—Za\/x—1+x—1, y

a-~x-120; /
2+3

/—x_l_1+a2

2a o 5 x
V¥-1-a<0. Mau. 13.3
2 2 2 _ 9,2 _ A2

Ockinpku \/x—1=1+a , TO l1+a _a:1+a 2a :1 @ <o
2a 2a 2a 2a

,zmaa>2+\/§.

2
1+a? . 1+a?
OToxe, OCTATOUHO MaeMo: x—1= ,Tomi x=1+ .
2a 2a

Bigmosigsb. Arkmo a < 2 + \/g, TO X = b; AKImO0 a = 2 + \/5,

2
2
TO X; = 9; x2=1+[1;aa J .

wnpn AKX B3HAUEeHHAX I[apaMeTpa a pPiBHAHHA

[ ]
\Ja ++a+x = x Mae JuIle OQUH KOPiHbB?

PosB’a3anuda. OckinbKu JiiBa yacTMHA PiBHAHHS HEBix eM-
Ha, To x > 0. Buxkonaemo samiHy: Va+x =y, Toni y = 0 i
a+y = x2. IlouaTkoBe piBHsHHS Halyle BULIAAY: /a +y = X,
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2

a+x=y? y2-x-a=0,

T06TO @ +y = x2. Maemo: {a+y = x2, -x2+y+a=0,
x>0, y>0; |x>0,y>0.

IMomamo mouneHHO piBHAHHA cucremMu: y? —x2 +y—x = 0. Pos-
KJIaZeMO JIiBY YaCTHMHY OTPHUMAHOIO PiBHAHHSA Ha MHOMHUKN:
y-x)y+x+1)=0.

Ockinpru x 2 0, y 2 0, Toy + x + 1 > 0, i piBHIAHHA piBHO-
cuJbHe DiBHAHHIO y = Xx. [loBepraroumch A0 PiBHAHBL CHUCTEMU,
Maemo: x2 — x — a = 0, x > 0. 3HaiifeMo JUCKPUMIiHAHT IHOTO
piBaaHHA: D = 1 + 4a Ta #oro KopeHi.

1) Hexait D = 0, 10610 a = -0,25, maemo: x2 —x + 0,25 = 0;
x = 0,5 — enuHUN KOPiHb PiBHAHHA.

2) Hexait D > 0, ajie oiH 3 KOPEHiB € Bix eMm- y

HuM. PosrasinemMo yHEKIi©0 y(x) = x2 — x — a.

Toxi oueBMIHO, IO AJsI TOrOo, MO0 ONUH 3 \0 /
KOpeHiB OyB [OOJZATHMM, a iHIOMK — Big eM- >
HUM, JOCTAaTHHO BUKOHaHHA ymoBu: y(0) < 0 y(0) x
(man. 13.4).

Auge y(0) = —a; Toxi —a < 0, To6TO a > O.

Bigmosigs. a =-0,25; a > 0.

Mau. 13.4

7 ERRES CRiTBKY KOPEHIB 3ajIe’KHO BiJf 3HaueHb MHapame-
° Tpa a mMa€ piBHAHHA (x + a)Vx2 -3x+2 =0?
PosB’szaunuga. 00macTs JONyCTUMUX B3HAUEHb PIBHAHHS
sHaligemo 3 ymoBu x2-3x+2 >0, To6To (x — 1)(x — 2) > 0,
omxKe, X € (—0; 1] U [2; +00).
Posp’sa3yroun piBHAHHSA, OTPUMAEMO KopeHi x; = 11 x, = 2 qua
OyIb-AKOT0 3HAUEHHSA IIapaMeTpa a Ta KopiHb x = —a. Ocranuin
Kopiab mae 3amoBosbHATH O3, To6TO —a < 1 abo —a > 2, mo
CIIPaBIKYETHCA 3a YMOBHU: a > —1 abo a < —2.
Axmo a = -1 abo a = —2, TO OTPUMAEMO KOpPiHb, 1[0 30iraTm-
MeThCcA 3 paHine 3HaigenuM (x = 1 i x = 2 BigmoBigHO).
fkmo & a < -2 abo a > —1, To X4 = —a — TpeTiii KOPiHb PiB-
HAHHS.
Bigmosigb. KM

oa < -2 abo a > —1, To piBHAHHA Mae TPHU
KopeHi, a axkmo —2 < a < —1

, TO PIBHAHHSA Ma€ IBa KOPEHi.

Q @ Ak piBHAHHA Ha3uBatloTb ippauioHanbHUMKU? @ FAK pPo3B’A3YOTb
PIBHSAHHSA Yx =a, pe a — uucno, y BUNAAKy MapHOro n i y Bunaa-

Ky HenapHoro n? @ Ak po3B’a3ytoTb PiBHAHHA ¥f(x) = ¥ g(x) y Bu-
nagky mapHoro n i BUNagKy HemapHoro n? @ £k po3B’si3yloTb piB-

HAHHA {f(x) = g(x) y BUNaZAKy NapHoOro n i BuNaaKy HenapHoro n?
® £k MOXHa pO3B’A3yBaTV ippaLioHarbHi PIBHAHHS, LLO MICTATb Kiflb-
Ka KBagpaTHUX KOPEHIB?
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g Posb ' sximo 3agaui ma buxonaime bnpabu

‘]_, 13.1. (¥Ycno.) dki 3 piBHAHB € ippallioHAJILHUMMU:

1) x —Jx = 8; 2)x-v5=8 3)y2+3y-8=0;
4)y2+3Jy-8=0; B)Jx-2=T7; 6)x- */_ =72

Yu e yucyo a KopeHeM piBHAHHA (13.2—13.3):

13.2. 1)/x-3=3-x, a =3 D¥2—x=Yx-2,a=1;
N Yx-a4=Y2x-11,a=5  4Jx+1=%Y3x-1,a=3?
133. 1) 8x-3=%3-x,a=2 DNYx-T=YT-x,a="T7;
3)V3x—-2=+bx-4,a=1  4)/2x+1=%3x-1,a=0?
Posp’sokiTs piBuanuga (13.4—13.31):
13.4. 1) ¥x = 2 2) ¥x = 0; 3) Jx = -2;
4) Yx = -1; 5) Yx = 1; 6) Yx = 2.
13.5. 1) Jx = 5; 2) Yx =1; 3) ¥x = -1;
4) Yx = -2; 5) ¥x = 0; 6) ¥x =1.
13.6. 1) Jx -7 =2; D Yx+1=1; 3)Yx2-9 =0;
HYx+3=-1 5)Yx2-1=-1;,  6)Jx2+8x =3.
137. ) ¥x+2 =15 2)Yx-3=-2 3)¥Yx2+4 =0;
4)82x -4 =2 5) Yx2 -3 =1; 6) Vx2 — 3x = 2.

9 13.8.1)V3x-2 = Jx;
3) Y2x -5 =45 - 2x;
5) Vx =/x% - 2;
13.9. 1) /2x + 3 = Jx + 5;
3)§/x—2:§/3x—4;
5) a2 = Yx 1 2;

2) Y4x -7 =Yx - 1;
4)Y2x -3 = Yx - 2;
6) Yx—8 =¥x2 +6.
2) 87 -2x =82x-7;
4) Yx -3 = Y3x - 5;

6) §x2 — 2x = Y—x.

13.10. 1) Jx +5 = x - 1; DVxZ2+1=x-1;
3)V2x2+2x =x+1; ) Jx+2=4-x.

13.11. 1) Jx +4 = x - 2; Va2 +4=x-2;
3)\2x2 +2x = x - 1; 4)Jx+1=5-x.

13.12. 1) {x)2 + 2¥x -3 = 0; 2) ¥x2 —28x —8 =0.

13.13. 1) Fx)2 + Yx -2 =0; 2) 4x2 —24x -3 =0.

13.14. 1) x2 +13 =35+ 213 + x2;  2) 41— &2 — 241 — 2 — 15.

13.15. 1) 22 —24 =15+ 2Jx2 —24;  2) 22 + 11+ /11 + 22 = 42.
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3 13.16.1)x+4=+4-6x—x?; 2)v-x2-6x+8-x=86.

13.17.
13.18.
13.19.
13.20.
13.21.
13.22.
13.23.

13.24.

13.25.

13.26.

13.27.

13.28.

13.29.

13.30.
13.31.

1)-x2 -8x+9 —x=5; 2) 4+ x = +/x2 — 4x + 30.
1)V2+Jx -3 =3; 2) Y3 -Jx+1=-1.
1)V3-3x+5 =1; D N1+Jx+7 =2.
1) x =3x8 + x2 - 2x - T; 2) Y3 +1=x+1

1) Yx3 +x2 +2x—5 = x3 2) x—2=7%x3-8.

1) Jx +24x - 15 = 0; 2)Yx-1-5Yx-1+6=0.
1) Yx-¥x-2=0; 2)Yx+1+3Yx+1-4=0.
1) Vx Vx -3 = 2x; 2)fo=%.
N 2) Vx4 =i
1)M+\/— 2) V6 —x +x = 3;
3)Jx+1- ﬁ= ) Jx+2-2x-3=1.
1) Jx—1+2x+5 =4 2) V10— x +Jx = 4

HVr+2-Jx-1=1; HJx+3-V2x-1=1
1) (x —4)V4x — x2 -3 = 0;
2)(x+2)\/x2—x+4:2x+4;

) (x+1Vx2 +x-2=2x+2;

4) (1 - x)Vx2 - =6 —6x.
1)(x—2)\/3—x2—2 - 0;
2)(x+3)Vx2+x+9=3x+09;
3)(B-x)Wx2 -bx+4 =6-2x;

4) (x +2)Vx2 —x-20 =12 + 6x.

1)Vt -2x-5=1-x; 2) 2x ++/12 - x* = 0.
1)2—-x =+x*-4x-16; 2)Jxt-2+x=0

Q 3a IOTIOMOTO0 3aMiHU 3MiHHOI pPOo3B’AKiTh piBHAHHA (13.32—
13.33):

13.32.

1) x2 - 2x ++/x2 - 2x +5 =
2) 4x — 4x2 + 812 + 16x — 16x2 = 33;
3) 6v81x2 + 54x + 45 = 35 — 6x — 9x2;

4)\/5x—6 _\/6x—7 _15.
6x -7 5x—-6
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13.33. 1) x2 + x +Vx2 + x + 7 = b
2) 4x + 4x2 + T/16x2 + 16x + 20 = 27;
3) 5427 + 54x — 81x2 = 31 — 6x + 9x;
5 \/5x—16 _\/7x—9 _7
7x-9 \5x-16 12
151 BCix 3HaueHb mapaMeTrpa a pos3s’skiTh piBaaaHA (13.34—13.35):
13.34. 1) a¥/x -1 = 0; 2)(a-DYx+7=0;
3@-8)¥Yr=a-3 4 (@-4J/x-2=a-2.
13.35. 1) adfx + 7 = 0; 2) (@+1)8x -1 =0;
3)@+5)¥x=a+5  4)(@-9YJx+T7=a+3.
Posp’sorirs piBuanna (13.36—13.37):
13.36. 1) V/3x +5 +/2x + 1 = +/x + 4;
2)V3x+1 —x =2x - 1;
3)Jx+3-+2x-1=1+/3x-2;
4)J2x -4 =3x-11 ++/x - 3.
13.37. 1) V2x + 7 + Ja + 3 = Jx + 4;
2)3x -2 -Jx-1=+2x-3;
3)Jx+1-2x-5=+/x-2;

) Jx+2=+2x-3 +Jx-1.

13.38. Ckinbpkm KopeHiB Mae piBHAHHS x2-5x+4-(x—a2)=0
3aJI€XKHO BijJ 3HAYEHB ImapaMeTpa a?

13.39. Ckinpku KopeHiB Mae piBHAHHS +x2-3x-4-(a—x)=0
3aJIeXKHO BiJ] 3HaUeHE IMapamMeTpa a?

Q Ilna Bcix 3HAUYeHb IIapaMeTpa 4 pO3B’SXKiTH pIBHAHHSA

(13.40—-13.41):
13.40. Vx2 —2x -3 + Jx2 —5x + 6 = av/x - 3.
13.41. Va2 +Tx -8 +Jx2 —x = ay/x — 1.
Posps’sikiTh piBHAHHA (13.42—13.43):
13.42. \3x2 —Tx+3 —/x2 -2 = /322 —5x -1 — /2 — 3x + 4.
13.43. \/3x2 -1 +/x2 +2 =/3x2 + 2x -3 +/x2 + 3x — 1.
\ 13.44. Arennisa «IIpecTu:x» 3aliMaeThbCs BU3BHAUEHHSIM peii-
- TUHTY (PEeHIB I BOJOCCA 3a CHiBBIITHOIIIEHHAM «ITiHA—
AKicTb». PelTHHr 0OYMCIIOIOTP HA OCHOBI cepemuboi Iimum P i
OIL[iHOK (pyHKIioHadbHOCTI F, aAKocTi @ i musaiiny D. Koxxen ok-
pemMuii IOKa3HUK OIIiHIOIOTh €KCIePTU 3a H-0aJIbHOIO IIIKAJION ITi-

auvu umcaamu Bim 0 mo 4. IlizcyMKOBUI peATHHT OGUUCIIIOIOTH
3a opmytoo R =3(F + Q)+ D - 0,01P.
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Y Tabauii 3a3HaueHO OIIHKY KOMKHOTO 3 IIOKa3HUKIB [IJd
KiTbKOX Momesel deriB. Busnaure, sKa Momesab Ma€ HATHUKUMN
peuTuHr i AKka — HaBUIIIUN.

Vonean || Coperma wina, | dywelo | stwiers | tusaitn
A 200 1 2 3
B 250 2 9 4
B 300 4 3 B
r 400 3 4 D)

13.45. [ToBeniTh, 1110 A OYAb-AKUX MOJATHUX UHUCENT 4, b i
C CIIPaBAKYETHCA HEPiBHICTH:

a+b b+c a-+c 1 1 1
S—+—+—
a?+b2 b2+c2 a2+c¢2 a b c

Tligzomyiimecs go bubuenra Hobozo mamepiany

13.46. Yu € unciao 4 po3B’sI3KOM HEPiBHOCTI:
1) 3x > 7; 2) —2x < -10; 3)x+ 2> 3;
4)Jx < 2 5) 3x+4>3; 6) ¥x > 12

13.47. YraxiTh gedAKi Tpu umciaa, IM0 € Po3B’A3KaMu HEePiBHOCTI:
1) 2x > 17; 2)Jx > 3; 3) L= 5
x

H¥x+1<1;, 5)Yx-2>2  6)¥x<o0.

IPPALIOHAIJIbHI
HEPIBHOCTI

‘ Hepignicmv Ha3uBaOTH IppAyioHAlbHOI0, SIKII0O BOHA
MiCTHTH 3MiHHY Il 3HAKOM KOpPeH:.

Posrasuaemo gedAki Buam ipparioHaJbHUX HepiBHOCTEI i MeTO-
oy iX pos3B’sA3yBaHHA.

1. Havinpocmiui Haiinpocrimumu BBa)KaioTh HEPiBHO-
ippayionantHi Hepienocmi | cri Burnany: Yx > a, Yx > a, Yx < a,

Yx <a,gea e R,neN,n=2.
SAxIo n — Hemapwe, TO IIiCJaA ITiTHECEHHA 000X YaCTUH HEPiBHO-
CTi IO CTelleHA 1 OTPUMAEMO HEPiBHICTb, PIBHOCUJIBHY JaHil.

w Poss’saszatu HepiBHicTh: 1) Yx > -1; 2)¥x <2
PosB’asanuda. 1) IlizHecemo o0MABI YaCTMHU HEPiBHOCTi IO
TPeTHOTO cTemeHs, MaeMo: (3x)3 > (-1)3, TobTo x > —1.
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2) Maemo: (¥/x)5 < 25, To6T0 X < 32.
Bigmosigs. 1) x > -1; 2) x < 32.
SKmIio n — mapHe UMCJI0, TO ITIiCJIsS IiZHeCeHHsa 000X YacTUH
HepiBHOCTI 10 creneHs n orpuMmaemo (Ha O3 HepiBHOCTI) HEpiB-
HiCTh, PiBHOCUJIBLHY AaHiii, jguiiie 3a ymoBu a > 0. OTike, mig yac

poO3B’A3yBaHHA HAWIMIPOCTIIINX HEPiBHOCTEHN IIPHU IIapHOMY 7 Tpe-
0a sBepraTu yBary Ha umcjo a ta Ha OJl3 HepiBHOCTI.

PosB’sa3aTu HEPiBHICTD:

cDYx>2  2Yr<1, HYx>-1;, 4)Wx<-s.
Poss’saszauua. 1) O3 mamoi HepiBuocti x = 0. Ha O3 mix-
HeceMoO IO YeTBepPTOr'o CTeNeHs HeBix'eMHi JiBy i mpaBy uacTu-

HE HepiBHocTi, orpumaemo: (Yx)* > 24, to6To x > 16. IIi 3Ha-
YeHHS X 3aJJ0BOJBHAIOTH i OI13.

2) OI13: x > 0. Maemo: (¥x)8 < 16, 10610 x < 1. Ase BpaxoBy-
roun O3, orpumaemo, mo 0 < x < 1.
3) OckinbKu 8x >0 nas Beix x 3 O3, pos3B’siBKaMu HEPiBHO-

cri ¥x > -1 OyayTh yci smauennsa x 3 O3 mepiBHOCTi, TOOTO
x = 0.

4) OckinbKu 19/; 2 0 miaa Bcix x, 1m0 3agoBosbHAIOTE O3 He-
piBHOCTi, TO HepiBHiCTH 19/; < -5 po3B’sA3KiB He Mae.
Bigmosigse. 1) x> 16; 2)0< x<1;

3) x = 0; 4) Hemae pPO3B’A3KiB.

AmnajyioriuHo po3B’A3YIOTh HEPiBHOCTi, KOJIU MHiJ] KOPEHEM MAae-
Mo pmeakruil Bupas f(x).

m PosB’si3aTu HepiBHicTB: ¥Yx +2 < 3.

« PosaB’asauudg. O/13: x + 2 > 0. Bpaxosyitouu OJI3, mics mis-
HeceHHSA 10 creneHa Maemo: 0 < x +2 < 34 Toxi —2 < x < 79.
BigmosBigs. -2 < x < 79.

2. Hepisnocmi euznsdy fAxmo n — HemapHe, TO IifHEeCEHHAM
) X IO CTEeIeHs Nl OTPUMAEMO PiBHOCUIBHY
Vi(x) > 1 g(x), HepiBHICTS.

Vi(x) = {g(x)

eSS PosB’a3aTu HEPiBHICTD: Yx+1>%5-3x.
- Poss’asanmuga. Maemo: x+1 > 5-3x, Todro x > 1.

Bigmosigs. x > 1.

Ao n — nmapue, To O3 HepiBHOCTI BU3HAYAEMO i3 CHCTEMMU:
f(x) =0,
{g(x) = 0.
CTUH HEPiBHOCTI ’{/@ > M matumemo: f(x) > g(x).
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Ockinpru g(x) = 0 (ma O03), a f(x) > g(x), To ymoBa f(x) >0
BUKOHYBATUMEThCA aBToMaTuuHo. OT:Ke,
Q AKII0 n — TmapHe, To HepipmicTs Yf(x) > Y g(x) piBHOCKHIDL-
)
f(x) > g(x),
g(x)=0

Ha cHCTeMi HepiBHOCTEH {

Amnasnoriuno:

d; HepienicTs Yf(x) 2% g(x) pirHocunbHA cucTeMi HepiRHOCTEH
{f (%) > g(x),
gx) =0

m PosB’a3aTu HEPiBHICTD: Yo2x -1 > Y3x - 2.

PosB’as3auusa. HepiBuicTh piBHOCHIBHA cHCTEMI:

2x—-1>3x -2,
3x—-220.
x <1,
_x>_]-’ 2
Poasp’saxkemo ii: 2 —<ux<l1
3x =2 2; x > g; 3

BigmoBins. §< x < 1.

3. Hepienocmi euznsndy Posrisnemo HepiBHicTs /f(X) < g(x).
V(%) < g8(x), Ockimprm +/f(x) =20, a g(x) > f(x),

TO Mae BHUKOHyBaTucsa ymoBa g(x) > 0.
Vi (x) < g(x) g | 3a miel ymMoBU migHOCHMO IO KBaapaTa

00MABI YaCTUHU MMOYATKOBOI HEPiBHO-
CcTi, IO € HeBiZ €eMHMMH, i OTPUMAEMO HEPiBHiCTb-HACJIIIOK:
f(x) < g2(x). OCcKinbKY Ile HEePiBHICTb-HACIILOK, AOIOBHUMO ii II1e
mepiBHicTIO mua O03: f(x) = 0. Orixe,

t. HepinHicTs /f(X) < g(x) piBHOCHMIIBHA cHcTeMi HepiBHOCTel
f(x) < gz(x),
f(x) =
g(x) > 0.
Amnajoriuno

Q HePIiBHICTH \/f(—x) < g(x) piBHOCHIBHA cHCTeMi HepiBHOCTEH
f(x) < g%(x),
f(x) >0
gx) >0

9
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I ENRRGS Poss’asatu HepiBHiCTb: V2x+1 < x —1.
*« PosB’asanHsa. MaeMo piBHOCUJIBHY HEPiBHOCTiI cHUCTEMY He-
piBHOCTETI: |

x2—4x >0, o1 x

2x+1 < (x-1)2,

1

2 1> 0’ > -=, —luunp i,
X+ x B B I

x—1>0; x>1. 2 |
Orpumaemo, 1o x > 4 (mana. 14.1). 1 Pox

Bigmosigs. x > 4. Mau. 14.1
4. Hepisnocmi euznady PosrasgmemMo  HepiBHiICTL  BUIIIAAY
) > £(x) JF(x) > g(x). Ti O13: f(x) > 0. fAxmo
5 § g(x) <0, To a1a 6yab-axoro x iz O3

Vi(x) = g(x) HepiBHiCTH Gye IpaBUIBHOIO.

Armo & g(x) > 0, To o6uxasi uac-
TUHU HepiBHOCTI € HeBim emHumu. IlimHecemo ix g0 KBajapara,
matumeMo: f(x) > g2(x). Ockinbru g2(x) = 0, a f(x) > g2(x), TO
HepiBHicTh f(x) > 0 (O3 HepiBHOCTI) BUKOHYETHCA AaBTOMA-
THUYHO.
Or:xe, TiZCyMOBYIOUM, MAE€MO:
Q HepiBHiCTH \/% > g(x) piBHOCHMIBHA CYKYIIHOCTI cHcTeM
o
g(x) <0,
f(x) > 0;
{g(x) >0,
f(x) > g2(x).

Amnajoriuno

d HepipHicTh /f(X) > g(X) piBHOCHIBLHA cyRymHOCTI cHcTeM
L ]

g(x) <0,

f(x) = 0;

g2(x).

KBagparna nyskxa osHauae o6’emHaHHSA (3HAK CYKYITHOCTI),
TOOTO KOKHY i3 cucTeM HepiBHOCTel Tpeba po3B’sA3aTu OKPEMo, a
y BigmoBizi oTpuMaHi pesyJsbTaTy 00’€THATH.

I EENAS PosB’a3aTu HepiBHiCTB: V2x +3 2 X.

° PosB’asanHHsaA. HepiBHicTb piBHOCUJIBHA CYKYIITHOCTi CCTEM:
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+3 0: *
x>0, »m 5‘
2x + 3 > x2. -1 3%

Man. 14.2
-1,6<x<0
x+3 0;
x =20,
2) 0 < x <3 (man. 14.2).
2x+3/x2 -1<x<3;

O0’emuyioun oTpuMaHi B myHKTax 1) i 2) pesayabraTu, Maemo:
-1,5< x < 3.

Bigmosigs. —1,56 < x < 3.

5. Pose’asyeanns HepiBHocTi Burnamy

ippayionansrux Jf(x) £/g(x)>a (abo > a, < a, < a),
HepigHocmell, Wo '_
micmamov kiavka Ie a € R, \/f(x) J_r\/g(x) >\/t(x) Ta IiMm
K6a0pamHuxX KOPeHiE nofibui moymHAaEMO pO3B’A3yBaTM 3i

—  sHaxomxeHHa OJI13 mepiBuocri. Ilicaa
IIOT'0 3aCTOCOBYEMO IIPUHAOMM, BilOMi HAM 3 pO3B’A3yBaHHS Bif-
MOBiAHMX PiBHAHB Ta HAWIPOCTIININX HEPiBHOCTEIA.

I'IpMKnaA 3} Poss’sizaTu HepiBHICTB: VX +6 —Vx -2 > 2,

x+6 =20,

Mae-
2> 0;

b

PosB’as3anuada. 3uaigemo O3 HepiBHOCTI: {

MO: x = 2.
Ilepenecemo Bupas Nx — y TIpaBy 4dYacTUHY HEpPiBHOCTI:

Nx+6 2 2++x -2, o6 061/1/1B1 YaCTWHU HEPiBHOCTI cTajam He-
Bigm’emuumu. IligHecemo ix mo kBaapara. Bpaxosymouum O]J13,
MAa€EMO CHCTEMY, PiBHOCUJIbHY NaHi HEPiBHOCTI:

x = 2,
XxX+62>24+4Jx -2 +x-2.

x = 2
PosB’sa:xemo ii: ’ omxe, 0 < x-2 <1, TobTo 2 < x < 3.
x—-2<1;

Bigmosigs. [2; 3].

6. Pose’asyeanns Hesiki 6iJ_II>H_[ CKJIanHI ippanioHanbHL
ippayionansrux HEePiBHOCTI, [OIIePeAHbO 3alucaHi y BU-
nepignocmeii memodom raani fx) > 0 (abo f(x) = 0, f(x) <0,
inmepeania f(x) < 0), me f(x) — ippamnioHanbHUMI
~——— BuUpa3, 3pyYHO PO3B’I3yBATU METOAOM
inTepBaJiB. CI-COpI/ICTaGMOCﬂ BLAMOBIAHUM aJITOPUTMOM i3 § 6 (c. 58)
Ta 3aCTOCYEMO I10T0 10 PO3B’A3yBaHHA ippalioHaJIbHUX HEPiBHOCTEIA.
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Posp’asatu HepiBHiCTB: (x — 2)Wx2 +16 > x2 — 4.

. PosB’sazauuda. IlepenuiiemMo HepiBHiICTH y  BUIIAII:
(x —2)(Vx2 +16 — (x + 2)) > 0 i posriaHeMO QYHKIIiO:
f(x) = (x - 2)(Nx2 +16 — (x + 2)).

OI13 mepiBHOCTi: X € R.
3uatinemo HyJi GyuKIii f(x), po3B’A3aBIIN PiBHAHHA:

(x - 2)Wx2 +16 — (x +2)) = 0.
Maemo: (x —2)(vx2 +16 — (x + 2)) = 0;

x =2,
— + —_
Vx? +16 = x + 2; < * >
. 9 3 . 2 3 x
3BiIKU OTPMMAEMO, IO X = 2; X = 3 — HYJI
- P = Y Mau. 14.3

pyurmii f(x).
Yucnaa 2 i 3 mosHaumMO Ha YMCJIOBiil oci Ta BM3HAUMMO 3HAK
Gyurmii f(x) Ha KOXKHOMY 3 OTPUMAaHUX IPOMiKKiB (Mas. 14.3).
OT:xe, MaeMO PO3B’A3KU HEPiBHOCTI:

2< x<3.

BigmoBigb. 2 < x < 3.

NG ERNIE Po3B’a3aTy HEPiBHICTE: S-xtdx+l > 5.

x
o - .
« Posp’asaumusa. IlepenuimemMo  HepiBHiICT y  BHUIJISA-
V3-x+4x+1 .
i -5>0, copocrumo Ii JriBy 4yacTuHy:

X

V3—-x+1-x V3-x+1-x
x

> 0 i posrasimeMo (pyHKIiI0 f(x) =
x

D(f) = (=905 0) U (0; 3]. ITosmauumo umucao 0 — TOUKY PO3PUBY
¢yukmii Ha ymcaoBiii oci. 3Halimemo HyJi QYHKIIiI, po3B’aA3aB-
. V3-x+1-x ,
mu piBHAHHA ———— = 0. OTpumMaemo, 1110 X = 2 (PO3B’A-
x

JKiTh piBHSAHHA camocTiiino). ITosHaunmo umesao 2 Ha Tikl camiit
YKUCJOBiN oci.

Ha KoHOMY B3 OTPHMAaHMUX MOPOMIiMKKIB T

(=205 0), (0; 2), (2; 3] BusHAUMMO 3HAK 0 2 3X
dyurmii f(x) (man. 14.4). Otxe, 0 < x < 2.
Bigmosigse. 0 < x < 2. Maur. 14.4

Posrinsamemo ippamioHasbHi HepiBHO-

7. Ippauionanwvri .
cTi 3 mapameTpamu.

HepigHOCMI
3 napamempamu

mﬂnﬂ BCiX 3HAUeHb HmapaMeTpa a PO3B’A3aTU HEpPiB-

° HicTh (a+2)§/; > a+2.
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:PosB’asauusa. Posragmemo Tpu Bumagku: 1) a + 2 = 0;
2)a+2>0;3)a+2<0.

1) a + 2 =0, To6T0 @ = —2. Toxi maemo HepiBHiCTH: 0%x >0
omTKe, X — Oyab-axke uuciao 3 OI13 sminHOi, ToOTO X = 0.

2)a + 2> 0, TooTo a > —2. Iloxgimumo o0uABI YacTUHU HEPiBHO-
cri Ha a + 2, ge a + 2 > 0. Maewmo: %21, Tomi x = 1.

3)a+ 2 <0, TooTo a < —2. Iloginumo o6uABI YacCTUHU HEPiB-
HocTi Ha a + 2, ne a + 2 < 0. Maewmo: 9/;<1, Tomi 0 < x < 1.

Bigmosige. Aximo a < -2, to 0 < x < 1; axkmo a = —2, TO
x 2 0; axmo a > -2, Tox > 1.

m IIpu AKWMX 3HAUEHHAX IIapaMeTpiB a i b MHOXHMHA
* po3B’s3KiB HepiBHOCTI Jx—a >+2x —b s6iraetsesa s IIPOMiK-

KoM [3; T7)?
PosB’s3anuda. Maemo cucrteMy HepiBHOCTEH, PiBHOCHUJIbHY
IaHill HepiBHOCTI:

x—a>2x-0b, . x<b-a,
TOI1
2x —b > 0; A x>g.

MuoxuHa PO3B’A3KIB MOYaTKOBOI HepiBHOCTI 36iraTuMeThCcsa 3

mpoMiskKoMm [3; 7), akmo b —a =71 b = 3. OT:xe,
b-a="1,
a=-1,

b_g M {b _6.
2

Bigmosigs.a=-1;b=6.

@ fK po3B’sA3yl0Tb HANMMPOCTILLI ippauiOHaani HepiBHOCTI Ans He-
napHOro n i sk — Ans napHoro n? @ 7k po3B’sA3ylTb HEPIBHOCTI BU-

rnagy \/f(x) > \/g(x) \/f(x) \/g(x) [N NapHoro n i Ak — ana
HenapHoro n? @ Sk po3B’A3yoTb HepiBHOCTI BUrnaay +/f(x) < g(x),

JF(x) < g(x)? @Sk pose’a3yoTb HepisHocTi BUrnaay +/f(x) > g(x),

Jf(x) = g(x)? @ Sk po3p’A3yoTb ippaLlioHanbHi HepiBHOCTI, Lo
MICTSTb KiflbKa KBaZpaTHUX KOPEHIB?

§ Fosb sxims 3aga4i ma buxonaime bnpabu

{1 14.1. Ym € yucmo 64 po3B’sI3KOM HEPiBHOCTI:
1) Yx > 3; 2) ¥x > 2; 3) Vx> T;
4) Jx < 5; 5)3x >4,  6)¥x <42
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14.2. Yu € uncao 16 pos3s’sa3K0OM HepiBHOCTI:
1) Jx > 9; 2) Jx < 8; 3)Vx > 4;
HYx <2 5 Yx<s; 6) ¥x > 3?
Posp’sokiTes HepiBuicTs (14.3—14.10):
143. ) Jx>2  2Vx <3  HYr<-1 49 Yx>-3
5) Y > 1; 6)¥r<-2 DY¥x>2  8Yx<1
14.4. 1) Jx > 5; DVr<z  HYxr>-2 HY¥x<-1
5)3x > -2 6)Yx <3; 7 Yx < 3; 8)¥x >1

@ 145 HVYx+1>1 DYx-2>1
3)\/x+3<5; 4)Jx -2 > -5,

14.6. 1) ¥x-1<2 2)¥x+2>1;
3)J—< HJx+7 > -

14.7. 1) Yx2 - 10x + 81 > 3; 2) V38x2 +10x +7 < 2.

14.8. 1) Yx2 + 2x +16 > 2; 2) Va2 —bx+4 <2

14.9. 1) /3x + 2 > V1 - 2x; 2) Yx -1 <Yx2+x-5.

14.10. 1) ¥2x +3 > ¥3 — x; 2)Vx+1 <x2+x-8.

14.11. 3uaiigiTh HAWMEHIIIUHN HATypaJbHUIN PO3B’A30K HePiBHOCTI
Y3x2+7 > Y +11.

14.12. 3maiifiTe HaWMEHINNH IiJIWA PO3B’SA30K HEpPiBHOCTI
¥x2+5 < ¥Yx+11.

Posp’sikiTh HepiBHicTs (14.13—14.16):

14.13. 1) Jx < 2x - 1; 2)Jx-1< %;

3) 5a2 + 61x < 4x + 2; 4)\J2x2 —6x+4 < x +2-
14.14. 1) Jx < x - 6; )V2x-1<x-2

3) J(x —4)(5x + 41) < 4x —14; 4) /242 —12x + 16 < x + 4.
14.15. 1) Jx -1 >3- x 2)V2-x>x;

Va2 +x-6>-1-x; 4)(x+3,5)3x-0,5) > 4x-10.
14.16. 1) Jx > x - 2 2) V6 —x > x;

3)NVx2-2x-24 > x-2; 4)(x+5)3x+4) >4x -4,

CrinpKu 1mismx pos3B’A3KiB Mae HepiBHicTh (14.17—14.18):

14.17. V4 -3x —x2 > x + 1. 14.18. V11— x < x -

Posp’sikiTs HepiBHicTh (14.19—-14.24):

14.19. Jx+7 —Jx > 1. 14.20. Nx+3 —Jx > 1,
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14.21. 1) 2x - 5J/x + 2 < 0; 2) ¥x +3%x -4 > 0.
14.22. 1) 2x +3Jx -2 > 0; 2)Yx +Wx-2<0.

@ 1423. 1)Vx-1+6-x>3; 2)Jxr+7-Jx-1<Jx+2
14.24. 1) Jx -2 +7-x < 3; 2)Vx+8 -Jx >\Bx+1.

Hns Bcix 3HaueHb MapameTpa a Pos3B’sKiTh HepiBHicTh (14.25—
14.26):

14.25. 1) (a + D3x < a® - 1; 2@-28x+2>a-2
14.26. 1) (a - 2)¥x > a2 - 4; 2@+3)x-1<a+3.

14.27. Tlpu AKUX 3HAUYEHHAX IapaMeTpiB ¢ i d MHOKMHA PO3B’ABKiB

HEPiBHOCTI Yx—c > Y3x —d s6iraerses 3 mpomizkkoM [1; 5)?
14.28. Ilpu aKuxX 3HAUEHHSAX IapaMeTpiB a i b MHOKMHA PO3B’A3KiB
HepiBHOCTI §/2x —a < Yx - 2b s6iracrses s mpomizkkoMm [3; 9]?
14.29. 3maiigiTs yci miii poss’ssky HepiBHOCTL v X2 —2x -3 < 2x+2,
AKi 3a/[0BOJLHAIOTL YMOBY |x| < 5.

14.30. 3HaiigiTe yci i poss’a3ku HepiBHOCTL v x2—-3x-10 < 2x+4,
AKi 33710BOILHAIOTH YMOBY |x| < 6.

Posp’sxiTh HepiBHicTs (14.31—14.32):
14.31. 1) (x2 + 8x + 15)Vx + 4 > 0;
2) (8x2 —30x + 25)/3x —x2 -2 > 0;
V6 + x — x2 < V6 + x — x2
x+4 2x+5
14.32. 1) (18 — Tx — x2)/6 - 8x < 0;
2) (8x2 —4x +1)v25x2 —20x + 3 < 0;
V12 + x — x2 > V12 + x — x2
x—-11 2x-9
Q PosB’s:kiTh HepiBHicTL MeTomOM iHTepBaiB (14.33—14.34):

14.33. 1) (x—Wa2 19 < x2—1; g Y2-x+4x-3 .,
X
9x2 — 4 Vx2 -3x-4-3x+16
3) X % <3x-2 4) >
Vvhx2 -1 6—x
14.34. 1) B+ x)9aZ +16 < 64— x2 2) X -0+V5-dx
X
2 _ 2 _
34x*-9) _y o 5 Vi +x—6+3x+13

3 -_ 7
) V3x2 -3 x+5

14.35. [Ins Bcix 3HaueHb ImapaMeTpa a Pos3B’sKiTh HepiBHiCTH
va+2x > x.

3)

3)

1.

1.
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14.36. IIpu AKuUX 3HAUYEHHSAX IIapaMeTpa m pPoO3B’sI3KOM HepiB-
HOCTi Vm?2 —16x2 > 38x € Bimpizox zaBmoBxkKu 0,9?

14.37. Ilpu axkux 3HAUEHHAX mMapamMeTpa b po3B’sI3KOM HepiBHOCTI
N4x—-b 2 x+1 e Bimpisok 3aBHOB:KKU 17?

14.38. Bigomo, 1110 B CepesHbOMY 80 % KypiiB CTPaKJAIOTh

-V Ha 3aXBOPIOBAaHHS JereHiB. SHaAWAITh MPUOJIU3HY KiJbKicTb
0016 y AKUX MOKe OyTH BUSBJIEHO 3aXBOPIOBAHHSA JIETEHIB, cepep
MEIIIKAHIIB JesIKOro HaceJIeHOro IIyHKTY, AKIo 1800 ocib 3 HuX €
KYPI[SIMU.

14.39. (Hauionaavna onimniada Boazapii). I3 Tpbox pis-

HUX nudp X, Yy, 2 CKIaLeHO BCi MOKJIUBI TpunudpoBi yuc-
jga. CyMma mux 4duces yTpudi Oijblna 3a TPUIU(MPOBE UUCJI0, KOMK-
Ha nudpa axKoro mopiBHIOE x. SHaAUAITE UbPH X, Y, 2

Tligeomyimecs go bubuenns Hobozo mamepiany

14.40. IlopaiiTe y BUTJIAIL CTeIeHA:

1) 3 ocHoBOMIO 2 ymecaa 16; 2; 1 1
4’ 128

2) 3 ocuoBomo 10 ywmcsaa 0,001; %; 10; 100.

14.41. OGuuciTh 3HAUEHHSA BUPA3Y:
1) 872 2) 273; 3) 49 + (-1)8 + 175

1) 13
4)3(§J ;5 T1+52-0,11  6) (25) .

14.42. TlomaiiTe BUpas y BUTJIAL] CTEIIeHA 3 OCHOBOIO 4:
1) ata't;  2) a?a2all; 3)a’: a3 4) a™8: a3;
2v7 1y-6 1)4 . (42)2 (@®)’a”t
5)(@?);  6)(a)yS-a; T (@ht-(a®% 8t
(@)
14.43. OGuuciiTh 3HAUEeHHS BUPA3iB, BUKOPUCTOBYIOUU BJIACTHU-
BOCTi CTeIleHiB:

1) 273. 212. 2710, 2) 773:72. 493
38 .47
3) (5%)6 - (257%) % 4) 9. 911"

14.44. CopoctiTh Bupas:
1) (x71 +38)% - 6x7%; 2) (a?+y)a? -y +y%
3) p3(p?+6)-p2(p-5p'); 4 (ml+2)(m!-3)-m2
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ﬂ CTENIHb 3 PALUIOHANIBHUM MOKA3HUKOM,
@ WOro BINACTUBOCTI. NEPETBOPEHHSA
BUPA3IB, LLIO MICTATb CTENIHb
3 PALUIOHANIBHUM MOKA3HUKOM

Y momepenHix Kjacax MU PO3IJIALaJN CTeIleHi 3 HaTypaJbHU-
MU Ta i3 IIINMHN HOKaA3HUKAMU.

IlpuragaeMo OCHOBHI IIOHATTS, IIO-
1. OSIfa‘LeHH,ﬂ cmenens purazgae . ’
3 payionanbHUM B’sA3aHi 3i cTemmenem:

NOKA3HUKOM aaa-...-a =a" — CTeHiHL, a — OCHOBa,
%/—/
n MHOYKHUKIB

n — IOKas3HUK, a € R, n € N, n > 1;

1
al=a,neacR; a®=1,0ea#0; a®"=—,nec N,a=0.
am™ 4
Tenep po3ragHeMO IOHATTS CTelleHd A BUpasiB tumy 35; 20-3;
1

8 3 TOII10, TOOTO MJIdA cmenens 3 pauionaﬂbnum NOKA3HUKOM.
m

OsHaueHHs CTeHeHs 3 PAI[iOHAJLHUM MTOKa3HUKOM an IIPHU-
ponHOo cdopMmyJoBaTH TaK, Io0 BiH MaB Ti cami BJIACTHBOCTI,
10 ¥ paHillle BUBYEHI HAMU CTEIEeHi i3 IiJIuMu TOKa3HUKaAMU.
Tax, HaIpUKJIaL, Ma€ CIPaBAKYBATUCSA BJIACTUBICTH MHiJHECEHHS

m n
crenenda mo creneHs (alf)? = aPi. Tomi (an) =qaq™, a ToMy, 3a

O3HAUYEHHAM KOPEHs N-T0 CTeleHs, MOKHa MiATH BMCHOBKY, IO
m

an Mae OyTH KOpeHeM n-ro cremeHs i3 uwmciaa a™. Orike, chop-
MYJII0EMO O3HAYEHHS CTEIeHs 3 PalliOHAJbHUM IIOKA3HUKOM:

Q agmo a¢ > 0, m — mijge Yuelxo, n — HaTypaJdbsHe uncio (n > 1),
m n/
* To cremeHeM uUHCIa @ 3 MOKA3HHKOM — € Bupas va™,
n

TOOTO
m

an =Yam,

1 3 3
Hanpukaag, a2 =+Ja; b5 = é/b_?’; 703 =710 = 73,
1 -1 3 -3
22=22 =421, 18 4 =184 =183,
-1

(x-y "2 =(x-ys =Yx-y*.
1 3 1
I, masmaku, V12 =122; Y73 =74; 934 = (3a)9;
4 3 5
Y31 =385 =308 §27 =¥3% =38; {(a+b)® =(a+b).
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m
Axmo a = 0, To 0" = 0 giua r > 0, romy Or mae 3micT, AKIIMO
1
m i n — HarypasabHi yncaa. Bupasu 0 2, 003 romo — He MalOThH
. b
3MicTy. m

3ayeanxcenns. 1) Ockinpku a > 0, To oueBUIHO, an >0 mus

OyIb-AKOTO0 HATypajabHOro n i migoro m. 2) Ias a < 0 creminb
m

i3 mpo6oBMM TOKA3HWKOM an He BusHaueHwuii. Ile He BUMAIKO-
1 2

. 1 2 .
Bo. OcKinbKUu § = E’ TO MAae€ CIIpaBI)KyBaTUCA PIBHICTH a3 = ab.
Posrnsmemo, HanmpukJazm, BUIAIoOK, Koau a = —1. Toxi, 3a ¢dop-
m

MyJo0 an =Xa™, maemo:

1 2
13 =8 1=-1iCDs=Y12=%1=1%-1

1

Or:xe, akmio a < 0, To a3 # a6. Tomy BuilleHaBeJeHe O3HAUEH-

HS CTEmeHsA 3 APOOOBUM IIOKA3HUKOM [IJIs Bil’€MHMX 3HAUCHDb a4
1 1

He poO3TIAfaoTh. Bupasu (-1)3; (—4)%5; (-1,3) 8 Tomo — He Ma-
I0Th 3MicCTy.
1 4

ﬂm OGuncmTH: 1) 252 2) 64 3; 3) 3615 4)32 5.
P03B A3aHHAI. 1)252—\/ =5;

2) 6475 = 3g4-1 = 36_4 - l;

4

3
3) 3615 =362 = /363 =623 =63 = 216;
4 5
A st 1 i 1 1
4325:532_4:5—:—:—:_.
) 324 5/25.4 24 16

1 1
Bi oBigmw. 1) 5; 2)— 3)216; 4) —.
nmoBings. 1) )4 ) )16

2. Bhacmueocmi cmenens
3 PayioHanbHUM
NOKA3HUKOM

1

Creminb i3 paljioOHAJIBLHUM IIOKA3HU-
KOM Mae yci Ti cami BaacTmBOCTi, IO
M cTemiHp i3 IIiaIMM ITOKa3HUKOM, a
— came:

akmo a > 0, b > 0, p i ¢ — panioHansHi yneaa, To:

aP - a4 = aP*q; (ab)? = aPbP;
aP :al = alP ¢ a aP
(aP)? = aP; b 2
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Yci 3asHaueHi BJIaCTHUBOCTI JIETKO JOBECTU, BUKOPUCTOBYIOUM
O3HAUYEHHS CTEeNeHsd 3 PallioOHAJbHUM IITOKA3HUKOM i BJIACTHBOCTI
KOpeHdA 71-T0o cTemeHd, ki mu moBeau B § 10.

HoBememMo, HAIPUKJAL, BJIACTUBICTHL HPO OOOYTOK CTEHeHiB.
3amnuIemMo palioHaJbHI umciia p i ¢ y BUrasazni apobiB 3 omHa-
KOBUMHU 3HaMEeHHUKaMu (dK Bimomo, Oyab-AKi aABa ApoOM MOKHA
3aBIKIU 3BECTU MO CIIIJILHOTO 3HAMEHHUKA).

k
E ) ok

Hexait p :%; q :TZ. Toxi a? -al =at -at =4af Yak =

Ry +kg k71+k72

:(/ak1 .ak :{/akﬁkz =a t =aqat t =qgPt,

Orwxe, a? -al = aP*q,

s cremeHs 3 paljioOHAJbHUM IMOKA3HUKOM CIIPaBIKYIOTHCS i
Taki BJIACTHUBOCTI:

Q armo a > 0, b > 0, p — panioHaibHe YNCIO0, TO
1 a\? (b))
aPt=—j;5 |—| =|[—|.
aP b a

m Cl’IpOCTI/ITI/I Bupas: 1) a2 a 3 2) x08 : x~1.2;

1
3) (b5) 5 4) Wy -yt L 5) (8m3) 3.
L B (1) 1
Poss’aszaumna. 1)a2-a 3 =a2 \ 3/ =qa6;
_4 75(7%
2) x0,8 : x—1,2 — xO,S—(—l,Z) — x2; 3) (b—5) 5 — b 5) — b4;

4) (\/g,ylﬂ)—l = (y08 - ybT) 1 = (yOslT)1 = (y22)1 = y22(-1) = 2.2
1 1 1 gL
5)(8m3) 3 =83-(m3) 3 =81 .m ) :§/%~m:%m.
W 3Ha1/1'r1/1 3HAUEeHHA BI/Ipa3y

1) 49°05; 2) 164, 3) 0,125 3

PosB’asanua. 1) 49705 = (72)705 = 72:(-05) = 7-1 = l;
3 3 48
1 4 4 4 4 4
3) 0,125 '3 = (ﬁj - (1) @)= =2"3-21-16.
1000 8

BigmoBigs. 1) %; 2) 8; 3) 16.
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3ayBa)KIMO, II[0 B OCTAHHLOMY IIPUKJAAL OOUMCICHHS MOYKHA
0yJI0O BUKOHATU 324 O3HAUEHHSM CTeIleHsa 3 APO0OBUM IIOKA3HU-
KoM, ToOTO, gk y IIpukaani 1 mporo maparpada.
1 1 3

O6umciuru: 1) 363 : 36 6;  2) (7-05) 5. 717,

. Poss’azaHuada.
11 L[i) 1.1 1
1) 363 : 36 6 =363 \ 6/ =363 6 =362 =+/36 = 6;

_3 70,5-(3]
2) (7-05) 5 .7L7 =7 5) 71T _ 703+1,7 _ 72 _ 49,

Bigmosigse. 1) 6; 2) 49.
m [Mo6yaysaru rpadik Gyukrmii y = ((x —2)0-25)-4,

e« PoaB’asauvuga. D) = (2; +o0). Cuopoctumo ¢opmy-
. 1y ¢ysEOii Ha D(y), matumemo: y = x — 2. I'padik dyHKmii
y = ((x — 2)70:25)~1 zo6paxkeno Ha manoHKy 15.1.

y“y L ((x . 2)‘1)44

Ky

o] 12
Mau. 15.1.

3. ITepemeopenna PosrasgraemMo Ha mIpuUKJIagax TOTOMKHI
IepeTBOPEeHHA BHUPA3iB, IO MiCTATH

supasis, Axi micmamu .
cmeninwy 3 payionansrum  CTETEHI 3 IPOOOBUM IIOKA3HUKOM.

NOKA3HUKOM

1 1 1
Cunpocruru Bupas: 1) 3x2 [2 - xzj —6x2;

: 1 1)? 3
2) (aA + azJ — 2aZ; 3) (x1,5 + y2,5)(x1,5 _ y2,5).

1 1 1 1 1
PosB’asanud. 1) 3x2(2—x2]—6x2 = 6x2 —3x — 6x2 = —3x.

11 3 1@ 11 1?3
2) {a4 +a2J —2a4 :[a4] + 2a4a2 +[a2J —2a4 =

1 3 3 1
=a2 +2a4 +a—-2a4 =a2 +a.
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3) (215 + y25) (b5 — y25) = (x15)2 — (y25)2 = x3 — 4.
1
Bigmosigs. 1) —-8x; 2)a2 +a; 3)x3— yb.

G ERREAS  CopocTuTu BUpas

( 05 . 20,5 j xy®® + yx05

x — x05y05 |y — x05y05 x—y

i 3HAWTHM HOTO 3HAUEHHA, AKIIO X = 25, y = 36.
PosB’a3aHHa4a. Beegemo nosnauenna: x0° =a; y%® =b.

Toxi x = (x95)2 =a?; y=(y*5)2 = b2 Ilepenumemo Bupas i
CIIPOCTUMO HOTO:

b L_a . a’b+b’a b a __ab(a+b)
a?-ab b%2-ab) a?-b? a(a-b) bla-b)) (a+b)a-b)
(b2 -a%)-ab _ (b-a)b+a) b+a yo® +x05

:ab-(a—b)(a—b) (a-b)a-b) b-a yo —x05’

3HaliileM0 3HAUYEHHA OTPMMAHOTO BUPA3y [IJd 3aJaHUX 3HAYEHb
3MiHHUX X i Y.
yo® +x05 3695 +25%5 6+5

Y05 — x05 3605 —2505 6-5 1.

Axmo x = 25, y = 36, TO

y0,5 + x0.5

Y05 — 05 L1.

BigomoBings.

W7 ERES  IToBecTH, IO 3HAUEHHSA BUPa3y

(x% + y;)S @lx - Fy)?

+
3,2 3[.1,2 21 12
x+y+\/xy+\/xy X—y— x3ys + x3ys

He 3aJIeKUTH BiJ 3HaUeHHS 3MiHHUX.

Pos3B’sazamnasa. [losHaunmo x3 = §x =a; y3 =3y =b.

(a +b)3 (a - b)3
Maewmo: + =
a3 +b3 +a?b+b%2a a3 —-b3—a2b+ ab?
3 _ )3 2 RV
(a+0b) N (a-0) _(a+b) N (a-0b) _

h (@+b)a?+b2) (a2+b2)(a-b) a2+b2 a2+b?
_a?+2ab+0b%+a?-2ab+b?  2a%+2b2  2(a®+0b%)
a? + b2 a? + b2 a? + b2

OT:Ke, 3HAUEHHs BUpasy He B3aJeKUTh BiJl 3HaUEHHA B3MiH-
HUX. W
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4. 3naxodncenna 3HAUEHD
cmenenie 3a 0onomozor0
KanibKynamopa 460
xomn’romepa

s obunciieHHs 3HAUEeHb CTEIeHiB y
OiJIBIIOCTI KATBKYJISTOPiB BUKOPHCTO-

BYIOTH KJIaBilry (y mesaxux KaJjb-

KyJIATOpax Iie KJasimia abo ).

[ GE S O6UunCanTy 3 TOYHICTIO o TucauHnx 81:2,

- P
8,
1

03B ’sI3aHHA. CnoanRy BBOAMMO OCHOBY CTE€II€HdA — 4YMCJIO

IOTiM HATHCKAEMO KJAaBiITy , Jali TOKA3HUK CTeIeHs

,2 1 Kiasimry . OKpyriamoeMo oTpuMaHe 3HAUEHHS OO THU-

caunnx: 812 ~12,126.

BaYBaHCI/IMO, U_IO B HOeAKUX KaJIBKYyJdTopaX IIOPAAOK oburc-

JIeH

b MOXKe OyTu igmuM, TOMy mepes BUKOPHCTAHHAM KaJlbKyJId-

TOopa pagmMO 03HANOMUTHUCS 3 lHCTPYKlIIGIO.
Taxoxx 3a JOIIOMOTI'OI0 KaJIBKYJIATOPpa MO Ha 3HaAXOAUTU 3Ha-

YeH

HA KOPEHiB n-ro cremeHs. ¥ AeAKNX KaJbKYJIATOpax € KJa-

Bima (abo cxo:xa Ha Hei), IO MO3BOJIIE BUKOHYBATU TakKi

00y

quc

ucJieHHs GesmocepenHbo. JIKIMO Takol KjaBimri memae, TO 00-
1

JIEHHSI BUKOHYIOTH, BPaXOBYIOUHU, IO Ya = an.

7GRS O0UMCIUTY 3 TOYHICTIO IO TUCAUYHUX ZE

1

Poss’asanuda. U5 =>57. CxeMa oGUHCICHHSA MOXKe OyTu Ta-
KOIO:
Ls L L= 7D =]

Maewmo: Z/g ~1,258.

W Ilonammasa cmeneus 6yno gidome we 6 Jas-
A we paH,uu
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. Hiil I'peyii ma Basunoni. Keadpam i Ky0 uuc-

10 BUKOPUCMOBYBALU 6i0Nn06i0H0 0N 3HAXO-

Oxncenns naowi keadpama ma 06°emy Kyoa.

Cyuache nosnauenns cmenens (a?, a®, ..) yeie Pene Jlexapm
(1596 1650) y XVII cm.

ITonammas npo 0po608i NOKASHUKU cmeneHns i Hallnpocmiuli npa-
eusa 0ili Had cmenenamu 3 0po6osumu nokasHukamu 6 1368 p
sukxaas @parnyysvrkuii mamemamux Hirxona Opem (1323-1382).
Thwuit @panyysvrkuit. mamemamurx Hikona IHlwke (1445 -
on. 1500) y mpaxmami «Hayxa npo wucno» (1484 p., onyb.ariko-
6ano 6 1848 p. y Jlioni) ynepuie po3znanyé cmeneui 3 6i0°emMHUM
i HYJAbLOBUM NOKAIHUKAMU.

Himeuvruiit mamemamurx Mixaenv IlImugensv (1487—1567) das
osnavenns a’ = 1, de a # 0, i 66i6 mepmin «NOKASHUK» (ue OyK-
6abHUL nepe}cﬂaa 3 HiMeybKol ca08a «exponent» ), HiMeuvbKe
c1080 «potenzieren» o3Havae nioOHeceHHs 00 cmenens. Ioanauo-



cvkuil mamemamuk ma inxcenep Cumon Cmesin (1548-1620) 3a-
1

. - . n
nponounyeas nid sanucom an posymimu Na.

© CcpopmynionTe O3HaYEHHsI CTeneHs 3 ApOBOBMM MOKa3HWKOM.
@ CopmynonTe BMACTUBOCTI CTENeHs 3 APOOOBMM MOKA3HUKOM.
©® 7K 004MCNNTI 3HAYEHHS CTEMNEHS 3a JOMOMOrOK KanbKynsaTopa?

§ Fosb sximb 3agaui ma buxonaime bnpabu

{1 BanumriThs cremiHb i3 APOOOBUM MMOKA3HUKOM y BUIJIAAL KO-

pensa (15.1-15.2):
1 1

4 1
15.1. 1) a2; 2) 43; 3) 75; 4) 8 4;
2
5) t 3; 6) 30-2; 7)1413;  8) pl2
1 1 5 1
15.2. 1) T2; 2) a4; 3) 86; 4) p 3;

4

5)m 5;  6) 504 7) tb5; 8) m—08,
3aMiHiTH cTemeHeM i3 APOGOBUM MOKA3HUKOM apuUMeTUUHUI KO-
pinb (sniTepamu mosHaueHo momaTHi uuciaa) (15.3—15.4):

153. 1)v3;  2) Ya; 3) b5,  4) Wm-s.
154. 1)\Jp; 2911, 3)Y2s; 4y Yas.

3aMiHiTh KOpeHAMU CTereHi 3 ApoboBUM moKasHuKoM (15.5—15.6):

2 4 1
15.5. 1) Tp 3; 2) -9m7; 3) (2m) 8;
4 1 3
4) (a - b)9; 5) p4 —b4; 6) ax® + by 12,
1 3 1
15.6. 1) 4m 8; 2) -10a7; 3) (3m) 7;
3 1 2
4) (x + 2y)8; 5) t5 + b5; 6) xa 15 + yb25,
2 O6qnc.711'rb (15.7-15. 8)
1 3
15.7. 1) 642 2)100 2, 3) 216 3; 4) 0,042;
2 3) s 10
5)0,1253;  6) 0,00001%%  7) (3—] 8) (2—]
8 27
1 1 1 2
15.8. 1) 92; 2)121 z; 3) 164; 4) 0,0083;

1 1\ 17
5)0,0016 4; 6) 0,36%5; 7)(11§j . 8)(4Ej
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15.9. S3anumuriTe Bupas y BUTJIALL CTEIEeHs 3 OCHOBOIO a:

11 13 _1
1) a4as; 2) a 8as; 3) a~*a 3;
11 1 4 1
4) a8 : a9; 5)as :a 2 6)a 7:a 21
[ 1)‘8 (i 2
7 \as) ; 8)la3) ; 9) (a~®)s.
15.10. SanumiiTe BUpas y BUIJIALL CTEIIEHS 3 OCHOBOIO b:
11 11 1
1) b3b2; 2) b 10b2; 3) b2b 8;
11 L 8 1
4) b4 : b8; 5) b5 : b 155 6)b 8 :b 24
10
(53] el )
b 3); 8)\b 5 ; 9)\b7) .

Cupocrits Bupas (15.11-15.12):

15.11. 1) (a%2)0:80:34; 2) (bg]M -[b‘gjl 6;

31
3) p8p4. 4 mL8m-3.7
37 m45m—6.4

p 3

15.12. 1) (p%1)% . p0.5; 2) (méjm -(méjil 5;

4 1
mim 21 al2q-18
3) i 4 albg-11°
m21
O6uucaits (15.13—15.14):
11 1
15.13. 1) 4 2 - 45 - 408; 2) (1000 - 8)3;
1
3) (1000 8)_; 4) 1os1 E
b 16 .
1 1 1 1

15.14. 1) 816 - 813 - 81 4; 2) (64 - 25)2;

3) (64 25)‘%- 4) (i 64 B
’ 27 '
ITogatiTe Bupas y Buraazni cymu (15.15—15.16):
(a5 b3 Jasbs i 8)lei o
15.15. 1) la3 — b3 )asbs; 2) (x4 —3) x4 +3);
2
11
3) (@ — %)% olposie).
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15.16. 1) x%y% [x% + ygj; 2) (7 + m%][7 - m%],

(b ab)
3) x2 —a2); 4) (m35 + n*5)2,
15.17. (Vcrno.) HYu mae 3micT Bupas:
2 1 3 4

1

1) 43; 2)(-13)8; 3)(-25)z; 4)87%%; 5)04 6)0 7?

15.18. 3a m0omOMOro0 KaJdbKyJATOpPa 3HAWIITH 3HAUEHHS BUPA3Y
(pesyabTaT OKPYIJIiTh A0 TUCSUHUX):

2
1) 21.8; 2) 3,412 3) 75; 4) {13.

15.19. 3a momoMoron KaJbKYJATOPA 3HAUIITHL 3HAUEHHS BHPA3Y
(peaysabTaT OKPYIJIITH O COTUX):

3
1) 309;  2)4,7-23; 3) 47; 4) ¢19.
3HalimiTh 3HaueHHA Bupasy (15.20—15.21):
3 ( 2 1 1)‘0’25
15.20. 1) 164 + (0,5)73; 2) (278 +1253 + 83 ;
1 1 2

3)810:25.8 3 —32 5 .273;
4 -0,5
4) (0,25)2 + 81%5 — (0,0001)-0.75 '[5) .
1,5

- 1)1 2 1Yz 1
15.21. 1) 0,001670:25 + 57 2)| 83 + 9 +1253 |

-0,5 4
3) 81°0:25 (%j +83.0,01°15

1 2 1!
4) (0,125) 3 + 2163 — (0,25)2 : (g) .

15.22. 3uaiigiTs 00/acTh BU3HAUEHHSI QYHKIIL:
2 1

3
Dy=x7; 2)y=x4 3)y=(x-2)2% 4)y=(x?+2x)8.

15.23. 3HaiifiTh HOIIyCTHUMi 3HAUEHHS 3MiHHOI y BHpasi:
1 4

2
1) m3; 2) p 5 3) (a +2)14 4) (4x —x?) 7.
8 Ilogpaiite y Buraazi crenensa (15.24—15.25):

4 -2

15.24. 1) [x§3xsj ; 2) (Yx : Yx3)20.
4 -3

15.25. 1) [a?ﬂa_?»J : 2) ({as5 : Ya)12.
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O6uwncaits (15.26—15.27):

1\b4 1 5 0,4 . 90,5
1 15 1604 . 20,

15.26. 1) 7)o, 2) 818 .27 6.925 ) —
403 .86

1 3

2 3 2

4) (205)05 .(0,5)025;  5) (@ - 22] . 6) (%J :

1\b8 1
1 _1 9430.42 . 90,6
L 9EO,1L. 0,25 . . 40,75. .
15.27. 1) [5 9) 250.1, 2) 16 8 6.40.70,  3) 3103 301

a7 ()
4) (5%7)°07.(0,2)04%  5) {% : z;j ;6) {427j '
CopocriTs Bupas (15.28—15.31):
3
( ,EJE 3 1 1
15.28. 1) \9b 3) ; 2) (81x8) 4;  3) (64t9) 3; 4)(0,25a70:6)2.
: 2

2 1 3 4 -
15.29. 1) (8m1)3; 2) (16a%) 4; 3)(0,00166%)4; 4) [gcﬁj .

[ 1 1)2 ( 1 1}2
15.30. 1) (4 — x95)2 4 8x0:5; 2)\a2 +b4) —\a2 —b4);
1 12 7 1 1 1
3) (ZxZ + x§] —4x12; 4) [aZ + 1] [ai - 1) (aE + 1].
12 1 2
15.31. 1) (\/a_ + b§] - (ai - \/Ej ; 2) (83a%5 + a%%)2 — 643,
15.32. CopocriTh Bupas
(1 §]( 13 j(l §][ 13 ]
a2 —b2)la+a2b2 +b3)+\a2 +b2)\a—a2b2 + b3
Ta 3HAWIITH MOoro 3HaueHHs, akimo a = 4, b = 2100.
Bunecits 3a gy»KKu craiapHNi MHOXKHUK (15.33—15.34):

15.33. 1) x — 2x§; 2) m%5 + 3m025;  3) abé + ba%;
4) (ab)é - (ac)%; 5) 12% - 4%; 6) 18075 — 15075,
15.34. 1) a + 3a%; 2) a% + 4ai; 3) mné + m%n;
4) (ax)%6 + (bx)05; 5) 605 + 205 6) 122 - 82.

BuxopucToByioun TOTOXHicTs a2 — b2 = (a — b)(a + b), poskia-
IiTh Ha MHOKHUKU Bupas (15.35—15.36):
2 2 4 6

15.35.1) 5 — m2; 2) as — x§; 3) x7 — yﬁ;
4)9m —n, gem > 0, n > 0.
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2 2

15.36. 1) a2 - T; 2) p5 — ¢5;

4) a — 25b, ne a > 0, b > 0.

Cxkoporits api6 (15.37—15.38):
1

8

1

x +b5x2 3a4
15.37. 1) 1 2)
x2+5 az —Ta4
1
a%%b — b%5q m —5ma2
4) bl5a — aboh’ 5) 3
5m —m2
2
m+n 4x3 - 28x +1
L L TR
m3 —n3 x-
1
m — 3m3 0,5 0,5
15.38. 1) ——5 9) XY,
5_3 *-y
me- 1o
9a - b a3 — b3
4) —————— 5 ;
) a%%p05 4 3q ) a-b

ITopiBuatite uncaa (15.39—15.40):

11 11
15.39.1)32 i 53; 2)26 i 3 8.
1 1 1 1

15.40.1)24 i 35; 2)321i 4 3,
IToGynyiiTe rpadik pynkrmii (15.41-15.42):

1541. 1) y = [x’éj_s; 2)y = [xgj_l’s;

33 [ 1)‘8
3)y=[(x+1)4j; hy=x1
6 8
(oS (xs) 7
15.42. 1) y = \x 6/ 2)y=\x8) ;
1 -10
3) y = ((x - 1oL Hy= (x_gj
Copocrits Bupas (15.43—15.44):
1
-1 2 -1 1
15.43. 1) ————: "= _2az,
a-az+1 a2 +1
x0:5 3 x

2 - + .
)x°’5—3 x9% +3 9-—«x

2

3) m9 —n7;

a-b

3) a%® — b0,5;

x05y05 + 2x

4x -y

1

x —9x2
3) 3 5
x2 —9x

x+8
6) —

x2 - 23x + 4

M

.
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3 3
X2 +y2 X —
15.44. 1) 1 T

1
x2 -y2 x-—-x2y

11
—2x2y2;

AN

+y
m 1 N m0»
1-m m% +1 mb5 -1
‘Q 15.45. JloBeniTh, 1110 3HAUYEHHS BUPaA3y
-1
1 N 1 a? +ab + b2
11 11 ad — b3
a+a2b2 a-—a2b2

He 3aJIeKUTDH BiJ 3HaueHb 3MIHHUX.

15.46. ToBeniTh, 1110 3HAUEHHA BUPaA3y

a+b | (5(10’5 + 005 5q05 — boﬁ)

2)

: +
a-25b (a% —5p05 05 + 5p05

He 3aJIeKUTh BiJl sHaYeHL 3MiHHUX.
1 1 1 1

2Jab | az-b2 a2 +b2

15.47. Copocrits BUpas : Ta 3Hal-
a-b 11 1
ab2 +a2b ab2 —a2b
IiTh #oro 3HAUEHHs, AKINO a = 3, b = 2.
2 2
. x2+y x+y 1
15.48. HoBeniTs, 1110 3HAYEHHA BUPA3y T T T | xy

Xy2 +x2  y2 +x2
€ ToJaTHUM, AKIIO y > x > 0.
15.49. TlopiBHA#ITE 3 HyJleM 3HAUE€HHS BUPA3Y

a? - b2 a-b |, a\™

3 1 1 1|'(p)

a2 +ab2 a2 +b2
AKIo a > b > 0.

Hosexnits ToToKkHicTS (15.50—15.51):

1( 1 1]‘1 1
4 —y4
15.50, X1\ X4 Y yt _xXty

11 (1 111 1 x-y
x 4y4 +1 [x4 +y4][x4y 4+1]—2x4
1111 11y 2
15.51. R R RN

= 2y 1 1) xRy
x‘1+y‘1—[x3—y3j(x3—y3J
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15.52. CopocriTs Bupas

[_1§ 11)2 [§_1 11)2
a 6b6 +b3a3) +\b6a 6 —b3a3) 4q2

(_1 _l)(ﬁ 2 11) a—
a 3 —b3)\la3 +b3 +a3b3
15.53. Copocrits Bupas
(a+ 2) 03 + 205 + (a— 1) 05(x ~ by 03 | *
(@+ x)05(x + b) 95 — (@ — x)05(x—b) 05 | ’

AKINO x =+ab, 0<b<a.

1 1\2

(x2 +a?) 2 + (x2 —a?) 2
1 RS e
(x2+a?) 2 —(x2-a2) 2

1

m2 +n2 )2

x=a|———| ,a>0,0<m<n.
2mn

15.54. CopocriTs  BUpas SAKIIO

15.55. Poguua Burpauae 12 % cBOIX MOXOAiB Ha OILIATY
-V oxuTiaa, 48 % — Ha TPOAYKTH XapuyBaHHdA, 18 % — Ha cu-
TyaTWBHI BUTpPATH, a pemry, 1o ckjaagae 33 000 rpH Ha pik, Ha
BigmounHoK. AAKuil piunuii 604:KeT y 1iei poauHm?

15.56. Yu MOXKyTh OyTM TPOCTUMH TPU IIOCTiTOBHUX
HelapHUX Yucja, SKI0 MeHIe 3 HUX 0ijbIlie 3a 4ucjo 37

Tligzomyimecs g0 bubuenns Hobozo mamepiary

15.57. ITooynyiiTe rpadik GyHKIIII Ta npuragaiTe ii BaacTuBOCTI:
1
Dy=x 2y=25 By=— 4Hy=

15.58. YcraHoBiTh Ha cBili Komm’iorep (miamiier abo TenxedoH)
ONHY 3 TIpoTpaM IJid moOoymoBu rpadikiB GyHKIiN i moOyayii-
Te 3a AOIOMOrOoIO Iliel mporpamu rpadiku (QyHKIliil, HaBexe-
HUX y NOIepeJHbOMY HOMepi, Ta rpadikm QyHKOi y = x3,
1
y=x% y= -5
x

CTENEHEBI ®YHKLUII, IX BNACTUBOCTI
TA FrPA®IKU

‘ DyHKIiI0 BUTIALY ¥ = x% Ae o — JesKe cTaje 4uciao, Ha3H-
L BAIOTh CIMENEHEE0I0.
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1
Hanpurnazn, y =x3, y=x%2, y=x 3 —
1 y=x° cremeHeBi QyHKIII.

BiactuBicTs cremeneBoi QyHKINl y = x¢
Ta BUIJIAL Ii rpadika sajme)xkaTh Big BUIY
0 1 X  ypmena o. PosrigHeMo cremeHeBy (PYHKIIiO
IJIsT Pi3HUX BUOIB YHCJA O, BBAMKAIOUU, IO
0 — palioHaJbHE YUCJO.

Bunanok, konu o € N, Mu geTajibHO PO3-
ragayau B m. 1 § 9.

Mau. 16.1

Posraamemo gysKIio y = x0, AKka Bu-
3HayeHa IJs BCiX 3HauUeHb X, Kpim 0,
| 60 Bupas 0° e mae 3micTy. OcKinbpku
x0=1 mpu x # 0, To PpyHKIia HaOyBae JHUIIe OJHOIO 3HAUEHHA:
y = 1. 'padik ii 3006paskeno Ha MaJyoHKY 16.1.

2. Dyukuyia y = x%, mcu;T
=

3. dynkyiz y = x°%, Y 1npomMy BUIIAAKY Q)yHRuig BU3HA-
o — yine 6id’ emne wueno = UCHA LA BCiX sHAUEHB X, Kpim x = 0.
— | drmo o = -1, To maTumMeMoO (HYHKI[ifO

1
y = x1, To6ro y = —, rpadikom skoi € rimep6ona (mama. 16.2).
x

DyHKIIA cnazae Ha KOXKHOMY 3 IPOMiKKiB (—20; 0) i (0; +0), €
HeTapHOo0, ToMy Ii rpadik cMMeTPUYHUN BiJHOCHO ITOYATKY KOOP-
IUHAT.

Ti cami BractmBoCTi Mae QYHKIA y = x* qiad OyAb-IKOTO ITi-
JIOTO Bifi’€ MHOTO HEIIapHOTo o, ToO0TO Koam o = —1; —3; —5; ...
Cxemaruuno rpadik ¢yHKIil y = x%, ge o — mijge Bix’eMHe Hemap-
He UmcJIo 300pakeHo Ha MaJOHKY 16.3.

Yy Y
y=x°
O, — HeIllapHe
11 Bim emHe
1
ol 1 x 0] 1 x
Max. 16.2 Max. 16.3

1 .
Srmo o = -2, To MaemMo y = x 2, TOOTO Yy = —- DyHKITIT map-
x

Ha, TomMy ii rpadgik cmMeTpHMUYHUNA BiTHOCHO OCi OpAMHAT, HOTO
300paskeHo Ha MaJOHKY 16.4. DYHKIia 3pocTae Ha IPOMiKKY
(=20; 0) i cmamae Ha mpomimkky (0; +o0). Ti cami BiacTuBOCTL
Mae QYHKIIA Yy = x* aad Oyab-sSKOr0 Biy’€ MHOTO TapHOTO YHUC-
Ja o, TodTo xKoau o = —2; —4; —6; .... Cxemaruuno rpadik PpyHK-
mii y = x*%, me o — Iijie Big’eMHe TmapHe YKCJI0, 300paskeHO Ha
MaJIoHKY 16.5.
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Mau. 16.4

4. dynxyia y = x*, o —
He yine dodamue LUCLO

Y
| o=
o — mapHe
Bim emHe
1.
ol 1 x
Maxn. 16.5

Y Bumagky, Koaum o — OOmaTHe, ajie
HeIlijle YucJo, 00JIACTI0 BU3HAUEHHS

(GyHKITiT

€

npomizkox  [0; +9).

OckinbKu 0o0JlacTh BU3HAUEHHA (DYHKI[l HE € CUMETPUYHOIO Bif-
HOCHO HYJIsSI, TO PYHKIIiA Hi mapHa, Hi Henmapua. Ha maaoHKy 16.6

3

4

300paskeHo rpadiku QyHKIIH y = x4 i y =x3 Ta rpadik QyHK-
mii y = x A1A HAOUYHOCTI X B3a€MHOTO PO3TAIITyBaHHA.

Ha wmanroskKy 16.7 cxemartuuHO 300paskeHO rpadik (yHKITIT
y=x% armo 0 < a < 1, a Ha MmamoHKY 16.8 — aKmo o > 1, ge
o — He IIije umcjo. ¥ KOKHOMY i3 IIUX BUIAAKIB (PYHKIIIS € 3PO-
CTAalu0I0 Ha IMPoMiKKYy [0; +00).

y

167

8

Max. 16.6
Yy Yy
y=x%
O<ax<l1
1'/
0| 1 x 0
Maxn. 16.7

16

y=x%
o>1,

o — He IIije

1 x
Mau. 16.8

155



5. dynkuyia y = x%, o —

He yine 6i0’emMHe LUCTO

Y npoMy BuHOaaky o06JiacTi BU3HA-
YeHHA € IPOMiKOK (0; +00). DyHKIia
Hi mapHa, Hi HemapHa.

2

Ha mamonky 16.9 306paskeno rpadik ¢yskmii y = x 3. Ha ma-
aoHKYy 16.10 cxematmuHo 300paskeHo rpadik (GyHKIT y = x%,
ko o < 0, oo — He 1ige. PYHKIIA B [[bOMY BUIIAAKY CIIagac Ha

(0; +00).
ghY y
7.
6..
51 y=xt
4+ (X<0,
34 o — He IIiIe
2..
14 14
0l 12345678% 0

Mauxa. 16.9

Mag. 16.10

VYzaranpHUMO BCi 3rajjaHi BUIle BJIAaCTUBOCTI QYyHKIII y = x¢
y Burasani tadauii (c. 157).

5
W Hano dyakmio f(x) = x6. IlopiBHaTH:

D 1) f3)if(8,2);  2) f(2) if(1,4).

PosB’aszauuda. D(f) =

5

[0; +o0).

®yurnia f(x) = x6 spocrae Ha D(f). Tomy 6iabIIOMY 3HAYEHHIO
apryMeHTy BigmoBimae OinbIlle 3HAUEHHS (PYHKINII.
1) Ockinpru 3 < 3,2, To f(3) < f(3,2).

2) Ockinbku J2 > 1,4, To f(x/§) > f(1,4).
Bignosias. 1) f(3) < f(3,2); 2) f(+/2) > f(1,4).

m Ilaro ¢yHKIi0 g(x) = x 2018, TTopiBHaTH:

+ 1) g(-5) i g(-6); 2) g(1) i g(1,2).
Poss’asannsda. 1) Hanopomixkky (—o0; 0) pyrKIia g(x) = x~2018
3pocrae, ToMy AKINO —5 > —6, To i g(—5) > g(—6).
2) Ha mpomixky (0; +0) ¢pyarnia g(x) = x 2018 cnamae, Tomy
aimo 1 < 1,2, To g(1) > g(1,2).

Bigmosigs. 1) g(-5) > g(—6); 2) g(1) > g(1,2).

7. Pose’azyeanns
PigHaHHA x* =m, de o —
He yine uucno, m € R

Axmo m < 0, To piBHAHHA X% = m KO-
peniB He mae. Axmo m =01ia > 0, To
piBHAHHA x* = 0 Mae Juie oAWH KO-
piab: x =0. Axmpo xx m=01ia <0, To

piBHAHHA x* = 0 KOpeHiB He Mae€.
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(cot f0) | - (ot 0) (co+ £0) “(0 foo-) - - [0 to0-) SHEBITENO
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BH
eHJRIIOH
TH ‘@H ~deion eHdey[ eHdeLO eHdey[ eHdeno eHdeyy dLodenan
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x x X oge x x X oge x x ooAmx 0 < A “aomr
0< 0< 0 < xoge( > 0 < 0 <x o098 Q> 0< OMR -BLOOMBHE
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(0ot £0) | (oo 0] (co+ £0) (co+ %0) N (0 foo-) I (0ot foo-) | (oot 0] B
BHUMKOHI\
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QH — 0 | 9H — 0 - - BH — D -eH — p | HooguidRIg

»X = fi BIMMHAD
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Axmio m > 0, To piBHAHHSA X% = m Ma€ €IUHNN KOPiHb, OCKilIb-
Ku rpadikm QyHKRIIN y = x* 1y = m, te m > 0, AK y BUIIaIKy He
IIiJIOr0 JOAATHOTO O, TaK i y BUIIAAKY He IIiJIOr0 Bix’e€MHOTrO o,
mepeTuHaOThbeA B equHiit Touri. o0 smaiiTu Iefl egWHUII KO-
piHb, mOTPiOHO JiBY i HpaBy YacTUHU PiBHAHHA X* = m IIigHECTU

1 1 1

1 . = . =

nmo cremensa —. Maemo: (x%)a = ma, Togi x = ma,
a

CucreMaTu3yeMo JaHi PO Po3B’SA3KU PiBHAHHA X® = m y BU-
TIAIl cxemMu:

‘ x%=m, oe o. — He mijge, o € R ‘

— v

1 Axmro Axmo m < 0,
Agmo m > 0, To x = ma m=0 TO KOPEHiB HeMae
mpu o > 0 opu o < 0
x=0 KOpeHiB HeMae
m Posp’sa3aTu piBHAHHA:
o 1 4 2
]_)x5:2; 2) x3:5; 3)x3:4.
PosB’a3auud.
1 4 _2
1) x5 =2; 2) x3 =5; 3) x 8 =4;
3 3
1P 1 3 2y, 3
xﬁj = 25; x3) =bhH4; x 3 =4 2;
3
x = 32. x =53, x = (2?) 2
x =125, x =23
1
x=—.
8

Bigmosizs. 1)8; 2)¥125; 3) %.

8. Mo6ydosa zpacpixis; Icuye Gararo mporpam, sKi Z03BOJIA-

cmenenesux gpynkui sa | ©TP 6y,quaTH rpagiky (QYHKIIH, a

donomozoio komn'iomepa | TOTIM X  aHamisyBaTu. Ha Ma-

— | arouKy 16.11 300pakeHo BikHO omHiel

3 Iporpam, 3a OOIOMOIOI0 SIKOI moOymoBaHOo rpadikm (QyHKIii
3

y = x92 (semeHoro Komwbopy), y = x 4 (4epBOHOTO), y = X 3 (ci-
poro) i y = x 2 (cuHbBOTO).

Cepen, KOpUCHHUX OMNI[iH MOAIOHWUX MpOrpaM CJiJ BiA3HAUNTU
OMIIIiI0 CJHigyBaHHA Kypcopa B3IOBK rpadika (3a ZomoMororo Iriei
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omiii MOYKHa BCTAaHOBJIOBATHM KOOPAUHATU TOYOK rpadika), 3Ha-
XOMKEHHA TOYKU IIepeTHMHY OBOX rpadikiB (3a momomororo Iiei
OmIrii MOKHA, HANPUKJIAL, 3HAXOAUTH HAOJIMIKEHUHA pPO3B’A30K
piBHAHHA BUTIALY X* = m, 1e m € R), 30iabIIyBaTu YU 3MEHIITY-
BaTU OKpeMi miaaHKu rpadika ToIro.

e AR W s ey R - e el
a 5, LA BN NN |
il
| BPEERE |
| |
] ]
Tt -1.-
] = § = ) o
Mazx. 16.11

@ fKy yHKUil0 HasuBaloTb cTeneHeBot? @ [puraganTte BnacTu-

Q BOCTI L€l pyHKUii Ta BUrnAg ii rpadoika Ans pisHUX 3HadveHb (mapHux
Ta HenmapHux) nokasHuka cteneHs. @ OnuLiTb BNacTUBOCTI cTene-
HeBOI YHKUIT Yy = x® 3anexHo BiA 3Ha4YeHHs o. @ FK po3B’asaTtu
PIBHAHHA X* = m, Ae o — He Uine 4ymicno?

§ Fosb sximo 3agaui ma buxonaime bnpabu

{1 16.1. (VcHo.) Cepen 3anponoHOBaHUX (PYHKIIIH yKaKiTH cTe-
TIeHeBi:

1

1)y = x% 2) y = 2x — x2 3)y=x 3
3

Hy=xt; 5)y="Ix; 6) y = 5.
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16.2. (VcHo.) Ha axkomy 3 mauaoHKIiB 16.12—-16.17 cxemaTudHO
4

3o6paﬁceH0 rpadik dysKii y = x3, Ha AKOMy y = X3, a Ha AKOMY

— x ‘)
Y
0 x
Mai. 16.12 Mau. 16.13
Yy Y
; I\
X 0 X
Mau. 16.15 Mau. 16.16 Mau. 16.17

16.3. Ha axomy 3 mamtoHKiB 16.12—-16.17 cxemaTuuHO 300pake-
1
Ho rpadik QyHKHI y = x2; y=x5 y=x 3?
(2 Haxpecuits cxematuuHo rpadixk ¢GyHKIil Ta sanuimmiTts il
BiaactuBocTi (16.4—16.5):
2
164. 1)y = x5  2)y=x3; y=x12 4)y=x14,

1
165. ) y=x% 2y=x2 3 y=x18 4)y=x".

Poss’s:kiTh piBHAHHA (16.6—16.7):
1 1 1 1

16.6. 1) x3 = 2; 2) x4 =0; 3)x6 =1; 4) x2 =3
1 1 1 1
16.7. 1) x4 =1; 2) x7 = 0; 3) x3 = 4; 4) x2 =5
16.8. Yu mpoxoauTs rpadik GyHKIii y = x~3 uepes TOUKY:
1) A(0; 3); 2) B(1; 1); 3) 0(2; %j; 4) D(-1; 1)?

16.9. Yu npoxoauTs rpadik GpyHKIIi y = x~* uepes TOUKy:
1 1
DK|2,—| 2)L0;0); 3)M|-3-——1| 4)N{; 1)?
)(16))())(81))()

16.10. ®yuknimo 3agano Gopmyaomn f(x) = x 9. [lopisusaiiTe:

Df2)if@);  2) 13,7 1if(3,6).

16.11. ®yukmio 3agaHo dpopmyroo g(x) = x5. IlopiBHsiiTe:
1) g(7)1g8);  2)g(1,19) 1 g(1,15).
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Yu mae KopeHi piBHanua (16.12—16.13):
4

16.12. 1) x 17 = -12; 2) x5 = —1; 3) x1:8 = 1,8;
4) x 2 =-2; 5) x0 = 4; 6) x 8 =0,01?
4
16.13. 1) x9=1T; 2) x 1.2 =-1,2; 3) x5 = %;
4) xY = 0; 5) x 3 =-38; 6) x % =-0,02?

16.14. ITo6yayiiTe rpadik dyurmnii y = x025, 3a momomoromw rpa-
dika sHaAUAITH 3HAUEHHA:
1) pyukIii, AKII0 3HAUEHHS aprymMeHTy gopisuioe 0,5; 16;
2) aprymeHry, II0 BiAmoBizawTh 3HaueHHAM (QyHKIIT 1; 1,5.

1

16.15. ITo6yxayiiTe rpadik ¢yHKII y = x3. 3a gomomoroi rpadi-
Ka 3HaAUAITh 3HAUEeHHHd:
1) pyukIii, Ao 3sHaYeHHS aprymMenTy mopisuioe 0,5; 8;
2) apryMenry, IO BiAmoBiZaioTh 3HaueHHAM (QYHKII 1; 1,5.

3 IlobOymyiite rpadix ¢(ysKnii Ta sanumiTe Iii BIacTUBOCTL

(16.16—16.17):
16.16. 1) y = x3 + 2; 2)y =(x- 2)72.
16.17. 1)y =x2-38; 2) y = (x+ 1125,
Posp’sokiTes piBHanua (16.18—16.19):

16.18. 1) (x - 3)% = b; 2) (x + 1)% =0; 3) (x - 2)’% =0;
4) (22 -2 =7; 5)(x2- 6x)s = 3; 6) (x2+x) " = %
16.19. 1) (x + 2)% =4; 2) (x —4)%4 = 0;
3) (x2 + 22 - J6; 4y (x2 —2x) 7 = é

ITopiBuaiitTe uncaa (16.20—16.21):

16.20. 1) 7.2 i 7,21.2; 2) 1,804 i 2704,
1 1
16.21. 1) 38 i 28; 2) 56i4,8°6,

16.22. ®yukmio 3agano gopmynaoio f(x) = x~108, TlopisaaiiTe:
1) 1(1,2) i f(1,3); 2) f(=5) i 1(=5,01);
3) f(=7,4) i f(7,4); 4) f(=2,7) 1 f(2,8).
16.23. ®ynknio 3agaro Gopmynomo g(x) = x 104, TlopisasaiiTe:
1) g(-=6) i g(=7); 2) g(1,7) i g(1,6);
3) 8(4,2) i g(—4,1); 4) g(7,9) 1 g(=7,9).
16.24. TloGynyiite eckis rpadika QyHKIIT y = (x+3)™ -2 ma
BaIMMIITh ii BIACTHBOCTI.
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16.25. TlobynyiiTe eckis rpadika dyskmii y = (x - D" +3 ma
BaIUIIIITD 11 BJIACTHUBOCTI.

Posp’stokiTs piBHanHA (16.26—16.29):

2
16.26. (x2 —7x)3 = 4; 2) (x2 —9) 075 = —,

QO | =

3 2
16.27. 1) (x2 +6x)4 =8;  2)(x2+4) s = %

1 1

16.28. x2 + x4 —6 = 0.
1 1

16.29. x3 +3x6 —4 =0.
Ckinbku xopeHiB Mmae piBHaHHA (16.30—16.31):

4
16.30. 1) x5 — x = 2; 2)x 5 —x2=1+ 2x?
16.31. 1) x5 + 2x = 3; 2) x08 — 4 = x2 — 4x?

3 —2x, aKmio x < 1,
2
16.32. ITo6yayiiTe rpadik Gysrmii f(x) =4x3, axkmo 1 < x < 8§,

32
—, AKII0 X > 8.
x

Kopucrytounuch mobymoBanuM rpadikoM, YKaKiTh TPOMisKKHT
3POCTaHHSA i IPOMiKKU crnamganua GyHKIL f(x).

5—4x, axmo x < 1,
1
16.33. Ilo6ynyiite rpadix pyurmii g(x) = {x2, axmo 1 < x < 4,

8
—, AKII0 X > 4.
x

Kopucrytounuch mobymnoBanuM rpadikoM, YKaKiTh TPOMiKKHT
3POCTaHHSA i IPOMiKKY craganua QyHKINl g(x).

16.34. ITapauM yM HENAPHUM € HATypaJibHE YUCJIO 1 Y IOKA3HU-
Ky cremeHs PYHKIII g(x) = x™", AKIIO:
1) g(=3) > g(=2);  2) g(-3) > g(4);
3) &(3) > g(4); 4) g(-8) = g(8)?

16.35. ITapauM UM HEApPHUM € HaTypaJbHEe YUCJI0 11 Y IMOKa3HU’-
Ky cremens QyHKII f(x) = x™", AKIIO:
1) f(=1) > f(5); 2) f(6) > 1(10);
3) f(4) = f(-4); 4) f(-4) > f(=2)?

16.36. IIpaxmuyuna OisnbHicmb. 3a JOIOMOIOI OyAb-IKOI KOMII 0-
TepHOI IIporpamu, 1o oyaye rpadiku, modymayiite rpadiku GyHK-

2

miit y = x98; y = x 5; y = x5 y = x4 Ta 3aOBHITH TAGIMITIO.
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Ne 3aBgaHHa y=x"8 y=x5 |Y= xbBy = a4

1 |3uaiiTu 3HAUYEHHS
GYHKIIiI, 110 BigIOBi-
Iae 3HAUYEeHHIO apry-
meHTY: x = 1,5

x=3
x=4

2 | 3HaiiTu 3HAUEHHSI
apryMeHTy, IO Bi-
IOBifae 3HaUEHHIO
dyuruii: y = 0,5

y=1
y=15
3 |3HaiiTu HaAOIMXKEeHUN 2
po3B’a3ok piBHamEa |x*8 =1,5|x5=0,5(x15 =5 |x*1=3
X = X = X = X =~

16.37. 3anisunununii KBUTOK Ha notar Kuis—JIbBiB mada mo-

; POCJIOrO KOIITYE 180 TPUBEHB. 3HMKKa Ha BapTICTB KBUT-
Ka misa mitei Bim 6 mo 14 pokiB cramoBuTh 25 % Bin BapTOCTl
KBUTKa OJId gopocJoro. I'pyma, 1o ckjaazaeTbed i3 16 IIKOJISApiB
Bikom 12-13 pokis Ta 2 mopociaux, supyiiae 3 KueBa no JIbBoBa
Ha eKcKypcioo. CKiIbKY 3amIaTuan 3a KBUTKKU HA BCIO IPymy?

16.38. (Vkpainceka mamemamuuna oaimniada, 1975 p.).
¥ 3Bmafigite yci mini snavenna n, mia akux umcno (n + 2)4 — nt
€ KyOoM Ifijioro umcJa.

Tligzomyimecs go bubuenns Hobozo mamepiary

16.39. ¥ AABC /C = 90°, AC = 12, BC = 5, B
AB =13 (mamn. 16.18). 3uaiigiTs: 13
1) sinZ4;  2) cos /B; 3) tg ZA; A5
4) cos /A; 5) tg /B; 6) sin ZB. A 17 C
16.40. O6uucTiTH:
1) sin30°; 2) V2 cos45°; Marn. 16.18
3) tg120° — tg60°; 4) cos2150°;

5) sin120° — cos 30°; 6) (cos120° + 5tg45°)2,

16.41. 3uaiigiTh 3a LOIOMOTOI0 KaJbKYJIATOpPa abo KOMII IoTepa:
1) sin15°; 2) cos48°; 3) tg138°;
4) sin 130°45'; 5) cos107°30'; 6) tg13°15'.
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TPUTOHOMETPUYHI

OYHKLUII

Y UbOMY PO341J11 MU..

@ npuzadaemo sidomocmi 3 2eomempii Mpo CUHyC KOCUHyC i maHeeHc
Kyma mpuKymHuka;

[~ disHaemocs npo padiaHHy Mipy Kyma, mpueoHOMempuyYHi gyHKUIl
Kymig ma 4ucriosux apayMeHmie; OCHOBHI Cie8iOHOWEHHS Mix mpu-
20HOMEMPUYHUMU (YHKUISIMU;

@ Hasyumocs nepexodumu gi0 padiaHHOI Mipu Kyma 00 2padyCHoi i
Haenaku;, rnepemeopreamu_Mmpu2oHOMempuYHi eupasu ma ob4uc-
nroeamu  ix 3HavyeHHs1; 6ydyeamu epaghiku mpu2OHOMEMPUYHUX
yHKUI.

W CUHYC, KOCUHYC, TAHTFEHC
0O | KOTAHIFEHC KYTA

3 Kypcy reomeTpii Bu BiKe 3HAETe, IO TaKe CUHYC, KOCHUHYC
i Tarrenc kyra o, ge 0° < o < 180°. ¥ upomy maparpadi osuaiio-

MHUMOCSA 3 HOHATTAMEU CHHYyCa, KOCHHYyCA i TaHTeHca MOBiJIBHOTO
KyTa, a TAKOJK 3 IOHATTAM KOTAaHI'€HCa KyTa.

1. Kymu do6invnoi Posrisuemo KoJsio pamiyca R i3 1eHT-
cenuaiy POM y IIOuUaTKy KoopAauHarT (mai. 17.1).
| TlosHaumMoO Ha AOJATHIii IiBoci abciiuc
TOUKy A, siKa HaJe:KuTh Kouay. Pamiyc OA OymemMo HasmBaTH NO-
uamrosum padiycom.

IToBepuemo pagiyc OA HaABKOJIO TOUY-
y ku O Ha 50° mpoTm pPyXy TOAUHHUKOBOI
cTrpinku, orpumaemo pazgiyc OB. Kyt
AOB, saxuii pu IbOMY YTBOPUBCSH, Ha-

\+ 3UBAIOTH KYymom nogopomy. Y HaIIOMy

50° \ o BUIIAZIKYy KYT IOBOPOTY HOPiBHIOE 50°.

0 50° x IToBepHemo Temnep mouaTkoBuit pagiyc OA
. Ha KyT 50° y HampAMKY PyXy T'OAUHHIN-

/ - KOBOI cTpinku, orpumaemo paziyc OC.

C Y mbpomy BUIIAAKY KYT IIOBOPOTY AOPiB-

uioe —50°. Ha mamiouky 17.1 crpinkamu
BKasaHo KyTu mosopotry 50° i —50° Tta Ha-
Mau. 17.1 OpsaM IIOBOPOTY. Yaarali,
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‘ MPpH IIOBOPOTi MOYATKOBOTO pagiyeca MPOTH PyXY TOIUHHHMKO-
&, BOl CTPIJIKM KYT IOBOPOTY BBAKAIOTH MONATHHM, 4 334 PYXOM
FOMUHHUKOROI ¢Tpiaku — Bixm’emHum (May. 17.1).

Kyr moBopory moske OyTum Oyab-aKMM uncjaoM. Ha MaJjioH-
Ky 17.2 maemo kyTu moBopory 120° i —170°.

5 Y y y
225°
A /N A /Y A
x V10 x o-t3600 | *
B
Maj. 17.2 Mai. 17.3 Mai. 17.4

ITokaskemo KyT moBopotry 225°. Ockinbku 225° = 180° + 45°,
MOBEpHEMO IIOYaTKOBUi pamiyc OA B JomaTHOMY HampsaMi Ha
180°, a mortim y Tomy sk Hampawmi mie Ha 45° (maa. 17.3). Armro
MOYaTKOBUH pajliyc BUKOHAE IOBHUI 00€pT IMPOTH PYXY TOJWH-
HUKOBOI CTPiJIKM, TO OTPUMaEMO KyT moBopoTy 360° (mas. 17.4).
ITouaTkoBUIT pajsiyc MOKHA TMOBEPHYTH i OijbIN HijK Ha MOBHUN
00epT, HAIIpUKJIaL Ha MadioHKY 17.5 Maemo KyT moBopoty 440°.

Axmo mouaTKoBUE pafiyc IMOBEPHYTU 3a PYXOM TOAWHHUKOBOL
crpiniku Ha 330°, TOOTO y Bif’€eMHOMY HAIpAMi, OTPUMAEMO KYT
moBopory —330° (mau. 17.6).

Ns y y
B
-330° B
\440" f A 40°\ 4
o x \QJ x (0] x
Maxn. 17.5 Mag. 17.6 Man. 17.7

Hexait mpu mosopoti Ha 40° mouarkoBuii pamiyc OA mepe-
umoB y pazgiyc OB (mau. 17.7). fAxiio micaa msoro paxiyec OB
noBepHYTH Ha KyT 360° abo —360°, To 3HOBY OoTpmMaeMoO pamiyc
OB. I3 1poro MoKHa IiHTH BHUCHOBKY, 1o pamiyc OA mepexo-
ouTh y pazgiyc OB ax npu moBopori Ha KyT 40° + 360° = 400°,
Tak i mpu mosopori Ha KyT 40° — 360° = —320°, ta # ysaraii
mpu moBopoTi Ha KyT 40° + 360°k, ne k — Oyab-AKe IIijie YuCJO,
TOOTO R € Z.

OueBUAHO, M0 ¥ OYAbL-AKUA KyT O MOJKHA IIOZATH y BHU-
raagi o = o, + 360°k, ge 0 < o, < 360°, £ € Z. Hanpuxman,
1100° = 20° + 360° - 3, a —640° = 80° + 360° - (—2).
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w Cepen kytiB moBopoty 460°, —270°, 810°, —660°
3HAUTHU Ti, IIPU IIOBOPOTI Ha AKi MOUATKOBUN pajiyc mpummae

Te caMe TOJIOXKEeHHS, 110 ¥ mpu moBopoTi Ha KyT 90°.

Poss’aszaumuda. Ockineku 460° = 100° + 360° - 1;

—270° = 90° + 360° - (—1); 810° = 90° + 360° - 2;

—660° = 60° + 360° - (—2), To Takumu € Kytu —270° i 810°.
Bigmosigs. —270°1 810°.

Haramaemo, m1o KoopauHaTHiI oci migATH y
KOODAMHATHY IUIOIIMHY HA YOTUPU YBEPTi
(man. 17.8). Hexait mpu moBOpOTi Ha KYT O TIO- II I
yaTtkoBuil pagiyc OA mepeiimiosB y paxgiyc OB.
TOMI KYT O Ha3WBAIOTh KYyTOM TOI UBEpPTi, Yy 0 x
AKif mictutbea pagmiye OB. Tax, manpukaan,
o = 50° — Kyr mepmroi uBepti (mas. 17.1), 111 v
o 120° — xkyT apyroi uBepti (mam. 17.2),
225° — Kyt Tperboi uBepTi (Mmas. 17.3),
—50° — KyT uerBepToi uBepTi (Mas. 17.1). Maur. 17.8

Kyt 0°; £90°; £180°; +270°; +360°; ... He T
HaJIe}KaTh JKOMHIN UBepTi.

(ITOEEED Kyrom skoi usepri € kyT: 1) 1999° 2) —2010°?
PosB’sa3aHHA4.
1) 1999° = 199° + 360° - 5, omxe, 1999° — kyT III uBeprTi.
2) —=2010° = 150° + 360° - (—6), or:xe, —2010° — xyT II uBepTi.

Bigmosigs. 1) xyr III uBepri; 2) kyt II uBepTi.

o
a

Hexaii mpu moBopoTi Ha KyT o IIoyar-
KoBuil pagiyc OA mepeHmioB y pamiyc
OB, npuuomy Touka B Mae Koopau-
—— waru (x; y) (man. 17.9).

2. O3HavenHna cunyca,
KOCUHYCO, MAH2EHCA,
KOMAaHzenca

Cunycom rkKyma o HA3HMBAIOTh BiAHOIIEHHA OPAMHATH TO4-

y

d’ kU B mo mor:xuHM pagiyca: sino = E
Kocunycom xyma o Ha3WBAIOTH BiTHOINIEHHA a0CHUCH TOY-
Ku B mo momxuHHM pamiyca: coso = %

Tanzencom kyma o HA3UBAITH BiTHOIIEHHA OPAMHATH TOY-
ku B po 1 abcnuen: tgo = E’ x = 0.

Komanzencom xyma o H:?.I/IBalOTI: BiTHOIIEHHA abemucu

Touku B mo ii opmumaTu: ctgo = f, y = 0.
Yy

3ayBasKUMO, IO BKa3aHi O3HAUEHHSA He CyllepedyaTh O3HAUeH-
HAM CHUHYycCa, KocuHyca i TaHreHca KyrtiB Big 0° mo 180°, paniie
BBEeIEeHUM y reomMerpii.
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y y
B(x; y) P (x; y)
R Y
o A o F,
O X x (0] X 1 x
Mau. 17.9 Mau. 17.10

3. Odunuineenny ;‘ Ax Bimomo 8 Kypcy reOMeTpii, 3Ha-

uyeHHs BHUpasiB sina, cosa i tga, me
0° < o < 180°, zaje:xaThb JiuIlie BiJ rpagycHoi Mipu KyTa o i He
3aJekaThb Big qoB:KuHU paniyca R. Tomy 3pydYHO po3risamaTy KOJO
3 pagiycom R = 1 i meHTpoM y mouaTKy KoopamHat (Mmaja. 17.10).
Take K00 HA3UBAIOTh 00UHUYHUM KOJLOM.

Hexail npu moBopoTi Ha KyT o mo4arkosuil pasiyc OP me-
pexomuth y paziyc OP , ne Touxka P, Mae KOOpAWHATHU (x, y)
(man. 17.10). KaxxyTs, Luo KyTy O Bl/:[nom/:[ae TouKa P onuHWY-
"HoTO KoJa. Tomi

‘ CUHYCOM KYyma o HAZUBAIOTH opauHaTy Toukm P (x; y) omu-
&, HUYHOTO KO0JIa, TOOTO sina = y;
KOCUHYCOM KYyma o Ha3MBAIOTh abcmucy Touku P (x; y) oau-
HHUYHOTO KO0Ja, TOOTO €oSO = X;
MmanzeHcoMm Kyma O HASUBAIOTH Bi{HOLIEHHS OPAMHATH TOY-
kU P (x; y) oTuHUYHOTrO KoJMa A0 1i adcuucH, To6To tgo = i,
x
x 7 0
KONaHzeHCcOM Kyma O HA3HBAIOTH BiTHOIMEeHHS abcuucu
Touku P (x; Y) ONMUHUYHOTO KOJa 10 Il OpAHHATH, TOOTO

ctga=£, y =+ 0.
y

OsHaueHHsA TaHreHCa MOKHA C(DOPMYJIIOBATU U TaK:

‘ TAaHT¢HCOM KYyTa ¢ HAa3UBAIOTH BiI[HOI]IeHHH cHHyca IbOro

L KyTa 0 HOTO KOCHHYCA.
. . . y sina
CopaBgi, ockinbKku y = sina, a x = cosa, To tga === ,
X cosa

me coso # 0. Anasoriuno:

KOTAHCeHCOM KYTA 0. HABWBAIOTH BiTHOIIEHHsI KOCHHYCA I[hO-
&, ro KyTa 1o HOro cunyea.

. X cosa
Cupasni, ctgo =— = —
y sina

, e sina = 0.

Bupasu sina i coso maioTh 3MiCT A1 OYIb-AKOTO 3SHAUECHHS O.
Bupaz tg o mae swmict, xKoam x # 0, Tod6To Kom o # +90°, +270°,

167



+450°, ... , OCKiJIbKM OJs IIMX KYTiB abcimca BiAIIOBiZHOI TOUKH
OOWHWYHOTO KOJIa JOpiBHIOE HYyJf0. Bupas ctg o mae 3micT, Koau
y # 0, To6To Kom 0 # 0°, £180°, £360°, ... , OCKIIBKYM I UX KY-
TiB opauHATA BIAMIOBIAHOI TOUKM OAMHWYHOIO KOJIA JOPiBHIOE HYJIIO.

OT:xe, KOXKHOMY IOIYCTUMOMY 3HAUEHHIO KyTa O BigmoBimae
eINHe 3HAUYeHHA sina, cosa, tga, ctgoa. Tomy curyc, KocuHycC,
TAHTEHC 1 KOTaHreHC € PYHKIiAMHU KyTa o. IX HazuBaroTh mpuzo-
HOMEeMPUYHUMU QPYHKULAMU KYmMma.

. 3HalieM0o 3HAUEHHSI TPUTOHOMETPUU-
4. Tpuzonomempuuni oo . o o °
3nafennﬂ Oeﬂmfx kymie | HUX dysxmnii kyris 0°, 90°, 180°,
~ 2 ] 270°, 360° 3a o3HAUEHHAM.

Ha opmrmunomy Komi (man. 17.11) mosrmaunmo Touku P, mia
o = 0°; 90°; 180°; 270°; 360°. MaTumemo:

Py(1; 0), Tomy sin0° = 0; cos0° = 1; tg 0° = 0; ctg 0° — we ichye.

Pyyo(0; 1), Tomy sin90° =1; cos90° =0; tg90° — =e icHye;
ctg 90° = 0.

Pigp(—1; 0), Tomy sinl80°=0; cosl180°=-1; tg180°=0;
ctg 180° — me icuye.

P,.,(0; —1), Tomy sin270° = —1; cos270° = 0; tg270° — me ic-
Hye; ctg 270° = 0.

Toura Pgq). Mae Ti cami KoopAauHATH, IO ¥ TouKa Py, ToMy
sin360° =sin0° =0; co0s360° =cos0°=1; tg360°=1tg0°=0;
ctg 360° — He icHye.

y ITomamo oTpuMaHi 3HAUYEHHA y BHU-
Py (0; 1) raaai Tabawuni, fomosHuBIM i 3HA-
YeHHAMU CHHYCa, KOCUHYyCA i TaHreHca

Pgy-(-1; O)K Fy(1;0) rocTpux i Tymmx KyTiB, BimoMmx HaM
Q 1/ Py, x 3 EKYDCY PQOMeTpﬁ. Hesimomi BHAUYEHHA
TaHTeHCa 1 KoTaHreHca A miel Tabmiaun-

Pyr0:(0; -1) i obumcmmo BimmosimHO 3a hopmysta-

i tg o = sin o i ctga = cosa
Max. 17.11 COS O, sin a.

Kyt o, 3asHaueHi y mepmiomy paaky Iriei Tabauiri, 1ie Hasu-
BalOTh mabauyHumu kymamu. Maewmo:

a |0°]30°|45°[60°(90°|120°| 135° | 150° [180° | 270°| 360°
1 1
sino | 0| — @ E 1 ﬁ ﬂ — 0 -1 0
21 212 2 2 2
1 1
cosa | 1 ﬁ ﬂ — 0| —— —Q —é -1 0 1
21 2|2 2 2 2
1 1
tgoa |0 7= 1 |B| —|B| -1 |-z 0| -0
t J3 |1 L 0 -1 1 J3 0
bt Il M X N e B
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@IIETED Osuncarm

2 1) cos60° + tg45°; 2) sin230° + ctg135°;
3) (3c0s290° + 2sin270° — 53 tg120°)71;
4) /(1 -2c0s30°)2 — /(1 + ctg 30°)2.

PosB’azamuda. 1) cos60° + tg45° = %+ 1=1,5.

2) 3anuc sin230° oszmauae (sin30°)2. Maewmo:

4
3) (3c0s290° + 2sin270° — 5/3tg120°)1 =
1

= (3:0%+2(-1) - 5V3(-V3) ! = (-2+15) 1 =137 = .

1) 3
sin230° + ctgl135° = (Ej +(-1)=——.

4) /(1 - 2c0s30°)2 — /(1 + ctg30°)? =

1—2-?—‘“\/5‘:‘1—\/5‘—‘1“/5\.

Ockimexm 1-+3 <0, 10 [1-V3|=~(1-+3) =3 -1;
143> 0, Tomy [1++3|=1+13,

1-V3|-[1+3]=3-1-(1+3) =\B-1-1-3 =-2.

3 1
Bi oBigw:1)1,5; 2)—-——; 3)—; 4) 2.
ATmoBigb: 1) ) 1 )13 )

Oroxe,

5. BHaxo0dneHHA I[JIS-I SHAXOO:X€HHA CHMHYyCa, KOCHHYCa
MPUZOHOMEMPULHUX 1 TAHI'€HCa B KaJIbKYJATOpax € BIAIIO-

PynKyil 3a 0onoM02010 | pinmi kjagimm , i (v mesi-

KAAbKYAAMOPa
—————— KHUX KaJbKyJATOpaxX ). Cnoouatky

nepemukau «I'-P» Tpeba 3adikcyBaru y monoskenHi «I'» mis 3a-
IaHHS KYTiB y rpagycax. ¥ OesdKUX KaJIbKyJsATOpax Ile AocsdAra-

€THCA 3a AOIOMOTOIO KJaBimri i Bubopy BimmoBimHOTO pe-
JKUMY. 3ajJiedKHO BiJi TUIY KaJbKyJATOPa MOPANOK OOYMCJIEHb
MOJKe OyTH Pi3HHM, TOMY paAnMMO YBa’KHO O3HAMOMUTHCS 3 iH-
CTPYKILi€I0 10 KaJbKyJATOpa. HaBemeMo moOpAgOK OOUMCIIEHDb A
IBOX HAMOiJBIN IOMIMPEHUX TUIIIB KaJbKyJATOPiB (c. 170).
B ocramnmix pagkax 060X TaOJUIb CKOPUCTAJIUCSI THUM, IIIO KO-
TAHTEHC € YKUCJIOM, obepHeHUM 10 TaHreHca. CrpaBni,
cos o 1 1
ctga = — =— = .
sina slna  tga

cos o
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Pe3yabraT

Vosa HocninOBHiCT? min (3 TouHiCTIO

A KAJbKYJIATOPIB I THUILY a0 mecATu-

THCIIHUX)

sin 28° ~ 0,4695

cos12°20' | (20| = [[60 || + |[12]] = ||cos|| =~ 0,9769

tg17° ~ 0,3057

ctg54° | |54 te | |1/x ~ 0,7265
_ . . Pe3ym>.'ra'r

e s wagamropin 11 mumy | 6 gecnmim
CAYHUX)
sin28° | [sin||28]| = | ~ 0,4695
c0s12°20" | [cos|[12]||° " |[20][° ][ = || =~o0,9769
tg17° ltg|[17]]| = | ~ 0,3057
ctgsae || 1 ||« ||te]|54]] =] ~ 0,7265

N

A we panites
M -

RSN

Tepmin «mpuzornomempisn»

MIPDIOBAHHA MPUKYMHUKIE.

noxodumov 8i0
2peubKUX CJI8 «MPUZOHOM» — MPUKYMHUK i
«Mempio» — BUMIPIOI0, WO PA3OM 03HAUAE BU-

ITompeba y eumipiosarnui gidcmaneil i KYymie BUHUKAA UWie Y Cma-
podaehi yacu uepe3 HeOOXiIOHICMb 6U3HAUEHHS NOJIONEHHS 3iPDOK HA
Hebi, Kopabaie |y 8i0Kpumomy mopi, KapasaHise y nycmeJsi mouo.

Heski sHanHs 3 mpuzoHomempii Hakonuuuau i 6ueni Cmapodas-
Hb020 Basunony. 3acHo6HUKAMU X MPULOHOMEMPIl NPUULHAMO
ssaxcamu dasHvozpeuvkux suenux I'inapxa (6a. 180 p. — 6. 125 p.
00 H. e.) i I[Imonemes (6a. 100 p. — 6a. 178 p.). Soxkpema, I'inapx
CKAa8 mabauyi xopd — nepuli mpuzoHomempuiri maobruyi. Binvw
mouHi mabauui cunycié cknasé IImonemeii. Kpim yux mabauyp,
1020 npaus «Anvmazecm» MicmMULG MAKON} MO2OYACHI 8idomocmi 3
ACMPOHOMIL MaA CYMIHHUX HAYK.

Y €sponi enepwe mpuzonomempis Ak camocmiilHa HAYKA Mpak-
myemuvca y npaui «I’amv KHUZ npo MPUKYMHUK Yycix 6udie»
Hozanna Miwoanepa (1436—1476). Ilo0anvuiuii po3sumox mpuzo-
Homempii 6i00yecsa 3aedaku Murxonaio Koneprukry (1473-1543),
®Ppancya Biemy (1540-1603), Hozanny Kenaepy (1571-1630) i

0ys8 nos’a3
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CyuacHozo 6uznady mpuzoHomempis Habyaa y npausax Jleonapda
Eiinepa (1707-1783), sakuili ynepwe c@QOpmMYyn08a8 O3HALEHHS
MPUZOHOMEMPUYHUX PYHKUIL, PO32NAAHYE iX 0N 008ILbHUX KYMiE
ma 006i8 KilbKa MPUZOHOMEMPULHUX POPMYJL.

Tepmin «cuHyc» ynepuie 3’ A6U6cs Yy npayax iHoillcbK020 64eH020
Apiabxammu (476-550). Tepmin «KOCUHYC» € CKOPOUEHHAM Ja-
MuHcbK020 «complementy sinus», mobmo 000amKo8uil cuHyc.
_CyuacHi nosHauenHsa «Sinx» i «Ccosx» Yynepuie 3anponorHyeas
Hozann Bepryani 6 1739 p. 6 aucmi do Jleonapda Eiinepa. Etinep
iXx npuilrAae i cucmemamu3yeas.

TepmiHu «maHzeHCc» i «KOMAHZEHC» Y8edeHo apabCbKum mame-
mamurxom A0y-u-Bea (940-998 ). Bin e ckaas nepuii mabruyi
MaH2enCi8 | KOMAH2eHCLE.

@ LLlo Ha3mBaloTb MOYATKOBMM pPagiyCoM; KyTOM MOBOPOTY? @ AKWA KyT
Q NMOBOPOTY BBaXalTb A0AATHMM, a KM — Big eMHUM? @ Cchopmynton-
Te 03HAYEHHs1 CMHYCa, KOCMHYCA, TaHreHca i KoTaHreHca KyTa o. @ HAke
KOO Ha3nBaTb OANHUYHUM? ® CHOpMYOATE 03HAYEHHS CUHYCa, KO-
CWHYCa, TaHreHca i KoTaHreHca KyTa o, 3a4aHoro Ha OgUHNUYHOMY KOTTi.

§ Fozb sximo 3aga4i ma buxonaime bnpabu

{1, 17.1. Yomy nmopiBHIOIOTH Sina i coso, AKIIO KYTy O Ha ORM-
.. . 3 4
HUYHOMY KoJi Bigmosinae touka P, —g; —=|?

17.2. Homy mopiBHIOIOTH Sinf i cosf, AKINO KyTy [ HA OQUHUYHO-
MYy KOJIi Bimmosimae Touka PB(0,8; 0,6)?

3uatigite (17.3—17.4):

17.3. 1) sin45°; 2) cos90°; 3) tg30°; 4) ctg 135°;
5) cos120°; 6) sin 180°; 7) ctg 60°; 8) tg0°.

17.4. 1) sin120°; 2) cos 30°; 3) tg45°; 4) ctg90°;
5) cos270°; 6) sin0°; 7) ctg120°;  8) tg60°.

HaxkpecsiTs KOJIO i3 IIEHTPOM y TOYATKY KOOPAWMHAT i, BUKO-
PUCTOBYIOUM TPAHCIIOPTUP, IO3HAYTE KYT HOBOPOTY, IO IOPiB-

Hioe (17.5—17.6):
17.5. 1) 60°; 2) 210°; 3) —40°; 4) -320°.
17.6. 1) 110°; 2) 300°; 3) —130°; 4) —200°.
2 Sanumuite KyT oy BUrIAAi o = o, + 360°k, ne 0° < o, < 360°,
a k — mesxe mine uucio (17.7—17.8):
17.7. 1) a = 420°; 2) o =765°% 3) a =-320° 4)a=-1060°.
17.8. 1) a =730% 2) a=395°% 3)a=-710° 4)a=-770°.
17.9. Kytom sixkoi uBepTi € KyT [, AKIIO:
1) B=190° 2)pB=-190° 3)p=105°% 4)B
5) B = 89°; 6) p = —89°; 7) B =320°% 8)p =-320°7



17.10. KyToMm AKOI uBepTi € KyT Y, AKIIO:
1) y = 95°% 2) y = -95°% 3) y=210° 4)y=-210%
5) y = 20°% 6) y = —20°% 7)y=280°  8)y=-280°?

17.11. Bigomo, 1o siny = —%; cosy = —%. Suanzgits tgy i ctgy.

17.12. Bigomo, m1o sinf = %; cosf = —%. Suaninite tgP i ctgp.

3HaAUAITH 3a JOIOMOTOI KaJbKyJATOPa (OKPYIJIITh 10 TUCAYHUX)

(17.13—-17.14):

17.13. 1) sin(-15°); 2) cos127°  3) tg(1000°); 4) ctg(-37°).
17.14. 1) sin190°;  2) cos(—100°); 3) tg(-29°); 4) ctg1200°.
3HaliaiTh 3HaueHHA Bupasy (17.15—17.18):

17.15. 1) cos90° + sin0°; 2) 3cos 180° - sin 90°;
3) 2tg180° — 4ctg90°; 4) ctg270° — cos270° + sin 270°.

17.16. 1) 5sin360° + cos 360°; 2) tg0° + sin 180° — cos 0°.

17.17. 1) 4cos30° — 2sin60°; 2) /2 sin 45° + 24/2 cos 45°;
3) tg60° : ctg 30°; 4) sin150° + cos 120°.
17.18. 1) ctg60° — tg 30°; 2) +/3 5in120° — cos 60°;
3) sin135° + cos 135°% 4) tg120° : ctg 150°.

3HalAiTh 3a JOIOMOrO KaJabKyJadTopa (OKPYIJIITH OO COTUX)

(17.19-17.20):

17.19. 1) sin12°37" + cos15°13’; 2) tg105°12" + ctg 185°38'.

17.20. 1) cos113°24’ + tg17°36'; 2) sin190°15" + ctg12°30'.
17.21. Cepe/:[ KyTiB moBopoty 520°; 440°; —310°; 220°; 770°;

—560° 3HAWIITH Ti, V AKUX IIOUATKOBUH paziyc npuiiMaTuMe
Te caMe IIOJIOKEHH, IO ¥ IPU IIOBOPOTi Ha KYT:

1) 50°; 2) 160°.

17.22. 3uaiigite y npomizkky Bim 0° mo 360° xkyt  Taxkwumii, 1106
IOBOPOT IIOYATKOBOIO pajiyca Ha Ied KyT 30iraBcsa 3 IIOBO-
POTOM Ha KYT O, SAKII[O:

1) a =480° 2)a=-70°% 3)a=1150° 4)oa=-670°.

17.23. VKaxiTh KyT o, I[0 HaJEXKHUTL MpoMiKKy [360°; 720°],
IJIsT SIKOTO:

1) sinao=1; 2)cosa=0; 3) sina = 0; 4) cosa = —1.

17.24. YraxiTe KyT 3, 10 HaJEXUTh TpoMikKy [—-360°; 0°], nuia
akoro: 1) sinp = —1; 2) cosp = 1.

17.25. YKaxiTh TpuU TaKUX 3HAYEHHS X, IJII AKUX:
1) sinx = %; 2)tgx =0.

17.26. YKaXiTh ABa TaKUX 3HAUEHHS O, OJIA IKUX:
1) cosa = g; 2) ctga = 0.
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O6uwmcairs (17.27—17.28):
17.27. 1) sin245° + c0s260°; 2) sin30°cos180°tg45°;
3) tg2180° + cos?120°;
4) (2¢tg270° — 2c0s60° + sin260°)71,
17.28. 1) sin2120° — cos20°; 2) cos45°sin135°ctg45°;
3) ctg260° + sin230°;
4) (2cos20° — ctg135° — 10co0s260°)71,
17.29. 3uaiigiTe s3HauenHsa Bupasdy sindo + sin2a, aKIno:
1) o = 15% 2) a = 30°; 3) o = 60°; 4) o = 90°.
17.30. 3uaiigiTh 3HaueHHs BHUpPasy cosa + cos2o — cos3a, AKIIO:
1) a = 30° 2) o = 60°.

Axi kKoopamHATM Mae TOYKA OAMHUYHOTO KOJa, OTPUMAaHa IIPU
moBopori Touku Py(1; 0) Ha KyT (17.31-17.32):

17.31. 1) 90°%; 2) —180°; 3) 135°% 4) —240°?

17.32. 1) 30°; 2) -270°; 3) 150°%; 4) —300°7?

17.33. Touka OMMHUYHOTO KOJia Mae abCIiuCy, IO AOPiBHIOE UmC-
ay ——3. fAka opauHaTa y 1miei Toukm?

17.34. Touka OZUHUYHOTO KOJa Ma€ OPAWHATY, IO IOPiBHIOE

YUCITY —?2. fAxa abemuca y 1iei Touru?
‘4, O6uwucairs (17.35—17.36):
17.35. 1) (1 — 2cos45°)2 — /(1 + 2sin 45°)2;
2) /(ctg30° — 2)2 + \/(tg 60° —1)2.
17.36. 1) \J — 25in60°)2 — /(1 + 2cos 30°)2;

2) \/(3tg30° -1)2 + \/(3ctg60° -2)2,
17.37. Touka P, ofMHUYHOIO KOJa Mae KoopAauHatu (a; b). S3Haii-
JiTh KOOPAMHATHA TOUOK P_ i P g¢0-

SHAULITh KOOPAMHATA TOUYOK OSMHHUYHOI'O KO0JIa, OTPUMAHUX IIPK
mosopori Touknu Py(1; 0) Ha KyT (17.38—17.39):

17.38. 1) 60° + 360°k, k< Z; 2) 180°k, k€ Z;

3) 135° + 720°, k< Z; 4) —90°+180°, k€ Z.

17.39. 1) 120° + 360°k, k€ Z; 2) 90°+180°k, k € Z;

3) 720°k, ke Z; 4) 30°+1080°k, ke Z.
17.40. Ins Tabopy maacTyHiB mOTPi6GHO mMpuUAdATH IYKOP 3
V¥ pospaxyHKy mH000Boi HOopMEu y 50 I yKpPy HaA OAHY OCO0Y.
Y Tabopi 4 rypeni Ha 28 micub KokeH. CKiTbKM KiJOrpaMOBUX
YIIAKOBOK IIYKPY 3HALOOUTHCSA Ha 5 AHIB IJisI BChOro Tabopy?

g@ 17.41. Po3B’stkiTh piBHAHHSA Y +32-x =32x-3.
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Tligzomyimecs g0 bubuenns Hobozo mamepiany

17.42. Pagiyc koJia mopiBuioe 1 M. S3HAWIITL HJOBMKUHY OYTH, IO
BiATIOBiIae IeHTPAIBHOMY KYTY:

1) 30°; 2) 45°; 3) 60°;
4) 90°; 5) 120°; 6) 135°;
7) 150°; 8) 180°; 9) 210°;
10) 235°; 11) 240°; 12) 270°.

TPUTOHOMETPUYHI ®YHKLII YACNOBOIro

@ q}@) PAOIAHHE BUMIPKOBAHHA KYTIB.
APTYMEHTY

Ax BimoMo, KyTm BUMIipIOIOTH y Trpagycax i MOro gactTmHax —
MiHyTax, cekyugax. IIpore B maTemMaTuili, acTpoHoMii, ¢isuiri Ta
iHITMX HayKaxX BUKOPUCTOBYIOTH Iie I padiaHHy Mipy KyTa, SKa
Mae IIeBHi IepeBaru MOPiBHAHO 3 I'PAAyCHOIO.

1. PagianHa mipa KyTa

‘ KytoMm B 1 (omuH) pajiaH HA3UBAIOTh I[EHTPAJIBHUI KYT, TOR-
JKHMHA YT AKOTO TOPiIBHIOE TOB:KHUHI pagiyca Kojga.

Ha wmamomxky 18.1 AB =R, ToMy Mipa
Kyra AOB popiBuHioe 1 pazian (CKoOpodueHO
«panm»).

3HaiieMo 3B’SI30K MiK pajiaHHOIO i rpa-
nycHoro wmipamu. [[oBKmHa miBKOJa, pajiyc
AKoro R, mopiBuioe mR, 110 B © pasiB OiabIie
3a poBxkuuy ayru AB. Tomy posropuyTomy
KyTy BifgmoBimae ayra mipu m pagmiamis. OTxxe,

Max. 18.1
Q 180° = 1 pa.

3Bigcu maemo, mo 1° = T panm, Tomi n° = T n pan;

’ 180 © 77 180 ’

180° . °

1 panm = , TOOl O pag =

s 180° R
Kopucuo mam’sararu, 1o 1 pag = ~ H7°18'.

Opepsxani opmysu, 30KpemMa, BUKOPUCTOBYIOTH JIA TIePeXo-
Iy Bim rpaaycHOl Mipu KyTa OO pajiaHHOl i HaBIaku, IPOTe AJIA
IIBOTO MOJKEMO B3aCTOCOBYBATHU i ITPOMHOPILil0, BpPaxyBaBIIH, IIIO
180° = &t pan.

W 3HaliTh pamiaHHy Mipy KyTa 144°.

PosB’aszauuda. I cnocio (3a hopmyJioio).
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i 1447 4n
-144° = =— (pan).
180° 180 5 2
II cnoci6 (3a ZOTIOMOTOI0 IIPOIIOPILii).

Maemo mpomnopiiro: 180° — © pan
144° — x pag

. 144° =

. 180 =« ) o
Maewmo piBHAHHS: —— =—, 3BiIKU X =———, TOOTO X =— papi.
144 «x 180 5

. . 4n
BigomoBins. ? pan.

W 3HaiTu rpagycHy mipy Kyra 1,5 pan.

180 1,6 = 270 ~ 85°59".

Poss’asaunua. 1,6 pag =

270°
T

. . 51
m 3HaWTH rpagycHy Mipy KyTa e

PosB’a3auusa. BukoHaTu Iie 3aBIaHHA MOYKHA y TOH caMuUil
cmocib, mio I momepenHe, aje TYT AOIiJbHIiIIe Oyae 3aMiHUTH T

Ha 180°. MarumeMmo: % = 5 1680 =150°.

T

~ 85°59'.

BinmoBigs.

Bigomosingse. 150°.

? W7 ERRES 3HalineMo pajiaHHI Mipu TaOIUMYHUX KYTiB:

. T T T T
+30°=—.80== ; 45° = ——.45=— 5
180 6 O 180 4 P
T T T T
60°=—"—.60 == pan; 90°=—"_.90 =" pan:
180 3 P4 180 g P4
n 2% T 3%
120°=2.60°=2- % = 2" pam; 135°=3.45°=3.-5 2" pan;
3 g P 4 4 P
150%5-30%5%:%" pa; 270°=3-90°=3?“ pam;

360° = 2-180° = 2n pag.

BukopucroByrors pamiaHHy Mipy KyTa,
TaK caMO fK 1 rpagycHy, y B3ammcax
TpUroHomMeTpuuHMX BupasiB. Tak, 3za-
———— mwmc sin2 o3Havae CWHYC KyTa, Mipa

2. Tpuzonomempu4ni
PYHKYIL 4Ucn06020
apzymenmy

. 3n . 3n
SAKOTO 2 pagiaHu, 3aIIUC COST 03HAYa€ KOCUHYC KyTa Mipu e pa-
miauiB, 3amuc tg(—3) — TamreHc Kyra, Mipa SKoro —3 pamiaHu.
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KoxxkHOMYy monmycTuMoMy sHaUeHHIO umncjaa x (KyTa, 1o MiCTUTh

X papgiamiB) Bigmosimae €0

UHe 3HaYeHHA Sinx, cosx, tgx, ctgx.

Tomy cuHyC, KOCUHYC, TAHTE€HC i KOTaHreHC € PYHKIIAMU YHUCJIIO-
BOTO apryMeHTy X. IX Ha3WBAIOTh MPUZOHOMEMPULHUMU PYHKUIS-

MU YUCL08020 ApZYyMeHmYy.

NG

Hampuraan sin7t =
T4 2

2n 1

MY gz—i- Ctg_—__
’ 6 \/§9 3 \/go

W 3HallTy 3HAUEHHS BUpPasy cosx + x, akifo x = 0.
PosB’aszauud. Axmo x =0, Tocosx + x=cos0+0=1+0=1.

Bigomosings. 1.

3. 3HAXx00%eHHA 3HAYEHb
MPUZOHOMEMPULHUX
dYynKYid 4Ucn06020
apzymenmy 3a 0onomo2010
KanbKyisimopa

nagKky mepemukau «I'—P»

3HaUeHHsS TPUTOHOMETPUUHUX (QYHK-
Iifi YMCJIOBOTO apryMeHTy 3a JOIIOMO-
rol0 KaJbKyJdTOpa 3HAXOAATH TaK
caMo, AK i 3HAUEHHA TPUTOHOMETPUY-
HUX (PYHKI[IA KyTiB, SKi 3a7aHO y rpa-
nycax (§ 17, m. 5). Ane y mpomMy BHU-
IS 3aJaHHS KYTiB y pafmiamax Tpeba

BHUCTABUTHU B IOJOXKeHHS «P». Haramaemo, 1o B IeIKUX KaJbKy-

JSTOpax Iie JOCATAETHCS 3a
BiAIOBIAHOTO PEKUMY.

momomoromo Kiaasinri |[MODE| i suGopy

IlepeBipTe Ha CBOEMY KaJIbKYJIATOPi, IO
sin2 ~ 0,9093; cos30 ~ 0,1543;
tg(-2,7) = 0,4727; ctg 2,95 ~ —5,1554.

3 ST I 5 :
LWL s epuwe sukopucmanusa padiana 3amicms Ky-
A we Paﬂ’uu . moseoeo 2padyca saseunail npunucyromv Poo-
NV . — acepy Komcy (XVII cm.), akuil esaxas uyio
00UHUUI0O BUMIDIOBAHHA KYmMié HAUOiLbUL

npupodnoio. O0nakx ifei0 umipoéanus 008xiuHu Oyzu padiycom
Koaa eukopucmosysaau i inwi wmamemamuxu. Hanpukxaaod,
Anv-Kawi surxopucmosysas 00UHUYI0 SUMIDIOBAHHSA, AKY HA3U6AE

I ) . 1 .
«wacmuna diamempa» i axa 00PiBHIBANLA = CY4acHoz0 PO3YMiH-

Hs padiana. Takox 6iH 8urKopucmogyeas i 6iavl OpiOHi wacmuHu
uiel 00UHUUL BUMIPIOBAHHA.

Tepmin «padian» ynepue 3’ssuecs 5 uepsus 1873 poky 6 exsa-
MeHayiilHux Oinemax, cknadenux ouceitmconom Tomconom 3 YHi-
eepcumemy Keinca y Beagacmi (Ilieniyvna Ipaandis). Tomcon
8UKOpUCMO8Y6A8 Uell mepMiH we pariwe (0o eudannsa yux Oine-
mig), y moil camuil wac Koau itozo koneza Tomac Mioip 3 Cenm-En-
OpiocvbK020 YHieepcumemy KOAUBABCS Y BUOOPL Mid mepmiHamu
«pad», «padian» i «padian». Y 1877 poyi Mwip, nicas KoHcyaibma-
yii 3 Tomconom, 6upiulue UKOPUCMOBYEAMU MeEPMIH «DAiaAH».
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@ Lo HasuBawTb KyTOM B 1 pagiaH? @ fka pagiaHHa mipa KyTta
180°? @ Ak nepenTu Big rpagycHoi Mipyu A0 pagiaHHOI, i HaBnakun?
YKaxiTe HabnwkeHo rpagycHy mipy kyta B 1 pag? @ Lo HasuBatoTb
TPUTOHOMETPUYHOI (PYHKLIIEID YMCIIOBOrO aprymeHTy? @ 3anam’s-
Tante pagiaHHi Mipy TabnNUYHKX KyTiB.

§ Fosb axims 3agaui ma bukonaime bnpabu

{1, 3muaiigiTe pagianny mipy Kyra (18.1—18.2):

18.1. 1) 20°% 2) 75°% 3) —40°;
4) 720°; 5) —110°; 6) 225°.
18.2. 1) 25°; 2) —30°; 3) 130°;
4) -160°; 5) 50° 6) 240°.
3HalmiTh rpalycHy Mipy KyTa, pagiaHHa Mipa SKOTO AOPiBHIOE
(18.3—-18.4):
T 3n
18.3. 1) E; 2) 3m; 3) _I; 4) -m; 5) 0,5; 6) —2.
i 2n i
18.4. 1) —; 2) —2x; 3) —; 4) ——; 5) 1,5; 6) —3.
) 2 ) —2n ) 3 ) 6 ) )
2, Kyrom axoi uepti € KyT (18.5—18.6):
185. 1% it gk 4T
5 3 6 8
18.6. 1) 2%, 9)_2F, g T, 1) 2%y
10 3 20 3
18.7. Jax mae ¢opmy TpuKyTHHKAa. PamiaHHi mMipum OBOX KyTiB
2n

. . o . .
IIbOTO0O TPUMKYTHHKA OOP1BHIOIOTH ? 1 g. 3HaI/I,Z[1TI: paglan-

HY Ta I'paycHy Mipud TPEThHOTO KyTa TPUKYTHUKA.

18.8. Typuctuunuii Hamer Mae @opMy piBHOOIuHOI Tpamerii,
OIOWH 3 KYTiB AK01 72°. 3HaWAITh rpagycHy Ta pagiaHHy Mipu
0iJIBIIIOrO 3 KYTiB Ifiel Tpamerii.

3a IOIMOMOro0 KaJbKYJAATOPa 3HAWIITH i 3aIUIIIITEL UKCJIO 3 TOU-
HicTiO MO cotux (18.9—18.10):

18.9. 1) g; 2) —g; 3) 2r; 4) -4,57.
T T
18.10. 1) - %, 9y ~. 3) -1,5m;  4) 8.
) 5 )10 ) n ) 8n

3HaAHAITh 3a JOIOMOTOI0 KaJbKyJIATOPa (OKPYIJIITH 4O TUCAYHUX)
(18.11-18.12):

2
18.11. 1) sin1; 2) cos(—2,5); 3) tgg; 4) ctg (—?nj
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18.12. 1) sin(-3);  2) cos0,87; 3)tg(—l]; 4) ctgd,2.

12
18.13. HakpeciiTh TabauUII0 B 30MIUTI Ta 3alIOBHITH ii.
o | Z|Z| 2| X |2t |3 |5n 3T 1,
¢ 6 |43 |23 |4|6| | 2|
sina
cosa
tga
ctga
3HalgiTe 3HaueHHA Bupasy (18.14—18.15):
18.14. 1) 4sin ~ + ctg 2) cos ™ + sin oL
6 4 2 2
3)200sn—\/§sin£; 4)2cosz—n+tg3—n.
3 3 4
18.15. 1) Zcosg - tgz; 2) sinm + cos2m;
3n 3n 51 I
3) sin— — ctg —; 4) 4sin— + ctg —.
) sin 5 ~cte, ) - g5

ITosuHauTe HA OAMHUYHOMY KOJi TOUKY, AKY OTPUMAEMO IIPU IIO-
Bopoti Touku Py(1; 0) ma xyT (18.16—18.17):

18.16. 1) =; 2 -3%  gyam  4y-m
6 4
T i 2n
5) ——; 6) —; N —; 8) 3.
) 3 ) 3 ) 3 )
18.17. 1) 5 92T gyam 4y 2T
3 6 3
18.18. 3maiigiTe sHaueHHS BuUpPasdy 3sino + 2cos o, AKIIO:
i 3n
1) o = 0; 2)o=—; 3) o = T; 4 o=—.
) ) 5 ) ) 5
18.19. 3uaiigiTes 3HaUeHHsI BUpasy dcosb — 2sinb, AKIIO:
i 3n
1)B=0; 2)B=§; 3)P=m 4)l3=?-
3 18.20. 3maiizitTe pamianHy Mipy BHYTPIIIHBOrO KyTa IIpa-
BUJIBHOTO:
1) TPUKYTHUKA; 2) YOTUPUKYTHUKA;
3) ImIeCTUKYTHUKA; 4) meCATUKYTHUKA;
5) mBaHAAIIATUKYTHUKA; 6) IBaOIATUKYTHUKA.

18.21. 3manimiTe pamianHy Mipy KYTiB TPUKYTHUKA, SKIIO 1X
mipu BigHOCATHCA AK 1 : 4 : 5.
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ITopiBusatiTe uncaa (18.22—18.23):
18.22. 1) = i 1,6; risl; 3)-3Fi 5  4)-20i-6.
2 8 2
T, . . 3r .
18.23. 1) 5 i-1,5; 2)27ni6,3; 38)-mni-—-3,2; 4) o> i4,5.
O6uncaits (18.24—18.25):

2
51
18.24. 1) 5cos? = — 2sin2 =, 2| te Zetg T+ sin 2 |
) Scos 3 sin 5 ) g3cg6 5
3) (sinE + cos ET - tg 3, 4)sin2 " 4 cos2 X —tg2 *
3 6 4’ 4 4 4'
2n
18.25. 1) 4cos? ~ + 8sin2 =; 2) [ cosZE —tg X tg5—n :
6 3 3 6 6
2
e 5n e 3n 3n 3n
3)|cos—+sin— | —ctg—; 4 2 — +sin2 — —ctg? —.
)( 3 6} g4 ) cos 1 sin 1 ctg 1
3ualigiTe 3HaveHHsA Bupasy (18.26—18.27):
18.26. 1) sin2a — 4coso, AKIIO O = %; g; s
2) 4sina + 2cos30, AKIIO o = %; g
18.27. 1) 2cos2a0 + sina, akio o = 0; % T
T T T
2) 3cosa —sin3a, AKIO oL = —; —; —.
) T 63 2

AKi KoopamHaATH Mae TOYKA OAUHUUYHOIO KOJia, OTpUMaHa IIpu
noBopori Touku Py(1; 0) Ha KyT (18.28—18.29):

1828. )% 2y-m 325 4%
4 3 2
1820. )28 2T 3T 43T
6 2 3 4
18.30. CKinbKM CTOPiH Mae MPaBUWIBHUI MHOTOKYTHUK, AKIITO HOT0:

C . 3n
1) BHyTpimIHi# KyT DOpPiBHIOE T;
N . T
2) 30BHIIIHIN KYT JOpPiBHIOE g?

3HaiiTh 3HaueHHA Bupasy (18.31—18.32):
18.31. 1) sin 2o + cos 2a

,HKH.IOOLZE;
. b b 4
sinfoa—— |+2tg| ——«a
12 2

4 cos(a + B) — 3sin(a — B)
6sin(a + B)

2) ,mcl.uoa:g;ﬁ=

ola
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\/gsin 20 — cos 2a.

18.32. 1) , AKIIO oL =
V2 sin o+ |+ 2sina 6
12
2) — sin(e. + ) , AKIIO O = E; B = E.
2sin(a — B) + 4 cos(a + B) 3 6

4 llopisusiire (18.33—18.34):
18.33. 1) th_n + ctgz—7T i-2; 2) sinz—ﬂ— cos5—TE i ¥4,
3 3 3 6

18.34. 1) tg£+ctg£ i2; 2) Zcoss—n—sinE i —%.
3 3 4 4

T T e 3n
18.35. iTh, sin—ctg— = tg2=|1-cos?2 — |.
HoBemiTs, 110 3 g 6 g 3( 4 j

T, T b 3n
18.36. MoBenith, mo cos—tg— —1=ctg?2—|1+sin?2 — |
HosexiTs, 111 683 g 3( 4J

3HAUAITh KOOPAWMHATH TOUYKHW OJAMHHUUYHOTO KOJIa, OTPUMAaHOI IIpu
moBopoTi Touku Py(1; 0) Ha Kyt (18.37—18.38):

18.37. 1) 2nk, ke Z; 2) -g 21k, ke Z;
ik kez; 4 kez.
2 2
18.38. 1) §+ onk, keZ; 2)nk, keZ.

18.39. CoiatuBinu Bix 3apobitaol miatu 18 % momaTKy Ha

moxoau (ismunux oci6 i 1,5 % BilickKoBOro 300py, MeHe-
IoKep cylmepMapkeTy orpuMaB 5635 rpH. AKuii posmip 3apobiTHOL
IJIATH Y I[BOr0 MeHemxepa?

18.40. 3uaiiniTe HaliMeHIlle 3HAUYEHHA PYHKILI1
y=(x+ 1)(x + 2)(x + 3)(x + 4).

Tligzomyimecs go bubuenns Hobozo mamepiany

18.41. HaBexiTh mpuKJIaaAu KiTbKOX 3HAUEHbD:
1) xyra o, qaa Akux tg o He icHYE.
2) xkyra P, nna axkux ctgp He icHye.
18.42. Hexaii A(x; y) — mOBiJbHA TOYKA, 1110 HAJEKUTH OTUHUUHO-
My Kouary. Uu mpaBuibHi HepiBHocTi -1 < x <1; -1 <y <1?
18.43. IlopiBHsAliTe 3 HyJaeM KoopAMHATH X i y Toukum B(x; y),
SKIIO IS TOUKA JIEKUTD V:
1) I uBepri; 2) II uBepri;
3) III uBepri; 4) IV uBepri.
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18.44. Touku A i A’ cumeTrpuuHi BigHOCHO oci adbciuc. S3HAHIITH
KOOPAWHATU TOUKU A’, AKIIO:

] a5

2 2
18.45. ITapHOIO UM HEMapHOI € PYHKITis:
1) y = x% 2) y = x3;
1
3)y="Tx — x5 4)y:|x|——1?

{@) BINACTUBOCTI
TPUTOHOMETPUYHUX DYHKLIA

Poarisimemo BJIaCTMBOCTI TPUTOHOMETPUYHUX (MYHKIIH, AKi
0e3mocepefHHO BUILJINBAIOTH 3 1X O3HAUEHbB.

1. O6nacme susnavenns | 1K MU BiKe 3asHavalW paHiiie, BU-
mpuzonomen o pasu sino i coso. MaTh 3MicT A
4,5,,,,””,1 = Oyapb-sikoro kyra o (§ 17, m. 3). Tax

——| camMo0 MaloTh 3MiCcT BUpasu sinx i cosx
Insg Oyab-sakoro uucia x (Kyra x y pagianax). Otixe,

‘ 00acTI0O BU3HAYEHHSI (PYHKIIN CHHYCa i KOCHHYcA € MHOMKH-
Ha BCiX MiCHUX YHcel.

Ile moixHa 3amucaTu Tak:

D(sinx) = D(cosx) = (—00; +00), abo D(sinx) = D(cosx) = R

Bupas tgo mae smict mgna Oyabp-akumx KyTiB o, Kpim +90°,
+270°, +450°, ..., ToOTO KpiM KyTiB, AKI MoKHA 3amaTu (POpMy-
goio 90° + 180°k, ne k € Z. Tomy Bupas tgx He Mae 3MmicTy mJas

yuceJ (KyTiB y pagiaHax) BUTJIAILY ng nk, ne k € Z.

Q O6macTI0O BU3HAUYEHHS (l)y}ncuu TaHTeHCa € MHOKMHA BCiX
MIHCHHX YHCeN, KPiM YHucex E +nk, ne k € Z.
Bupas ctg o mae smicT gia Bcix KyTiB o, kpim KyTiB 0°, £180°,
+360°, ..., To0TO KyTiB, AKi MoKHa 3agatu (opmyaon 180°k, me

k € Z. Tomy Bupas ctgx He Mae 3micTy mJisa uucesa (KyTiB y paji-
aHax) BUTIALY Tk, ne k € Z.

‘ O6macTio BU3HAUYeHHA (PYHKINI KOTAHTeHCA € MHOKMHA BCIX
&, OiNCHUX YHcelN, KpiMm uucen nk, ne k € Z.

w 3HaiiT 00/1aCTh BU3HAUEHHS (PYHKINI y =ctg (Zx - gj

Poss’a3aHHA. 3HAAEMO 3HAUEHHS X, AJIA AKX KOTAHICHC

. . o
He icHye, po3B’sA3aBIN PiBHAHHA: 2X — 1 = nk.
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Haumi maemo: 2x:£+nk; x=%+%k, Ie k e Z.

Or:xe, ob0sacTioO Bu3HAUeHHA (GPYHKII] € MHOKHHA BCix AificHUX

. T nk
yurces, KpiM umces g +—,

nk

T
caTu TaK: X # g +—

k € Z. CKOpoueHO Iie MOYKHA 3aIlu-

ke Z.

Bigmosigs. x¢g+%k, ke Z.

2. Muoxuna 3Ha41ens
MPUZOHOMEMPULHUX

dynryiv

Cunyc i KocuHYC KyTa O € BiAmoBimzHO
OPAMHATOIO Ta abcIucoro Touku P (x; y)
oguHWYHOrO KoJsia (muB. § 17, m. 3).
To1v1y OpAMHATH i abcicu TOYOK Onm-

HIYHOTO KoJIa Ha0yBalOTh ycix 3HadeHs Bix —1 mo 1. OTixe,

MHOKHHOK 3HAYEHh (PYHKIIN cuHyca i KocHHyca € mpomi-

L ok [—1; 1].

Taxuit camuit mpomizkok [—1; 1] € MHOKHHOIO 3HAYEHb i AJIA
BUIAAKY CHUHYCAa i KOCHHYyCA YHMCJIOBOTO apryMeHTy X (KyTa X

y pagmianax). Otixe,

E(sinx) = E(cosx) =[—1; 1].
Posriamemo Kinbka BOpaB Ha BUKOPHUCTAHHSA BCTAHOBJIEHUX

daxTis.

W Ywu icHYIOTHL 3HAUEHHS X, OIPU AKUX CIIPaBAMKYETH-

csa piBHicTh: 1) cosx = —g; 2) sinx = J2?

5

Poss’asamuda. 1) Ockinmbru —1 < —E < 1, To 3HaueHHA X,

5 . .
Ipu AKOMY COSX = s icaye. 2) Ockinbru J2 > 1, To He ic-

Hy€ 3HaUeHHA X, IPU AKOMY Sinx = J2.

Bigmosings. 1) Tak; 2) mi.

m 3HaWTH MHOXKWHY 3HaUeHb (DYHKILii:

)y=sinx +2; 2)y=cos?x—-3; 3)y-=

15
4 +cosx

Poss’assamua. 1) Maemo: —1 < sinx < 1;

-1+ 2<sinx+ 2<

1 <sinx + 2 < 3.

Omxe, E(y) =[1; 3].
2) 3posymino, mo cos? x

1 + 2 (momanu Mo ycix yacTuH 4umcjo 2);

> 0, 3 immoro 60Ky, —1 < cosx < 1,

romy cos? x < 1. Orsxe, 0 < cos? x < 1;
0 — 3 < cos?x — 3 < 1 — 3 (Bigmanu Bij ycix yacTuH uncio 3);

-3 < cosZx — 3 < 2.
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. Omxe, E(y) =[-3; —2].
3) Ockinbku —1 < cosx < 1, maemo: 3 < 4 + cosx < 5. Toxi

1 1 1 . .
— 2 ———— > — (mopiBHAJM 00epHEHi BUpasu), TOOTO
3 4+cosx 5
1.1 1
5 4+cosx 3
15 .
MaemMo: 3 S ————— < 5 (IOMHOXKMUJIU yci yacTuHU Ha 15).
4+ cosx

Orxe, E(y) =[3; 5].
Bigmosigsw. 1) [1; 3]; 2) [-3; —2]; 3) [3; 5].

7 ERRES 3HaliTy BCi 3HaUeHHS mapaMeTpa d, IIPU KOMKHOMY
. 3 AKUX HepiBHicTb a(2 — sinx)* — 12 + cos2x + 3a > 0 e mpa-
° BUJIBHOIO AJIsI OYyABL-sIKOTO 3HAUEHHSA X.

PosB’aA3aHHA. 3ayBaskuMo, 110 Bupasu (2 — sinx)?* i cos2x
HabyBaloTh HAWMEHINIUX 3HAYeHb, Koyt sinx = 1, a cosx = 0,

TOOTO, HAIPUKJIAM, IJd 3HAUEHHT X = —

OckinpbKu HepiBHiCcTh Mae OyTHM MHPABUILHOIO A OYAb-SIKOI'O

. T .
3HaUYeHHA X, TO Mae€ 6YTI/I IIPaBUJBHOIO 1 OJIA X :E. Hll[CTa-

. . . s
BMMO B HEPIBHICTH 3aMICTh X YMCJIO E, MaTHMEMO IIPDABUJIbHY

4
_— LT .
HEPiBHICTh: a(2 - s1nE] - 12 + cos22 + 3a > 0, a micas cmopo-

mieHb: 4a — 12 > 0, omke, a > 3. Takum umMHOM, yci 3HaUeHH4 a,
1[0 3a[0BOJBHAIOTH YMOBY 3a/ja4i, HAIEKAT IIPOMIKKY (3; +0).
ITepeBipuMmo, UM BCi 3HAUEHHSA @ 3 OTPUMAHOTO IIPOMiKKY 3a70-
BOJILHSIOTH YMOBY 3ajaui.

Hexait a > 3. [lna Oyab-AKOTO X CIPaBIKYIOTbCS HEePiBHOCTI:
2 —sinx > 1; (2 — sinx)* > 1 ta cos?x > 0. Ockinbku a > 3,
TO, OUeBMUAHO, 1110 a > 0. BpaxoBymooum Ii cmiBBigHOIIIEHHA B
OYATKOBill HepiBHOCTi, MaTuMeMo: a(2 — sinx)* — 12 + cos?x +
+3a>a-12+0+3a=4a - 12 =4(a — 3) > 0.

OT:xe, YMOBY 3aJadi 3al0BOJIBLHAIOTE yCi 3HAUEHHSA d, TakKi, IO
a > 3.

Bigmosiagse. a > 3.

MuoxxuHy 3HayeHb TaHreHCa 3HAWIEMO 3a HOIIOMOToi0 rpadiu-
HOI iHTepmperarii.

Posrasuemo npamy [, 1m0 npoxoauts yepesd Touky (1; 0) mepmeH-
IUKYJIAPHO A0 oci abciimc. BoHa € JOTMYHOIO 0 OUHUYHOTO KOJIa
(man. 19.1). Hexaii ipu moBOpPOTi HAa KYT O IIOYATKOBUM pamiyc
OP, ofuMHWYHOTO Koja IepexoguTh y paziyc OP , a mpama OP,
neperuHae npamy ! y touni D,. Hexaii P (x; y), TOMy X = cOsq;
y = sino. IIposegemo nepnenaukyaap P K Ha Bick abGcmuc.
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PK D,P, y TP

Tomi AOP K ~ AOD,P,, Tomy —— , To6To0 £ = 20
) OK OPO x 1
oTiKe, SIne D F, i romy D F, =tga. Orixe, opdunama mou-
cosa

rwu D, dopienioe mamnzency o.

ITpamy, sxa mpoxoauTh yepesd Touky (1; 0) meprueHIUKYJISIPHO
o oci abcruc, Ha3UBAIOTh JIiHIEI0 MAH2ZEHCI8.

Y pasi 3MiHM IOJIOKEHHA TOYKK P, Ha ONMHUYIHOMY KOJIi Oymae
3MiHIOBATHCA 1 MojoxeHHsa Touku D, (man. 19.1). 'eomerpuuna
iHTepmperarlisi moxKasye, IIo Op,Z[I/IHaTa Touku D, Moxxe HabyBaTu
Oyab-IKUX 3HaueHb. OT:Ke, MHOMKUHOIO 3HAYeHD TAHTEHCA € MHO-
JKMHA BCixX TificHUX umce.

VY Toit camuii criocid BU3HAUMMO i MHOYKUHY 3HAUEHL KOTAHTeHCa.

Yy ,,Da
p ./
< tg o L
|
a: P()
O K 1 x
l

Mai. 19.1 Mau. 19.2

ITpamy m, axka npoxoauTts uepe3 Touky (0; 1) meprueHIuKYJISIp-
HO IO OCi opauHAT, Ha3WBAIOTh JiHi€l0 kKomaHzeHncie (ma. 19.2).
Mosxkua mosectwu, 1o a6cunca rouku C, meperuny npamoi OP, 3
JIiHi€I0 KOTAHTeHCiB MOPiBHIOE KOTaHI‘eHcy a.

3a mamoHKOM 19.2 3posymino, mo abcmuca Touku C, Moxe
Ha0yBaTu OyIb-IKUX 3HAUEHBb, TOMY MHOYKMHOIO 3HAUEHL “koTan-
reHca € MHOYKMHA BCiX MIMICHUX UMCeJ.

Otxe,

‘ MHOKUHOK 3HAUeHb (PYHKII TaHTreHCa i KOTaHreHca € MHO-
&, JKHHa Beix milicHux umnced: E(tgx) = E(etgx) = R

3. Bnaxu ~ | Curyc KyTa 0 € OpPAWHATOIO TOYKHU
MPUZOHOMEMPULHUX P (x; y) opuumunoro kona. ¥ I Ta
dynryild II uBeprax y > 0, a y III Ta IV uBep-

— rax y < 0. Tomy:
e sina > 0, akmo o — kyT I abo II uBepri,

e sina < 0, akmio oo — Kyt III a6o IV uBepri.

Kocunyc kyra o € abcuucoro Touku P (x; y) OGJUHUYIHOIO KOJa.
Y I ra IV uBeprax x > 0, a y II ta III useprax x < 0. Tomy:

e cosa > 0, axmio a — xyt I a6o IV usepri,

e cosa < 0, axio o — Kyt II a6o III usepTi.
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sin a o .
, a ctga =— , To tga 1 ctgo 3ame-
os o sin a
JKaThb Big sHakiB sino i cosa. ¥ I Ta III uBeprax sino i cosa ma-
I0Th OnHAKOBi 3HaKku, a y II Ta IV uBepTax — pisHi. Tomy:
etga > 01ictga > 0, akmo o — kyT I a6o III usepri;
etga <0ictga <0, axkmo o — Kyt II a6o IV usepri.
BucHoBKU 11010 3HAKiB TpHUroHOMETPUYHMX (GYHKIIH KYTiB
3PYYHO 3amaM’sATaTh 3a MaJoHKoM 19.3.

Ockinpru tgo =

sina cosa tga, ctga

Yy Yy Yy

+ |+ — |+ —| +
Mau. 19.3

IlopiBHATH 3 HyJeM Ymca:
« 1) sin152°; 2) cos(—12°); 3) tg(—=125°);
PosB’ss3aHH4.
1) Ockinbru 152° — xyt II uBepTi, TO Sin 152° > 0;
2) —12° — kyt IV uBepri, Tomy cos(—12°) > 0;
3) —125° — gyt III uBepri, Tomy tg(—125°) > 0;
4) 2 pagmianu ~ 2 - 57° = 114°, roni 2 pagmianu — xyTt II uBepri;
Tomy ctg2 < 0.
Bigmosigse. 1)sinlb52° > 0; 2) cos(—12°) > 0;
3) tg(—-125°) > 0; 4) ctg2 <O0.

4) ctg 2.

4. Iapuicmb i HenapHicmy
MPUZOHOMEMPUIHUX
Pynryi

i P

(mam. 19.4). Tourkn P,

Hexait npu moBopoTi Ha KyT o moyar-
KOBU# pamiyc OPQ OIWHUYHOTO KOJa
IIePeXONUTh Y PAALYC OP , a npu 1o-
BOPOTi Ha KyT —O — ¥ paalyc OP_
- cnme'rpnqm BimHOCHO ocCi a6cu1/Ic,

TOMY BOHUH MalOTb OI[HaKOBl aﬁcuncn i l'IpOTI/IJ'Ie?KHl opaAnHAaTH.

Maewmo:
cosa = x i cos(—a) = x, TOMy
cos(—a) = cosa;
sina =y i sin(—a) = —y, Tomy

Y1 P.(x5 y)

sin(—a) = —sina. o

sina
tgo = , TOMY

cosa P (% —y)

sin(-a) -sina —on
tg(—a =—-tgao;
g(-a) = cos(— oc) cosa & Maun. 19.4
ctg o = c?sa’ cta(—o) = c?s(—oc) _ co‘sa _ _ctgas
sin a sin(-a) -—sina
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Omoxe,
‘ KOCMHYC — MapHa (YHKIiA; CHHyC¢, TAHTeHC i KOTAHTeHC —
L HenapHi ¢yHKIIT, To6TO:
cos(—a) = cosd; tg(—o) = —tga;
sin(—a) = —sinq; ctg(—a) = —ctga.

IIi dopmynau momomorarmThb OOUYMCIIOBATH 3HAUYEHHS TPUTOHO-
MeTpuuHUX BupasiB. Hanpukian,

1
1) cos(—30°) = cos 30° = ?; 2) sin (—%) = —sin%c =—=

T T
3) tg(—180°) = —tg180° = 0; 4) ctg (—Zj = —ctgz =-1.

5. Mepioduunicms SKIo mpm MOBOPOTiI HA KYyT O mOYAT-
MPUZOHOMEMPULHUX KOBUII pamiyc OP'0 ONUHUYHOTO KOJa
dynryid nepexonuTsb y pagiyc OP  (man. 19.4),

~__To me#l cammii pagiyc OP  oTpuMaemo
i mpu moBopori paxiyca OP, Ha KyT, BiIMiHHUI BiJ o Ha MOBHUI
00epT abo Oyab-IKYy KiJbKiCTh IMOBHUX 00€pTiB, TOOTO HA YMCJIO
360°k (abo 27nk), me k € Z. Maemo, 110

d IIpM 3MiHI KyTa Ha I[ijle UHCIO0 IOBHHUX 00epTIiB 3HAYEHHS

TPUTOHOMETPUYHUX (DYHKI[IH He 3MIHIOITHCA:
sin{(a. + 360°k) = sinac.  a6o sin{o + 27k) = sina
cos{(o. + 360°k) = coso.  abo  cos(o + 2rk) = cosol.

Omxe, 3HAUYEHHA TPUTOHOMETPUUYHUX (PYHKIIIN CHMHYC i KOCHU-
HyC He 3MIiHIOIOTBCS, SAKIINO OO0 iX aprymenTiB gozatu (abo Bif-
HATH) YHCJI0, KpaTHe umcay 2n. KoskHe Take YMCIIO [IJs CHHYCA
i KocuHyca € mepiogom, a 21 — HaMeHIIIUM IepiogoMm. PyHKIII,
110 MaIOTh TaKy BJIACTUBICTH, HABUBAIOTH NEPiOOULHUMU.

YHucymo 27 TaKoX € ImepiogomM (YHKIIIM TaHTeHC i KOTaHTeHC,
npore anada Hux (GYHKIHA MOMKHA BHAWTH 1 MeHINuI mnepion.
Posraamemo Toukm O, P, Ta Pﬁ, AKi JeKaTh Ha ONHIA mpaAMin

(man. 19.5). Toni nmpawmi OP i OPB 3biraroThCcs, a TOMY IIepPeTH-
HaIOTh Bich TAHTEeHCiB B ONHIiN i Ti#t camiit Touri D.

yA Y
P,lD ¢
/ / A
o 1 x . o J1 =x
B B

Mauxa. 19.5 Maun. 19.6

Amnanoriuno, npami OP i OP; nepeTHHAIOTh BiCh KOTAHTeHCiB
B onHil i Ti# camiit Touni C (man. 19.6). Omxe, akimo k € Z, T0
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‘ NpH 3MiHI KyTa Ha IiTe 4meso miBodeprie (n; 2m; 37; 4w ...)
&, 3HAYEeHHA (PYHKIUIA TaHTeHca i KoTaHreHca He 3MIHIOIOTBHCI:
tg(a + 180°k) = tga; abo tg(o + wk) = tgoy
ctg(a + 180°k) = ctga; a6o ctg(a + nk)= ctga.

Buxomauu 3 mepiogmuHOCTi, 3HAXOAKEHHSA B3HAUEHb CUHY-
ca i KocuHyca OyAb-IKOTO KyTa MOJKHA 3BECTHU 0 3HAXOIKEH-
HA 3HaAUeHHs Iiel K (yHKIil HeBix eMHOro KyTa, MEHIIOro Bif
360° (abo Bim 2m), a 3HAUEeHb TAaHreHCA i KOTaHreHca OyIb-IKOTO
KyTa — OO0 3HAXOIKeHHs 3HAUEeHHJ Iliel »K QPyHKIiI HeBix eMHOro
KyTa, meHniioro Big 180° (abo Big 7).

14
O6uucautu: 1) sin 780°; 2) tg (—?nj

Poss’asaumuda. 1) I-ii cnocio. Ilogamo rpagycHy Mipy KyTa
780° y Burisani o + 360°k, me B € Z, Ta 3actocyeMo (hOpMYJIy
sin(a. + 360°k) = sina.. Maewmo: \/_

3

sin 780° = sin(60°+2 - 360°) = sin60° = g

2-i1 cnoci6. Big 780° Bigumimemo mBa mepiogu mo 360°. Maemo:
J3

5
2) YpaxoByiouu, I[0 IIepiofi TaHreHCa AOPiBHIOE T, MATHMEMO:

14rn
1- i0: tg| ——— |=tg| ——-b6n|=tg— =+/3.
-l cnoci g[ 3) g[S ﬂj g3 \/7

2-it cnocio: tg(—%} = tg(_%Jr 5nj = tgg - J3.

sin 780° = sin(780° — 2 -+ 360°) = sin60° =

Bigmosign. 1) ?; 2) \/§

IHKoOM ImyKaTH 3HAYEHHS TPUTOHOMETPUYHOI (PYHKIII gesKo-
To KyTa 3a JOIOMOTOI0 MePiOAMYHOCTI MOIiIbHiIIe uepes 3HAUEH-
HA Iiel QyHKIiII Bix’eMHOro KyTa, AKHH JEKUTL B MeXaX BifI
—180° mo 0° (abo Bim —=m mo 0), a mamdi sacTocyBaTu mapHicTh abo
HeMapHIiCTh BiAIOBIAHOI TPUTOHOMETPUYHOI (PYHKITII.

Hampurnan,

c0s 330° = cos(830° — 360°) = cos(—30°) = cos 30° =
13n 13n 37

ctg— =ctg| ——-4-n|=ctg| —— =—t—=—( 1)=1.

gy = otg 1 4 = ctg - - —eue

Q @ HasBiTb obnactb BM3HAYEHHA (OYHKLIA CMHYyCa, KOCUHYca, TaH-

V3,
2’

reHca i KotaHreHca. @ HasBiTb MHOXWHY 3Ha4YeHb OYHKLIN CUMHYCa,
KOCWHYyCa, TaHreHca i KoTaHreHca. @ fAki 3Hakum MarTb TPUroHOMe-
TPUYHI DYHKUIT B KOXHIN i3 KOOpAMHATHWX 4BepTen? @ HasBiTb
TPUrOHOMETPUYHI (PYHKLI, O € MapHUMKW; HENApHMMMK. 3anuLliTb
BI4NOBIAHI PiBHOCTI. @ MOSACHITE, y YOMY nonsrae NepiognyHiCTb Tpy-
FTOHOMETPUYHUX PYHKLLIN.
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§ Posb sximo 3agaui ma buxonaime bnpabu

\1, 19.1. (Ycuo.) Yu icHye Taxke 3HAYE€HHA X, AJISI SKOIO CIPAaB-
MKYEThCS PiBHICTD:

1) sinx = 0,3; 2) cosx = 1,2; 3) sinx = —-1,8;

4) cosx = —%; 5)tgx =12; 6) ctgx = —147?
19.2. Yu icuye Take 3HAUEHHS O, AJIS AKOTO COPABIKYETHCS PiBHICTH:

1) sina = 1%; 2) cosa = 0,33; 3) tga = —4,7;

4) cosa = —1,8; 5)sina = %; 6) ctga = 1,18?

Axnii suax mae (19.3—19.4):
19.3. 1) sina, akmo o = 13°; 115°; 215°; 288°;
2) cosa, akmo o = 83°; 132°; 193°; 315°;
3) tga, akmo o = 37°; 158°; 235°; 328°;
4) ctga, aximo o = 42° 173°; 217°; 359°7?
19.4. 1) sinfB, axmo B = 57°; 123°; 240°; 329°;
2) cos P, akmo [ = 32°; 142°; 215°; 278°;
3) tg B, akmo P= 12°; 137°; 189°; 280°;
4) ctg P, axmo = 68°; 163°; 237°; 342°?
3akinuiTe o0uncaenasa (19.5—19.6):
19.5. 1) sin 750° = sin(30° + 360° - 2) =sin30° = ...;
2) c0s405° = cos(405° — 360°) =
3) tg240° = tg(60° + 180°) = ...;
4) ctg(—510°) = ctg(—510° + 180O 3) =
19.6. 1) cos 720° = cos(0° + 360° - 2) = cos0° =...;
2) sin420° = sin(420° — 360°) = ...;
3) ctg600° = ctg(60° + 180° - 3) = ...;
4) tg(—330°) = tg(—330° + 180° - 2) =
O6uwucaits (19.7—19.8):
19.7. 1) cos(—60°); 2) sin(—90°); 3) ctg (—45°);

4) tg(-60°); 5) cos(—ﬁ); 6) tg [—EJ.
6 4
19.8. 1) cos(—45°); 2) sin (—60°); 3) ctg (—30°);
4) tg(-45°); 5) sin (—EJ; 6) ctg [—EJ.
6 3
92, IlopiBuaiiTe Bupas 3 Hyaem (19.9—19.10):
19.9. 1) sin(-12°); 2) cos(—88°); 3) tg(—115°); 4) ctg(-97°);

e . 11n 231 T
5 — 6) sin| ——1|; 7)tg—; 8) ctg| ——|.
) cosg ) [ 10} )€ ) g[ 9]
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19.10. 1) sin(—112°); 2) cos(—139°); 3) tg(—13°);

b 13n,
4) ctg (—46°); 5) cos| —— |; 6 —
) ctg( ) ) ( 7] ) sin 1
51 T
Htg| —|; 8) ctg—.
) g( 4j )c g
3’sacyire 3HaK Bupasy (19.11-19.12):
19.11. 1) sin92°c0s 193°; 2) sin 342°tg 310°;
3) 005263; 1 tg 85 .
ctg127° ctg191°
19.12. 1) cos 15°sin 207°; 2) cos107°ctg 89°;
3) tg113°sin1°; 4) tg195°ctg 279°,

19.13. Yu MoKHaA CTBEepIKYyBaTH, IO —76 € 3HAUEHHAM:
1) sina; 2)cosa; 3)tga; 4)ctga?
19.14. Yu MmoikHaA CTBEPIKYBaTH, IO % € 3HAUYEHHAM:

1) sina; 2)cosa; 3)tga; 4)ctga?
3HalgiTh 3HavueHHA Bupasy (19.15—19.16):

19.15. 1) cos390°; 2) sin405°; 3) ctg420°;
4) tg 750°; 5) sin 720°; 6) cos 780°;
57t 13n_ 17n
Nt 8 s 9 —
) tg— < ) sin 6 ) cos y
11n .
10) c tg? 11) cos(—780°); 12) sin(—6mn).
19.16. 1) cos420°; 2) sin 390°; 3) ctg405°;
4) tg 390°; 5) cos 750°; 6) sin 765°;
77: 9n 107
7) ctg — 8) sin—; 9) tg—;
) ctg P ) sin 1 ) 3
10) cos’%n; 11) tg(-210°); 12) cos(—5mn).

19.17. [ToBeniTh, 1110 PYHKIIiA € TapHOIO:

1) f(x) = 3 + cosx; 2) f(x) = xsinx.
19.18. HoBenits, 110 GYHKIIiA € HEIIapPHOIO:

1) f(x) = xcos x; 2) f(x) = x + sinx.
19.19. ToBenith, 1110 QYHKILiA:

1) f(x) = x2cosx — mapHa; 2) f(x) = x3 — sinx — HenapHa.
3HaiaiTer HaliMeHIIIe i HalibiibIne sHavenHsa Bupasy (19.20—19.21):
19.20. 1) 1 + sina; 2) 2 — cosa; 3) 4 + sinZa; 4) cos?a — 3.
19.21. 1) cosa — 3; 2) sino. — 1; 3) cos2a + 1; 4) 2 — sin?a
19.22. Yu icHye Take 3HAUEHHS O, IJA SKOTO:

1) cosa = cos60° + cos45°%; 2) sina = sin30° — sin45°?
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19.23. KyTom AKoi uBepTi € KyT 3, AKIIO:

1) sinf < 0 i cosf > 0; 2)sinf > 01itgp < O0;

3) cosf < 01ictgp > 0; 4) tgB < 01icosp > 0?
19.24. KyTom AKOI UBEPTi € KyT O, AKIIO:

1) cosa < 01isina > 0; 2) cosa > 01ictga > 0;

3) sina < 01itga > 0; 4) ctga < 01isina < 0?

O6uncrits (19.25—19.26):
19.25. 1) sin(—60°) + cos(—30°) — 2ctg (—60°)tg (—30°);

2) 6ctg (— %j tg (— g) + cos(—m) — 4sin (— gj

19.26. 1) cos(—45°) + sin(—45°) + 6¢cos(—60°) — 3sin(—30°);

2) 4tg| - = |ctg| -2 | + 5sin(-n) + 243 cos| - = |.
4 4 6
3HalgiTh o6sacTh BusHaueHHs GyHKII (19.27—19.28):

19.27. 1) y = ctg 2x; 2)y =tg (x —gj

19.28. 1) y = tgdx;  2)y =ctg (x - g]

3HAUAITh MHOXKUHY 3HaueHb QyHKILi (19.29—-19.30):

19.29. 1) y = 4sinx — 3; 2) y =2 — 3cosx;
3
NY=—"—"—"7 4h)yy=——"-—.
)Y 2 —|sin x| ) 1+cosx
19.30. 1) y = 2cosx + T; 2) y =4 — 5sinx;
4
Ny=—-—; 4h)y=—".
)y 3 +cosx ) |cos x|
Hocxigits ¢yHKIiI0o HAa mapHicTh i HemapHicTs (19.31-19.32):
19.31. 1) f(x) = x + cosx; 2) f(x) = x° + sinx;
ctg x + x8
3) g(x) = xtgx; 1) g(x) = “EETE
19.32. 1) f(x) = x2 + cosx; 2) f(x) = sinx + x%;
cos x — x*
3) g(x) = tgx — ctgx; 4) g(x) = —
19.33. Bigomo, mo B — kyT II uBepri. CopocTiTs Bupas:
1) |sin | — sinf; 2) cosf — |cosPl;
3) [tgP| + tgp; 4) 2lctgp| — ctgp.
19.34. Bigomo, mo x — xyT III uBepti. CupocTiTh Bupas:
1) cosx + |cos x|; 2) sinx — |sinx|;
3) [tgx| + tgx; 4) 3|ctg x| — 2ctgx.
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19.35. IIpu AKuX 3HaUYEeHHAX b OJd OesAKOro KyTa X MOJKJIMBA
piBHiCTB:

1) sinx = /b; 2) cosx:%?

19.36. IIpum AKWX 3HAUEHHAX 4 AJA AeAKOr0 KyTa X MOMKJIMBA
pPiBHiCTB:

1) cosx = a?; 2) sinx =+a -1?

19.37. KyTom AKOI uBepTi MoKe OyTH KYT X, AKIIO:

1) sinxcosx > 0; 2) cosxctgx < 0;
3) |cos x| = cos x; 4) |ctg x| = —ctg x?
19.38. KyTom AKOI uBepTi MoiKe OyTH KYT O, SKIIO:
1) sinacosa < 0; 2) sinatga > 0;
3) [sina| = —sina; 4) tga| = tga?
3HaliaiTh HaltbibIne i HatiMmeHIle 3HaUeHHA Bupasy (19.39—19.40):
5 .
19.39. 1) sin x 2) cos x(3 + sin x).
sinx cos x
3 _ .
19.40. 1) cos x 2) 1 co.s Xx) smx'
cosx sin x
19.41. 3HalgiTh MHOKUHY 3HAaUeHb QYHKII f(x) = L
2sinx -1

19.42. 3uaiifiTh MHOKHUHY 3HaUeHb BUpasy — .

1-3cosx

19.43. 3maiigiTe yci sHaueHHs mapaMeTpa d, IPU KOXKHOMY 3
AKUX HepiBHIicTb sin?x + 2 — 4a + a(3 — cos?x) < 0 ¢ mpa-
BUJILHOIO JJIs OyIb-AKOTO 3HAUEHHS X.

19.44. 3uaiigiTe yci 3HaueHHs IapaMeTpa @, IPU KOKHOMY 3
AKUX HepiBHicTL 4a — 5 + sin?x + a(2 — cosx)® < 0 € mpa-
BUJIBHOIO IJI OYAb-IKOTO 3HAUEHHS X.

19.45. 3HaiigiTh MHOXKUHY BCix map uwmces (x; y), OIS KOXK-
HOI 3 AKUX IIPU OYIb-IKOMY O CIIPABAKYETHCS PiBHICTH
x(coso — 1) + y2 = cos(xa + y2) —1.
3HalmiTh HaliMeHIe 3HAUeHHa PyHKIil (19.46—19.47):
2

19.46. f(x) =sinx + 4x + 9~ Ha mpoMikKy (0; +00).
x

2
19.47. f(x) = cos x + 2x + LoF

Ha mpomixkky (0; +00).
19.48. 3uaiifiTs yci 3HaUeHHA IapaMeTpa a, Ipu KOKHOMY 3 SKUX

pPiBHAHHSA \/1 +a++a+2sin2 x = 2sin? x — 1 Mmae po3B’A3KU.
19.49. 3maligiTe yci 3HaueHHs IIapaMeTpa d, HOPU KOXKHOMY 3

AKUX PIBHAHHS \/a + @ + COSX = COSX Mae PO3B’A3KHU.
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19.50. 3maiigiTe yci sHaueHHs mapamMeTpa a, IIPU SIKOMY HepiB-

HicTb L+ax/a_(x2 -2x+1) < Ya3

x2-2x+1
0 oauH PO3B’A30K.

Ma€ Xouda

T
sin—x
2

19.51. 3anexHicTs 00CcAry mOmuTy ¢ (O,Z[I/IHI/IHL Ha MiCHI_U:)
Ha TMPOAYKIIiI0 MiATpHeMCTBa-MOHOMOJJICTa Bim IiHmM p
(TI/IC IpH) 3afaeTbesa popmynoo ¢ = 50 —5p. Bupyuka mignpuem-
cTBa 3a wMicAnb r (y THUC. T'PH) OOUUCIIOETHCI 3a (POPMYJIOI0
r(p) = qp. Busnaure mHalbinbmry miny p, npu Akiii Bupyuka r(p)
ckiaane He MmeHine 120 Tuc. TpH Ha MicAIb.

19.52. (Hauionaxnvna oaimniada Beaukxoi Bpumatnii).

dyukiig f(x) ToOTOKHO He [OpiBHIOE HYyaI0. Hexaii
(%) f(y) = f(x — y) nna Bcix MOKJIUBUX 3HAUEHb X i y. 3HAU-
oiTe f(x).

f Tligzomyimecs g0 bubuenns Hobozo mamepiany
19.53. Ha koxi x2 + y2 = 1 3HaligiTh TOUKH:

1) 3 abcizcoro —%; 2) 3 opAMHATOIO ?2
19.54. 3HaiiTE TOUKY, 110 HAJIEKNUTHL Kooy x2 + y2 = 1 ta mae:

1) abemucy 72 i posmimena B IV uBeprTi;

2) opauHaty —?3 i posmimtena y IIT uBepri.

OCHOBHI CNIBBIAHOLWEHHA
MPK TPUrOHOMETPUYHUMU ®YHKLIAMU
OAHOIo U TOro CAMOIro APryMEHTY

Y mpomy maparpadi posTIIAHEMO TOTOYKHOCTi, IO 3aal0Th
CIIiBBiZHOIIIEHHSA Mi’K TPUTOHOMETPUUYHUMU (PYHKIIAMU OIHOTO I
TOT'O CaMOT'0 apryMeEHTY.

1. Ocnocl ~ | Hexaiz npu TOBOPOTi Ha KYT O IT0YaT-
MmpuzonoMempULHa KoBHUi paxiyc OP, OQMHWYHOIO KoJa
T — IIepeXOoAuTh y pamyc OP  (man. 20.1).

—————— Toura P (x; y) HAJEIKUTD KOJy, pa-
aiyc axoro mopisuioe 1. Tomy KOODANHATH TOUKH 3a/I0BOJIbHSAIOTH
piBHAHHS Koaa: x2 + y?2 = 1. Azne x = cosa; y = sina, Tomy

d sin? a + cos? o = 1.
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Ile coiBBigHOIIIEHHSA HAa3WBAIOTh OCHOBHON
mpuzoHoMempuiHo momodxcHicmo. Boua 3anae
3aJIeKHICTh MidK 3HAUEHHAMU CHUHYCA i KOCUHYyca
OJHOI'0 I TOrO CaMOI'0 KyTa, OTKe, Ja€ MOMKJIH-
BiCTh 3HAXOIUTH OJHE 3 IIUX 3HAUEHDL Uepes iHIle.
IToxkaxkemo Ie Ha cxeMi:

Mai. 20.1

/4 sin? o =1-c0s? & | gin o = +1/1 - cos?

sino +cos?a=1
\coszoczl—sinza 2
—> cosa = +v1 —sin® a
V dopmyrax sina =+v1l-cos?a i cosa =+v1-sin?a guak

mepes paguKaaoM Oo0MpPaeMo 3aJIeKHO Bix uBepTi, v AKill JeKUTb
KYT o.

W Copocrutu BUpas:
L]

1) (1 — sinx)(1 + sinx); 2)

cosZ 20 -1
sin 2al

PosB’azanmua.
1) (1 — sinx)(1 + sinx) = 12 — sin2x = 1 — sin?x = cos2x.

cos?2a -1 —(1-cos?2a) —sin?2a
sin 2a. sin 20 sin 2o
Bigmosizgs. 1) cos? x; 2) —sin2a.

. . . T
M 3HalTu sina, akio coso = —0,6 i E <o<T.
[ ]

Poss’asanua. Ockineku o — xyT II uBepri, To sina > O.
Maewmo:

sina = v1-cos? o = /1 - (-0,6)2 = 1-0,36 = /0,64 = 0,8,
Bigmosigs. 0,8.

2) = —sin 2a.

Mu B:xe 3Haemo, IO

2. Inwi :

mMpUzZOHOMEMPUYHIE _sina .

momoxcHocmi tgo = cosa (axmo cosa # 0) i
cosa .

ctga = (axmo sina # 0).

sin a
ITepemHOXKUMO 11i PiBHOCTI ITOYJIEHHO:

sino. cosa 1

tgactga = -
cosa sina
Omixe,

Q tgactgo = 1 (axmo cosa = 0, sina # 0).
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IIa piBHicTB cmpaBIKyeThCcA OJIA BCiX 3HAUEHb O, NIPU AKUX
tgo i ctgo maroTe 3micT, To6TO 3a ymoBH, 110 sina # 0 i cosa = 0.
Tomi:

4 ‘ 1 .
&, ctga = itga= o
tga ctga
W JloBeCcT TOTOKHICTB:
Sy 998%  iego_ L g Ct8eCtEB o ctep.
1 -sin(-a) cosa tgo —tgp

HoBeneHHasa. IlepeTBopuMO JIiBy YacTUHY KOMKHOI 3 TOTOMK-
HOCTEMN:

cos . _ cosa +sinoc_0032oc+sinoc(1+sinoc)_

1-sin(—a) ~l+sina coso (1+sina)cosa

cos2 o+ sina + sin? o 1+sina 1 .
= - = - = , 1o # Tpeba
(1+sina)cosa (1+sina)cosa cosa

0yJIO TOBECTH.

2) ctga—cth:(cth_cth): 1 1 _
tgo—tgp ctga ctgP
ctgB-ctga (ctga —ctgP) -ctgactgp

=(ctga—ct :
(ctg gp) ctga ctgp —(ctg o —ctgp)

= —ctg actg B, 1o it Tpedba OyJI0 SJOBECTHU.

. 3cosx +bsinx
7 UGERREES  3HaliTH 3HAUYEHHS BUpPa3y - , SAKIITO
3sinx —cosx
. tgx = 5.

PosB’sazauu4da. 1-ii cnoci6. Ockinpku tgx = 5, To cosx # 0.
ITominuMo uMceIbHUK i 3HAMEHHUK APO0Y Ha COS X, MAaEMO:

3cosx+5sinx 3cosx N 5sinx

cos x __cosx cosx _3+Ootgx 3+5-5 28
3sinx —cos x 3sinx cosx 3tgx—-1 3.-5-1 14
cosx COoSX cosx
. . . sin x .
2-it cnocio. Ockinbku tgx = 5, TO =5, Tomy sinx = Scos x.
cosx
3cosx +5sinx 3cosx+5-5cosx 28cosx
Maemo: - = = =2
3sinx —cosx 3-5cosx —cosx 14 cos x
Bigmosings. 2.
3. Hacnidnu oo Ho/:[iJII%Mo 061/1/:[131 YacTUHU TO'Iz‘OJKHO-
MPU2OHO MemPULHOT cTi sin® o + cos” o = 1 Ha cos® a (3a
MOMoNCHOCHE ymoBH, 110 cos o # 0). Orpumaemo:
— sin2 o 1
5 =— TOOGTO
cos? o cos? o
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‘ 1
Q 1+tg2a:cosza.

SIKI0 06MABI YaCTUHU TOTOXKHOCTI sin? o + cos? o = 1 moxinu-
i Ha sin? a (3a ymoBH, mo sin? o # 0), orpuMaemo:

2
cos o 1
1+— =— , TOOTO
sin2a  sin?a
1
Q 1+ctg2a=— )
sin2 a
M IloBecTH, 110 NpPU BCiX AONMYCTUMUX 3HAYEHHAX [
1 1

[ ]

3HaAUYEeHHdA BHUPa3y He 3aJIeKUTh Biﬂ [_))

+
1+tg2B 1+ctg?p
HoBenmeunus. IleperBopuMO JiBy UYaCTUHY TOTOYKHOCTI:
1 1 1

+ = +
1+tg2p 1+ctg2p 1 1
cos?f  sin2P
manu yucyo. OTyke, 3HaAUEHHS BUpa3y He 3aJIeKUTH Bix P.

. 5 .
7 eEnRgs 3aatitn tgx, sinx, cosx, gaAKImoO ctgx=-—— 1

= cos?p +sin?p =1, oTpu-

12
3—n< x < 2m.
1 5 12
PosB’sasamnsa. 1)tgx=—=1:| — |=——=-2,4.
ctgx 12 5
2) Is ToroxxuocTi 1+ ctg2x = — BHUpasuMo sin? x, maemo:
sin? x
. 9 1 1 144 .
sin? x = = 5 = . OcCkimpKM X — KYT
1+ctg?x ( 5] 169
1+ -—
12
IV uBepri, T0o sinx < 0, Tomy sinx = —,/ﬁ = —2.
169 13
3) ct x_cosx TOMY cOSX = ctgx - sinx = —i- —B —i
EX = Ging oMY CO8X=CI8 " T12’13) 13

12
Bi oBigbw. tgx =-2,4; sinx =——; cosx = —.
ATOBLAD. 18 13 13

© 3anam’atante OCHOBHY TPUrOHOMETPUYHY TOTOXHICTb. @ 3anuLliTb
03HaYeHHs! TaHreHca i KoTaHreHca KyTa 4Yepes3 CUHYC i KOCUHYC LibOro
KyTa. @ FK NOB’sA3aHi Mk COBOK TaHrEHC i KOTaHreHc? @ 3anam’stanTe
doopMynn, SIKi € Hacrigkamy 3 OCHOBHOT TPUFOHOMETPUYHOI TOTOXHOCTI.
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§ Posb sximo 3agaui ma buxonaime bnpabu

1 Cuopocrirs Bupas (20.1-20.2):

20.1. 1) 1 — cos2ay; 2) 2 — tgoctgo.
20.2. 1) 1 — sin?ay 2) tga.ctga + 3.
3HaigiTe 3HaueHHA Bupasy (20.3—20.4):

20.3. 1) sin?17° + cos217°; 2) tg3ctg3.
20.4. 1) cos22 + sin22; 2) ctgl2°tgl2°.
Hosemits, o (20.5—20.6):

20.5. 1) sin?a — 1 = —cos?q; 2)1+tg2o— 1 0;

cos2 o

3) sina ctga = cosa.

20.6. 1) cos20. — 1 = —sin2q;

2)1+ctg2 o —— 1 =0;
sin? a
3) cosatga = sina.

2. Cuopocrits Bupas (20.7—20.10):

20.7. 1) 2sin2a + (1 — cos2a); 2) sin?a + 2cos?o — 1;

20.8.

20.9.

3) (1 — cosa)(1 + cos(—a));
1) 8cos?a + (1 — sinZa);
3) (1 + sina)(1 + sin(—a));
1) sin?x + cos?x + ctg?x;
3) sinx — sinx cos?x;

5) tg3yctgdy — cos?p;

20.10. 1) tg2o + cos?a + sin?q;

3) cos3x — cos3xsin?x;

4) (sina — 1)(1 + sina).
2) cos?a + 5sino — 1;
4) (1 + cosa)(cosa — 1).
2) cos?B(1 + tg2p);
4) cos? asin?o + costa;
1-cos?a
sin2a—1"
2) sin?x(1 + ctg2x);
4) ctg2atg? o — sin?p.

HoBenits ToTokHicTh (20.11—-20.12):

20.11. 1) (1 — sin2x)(1 + ctg?x) = ctg?x; 2) 2% 1oL
ctga cos2 o
ctgp 1

20.12. 1) (1 — cos?2x)(1 + tg2x) = tg2x; 2) +1=— }
tg B sin? B

CopocriTs Bupas (20.13—20.14):

20.13. 1) cos(—x) + cosxtg2(—x); 2) ctg(—P)tg P + sin2(—P).

20.14. 1) sin(—B) — sinPctg?(—p); 2) ctg xtg(—x) + cos2(—x).

20.15.. HoBenits, 110 He MOXKYTh OAHOYACHO CIPABJKYBATUCSH
piBHOCTI:

2)tga =2 i ctga = L

J2

1)sinx=11icosx =—1;
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Yu MOKYTh OSHOYACHO cIpaBAsKyBaTucsa piBHocTi (20.16—20.17):

20.16. 1) sina = 0,6 i cosa = —0,8; 2) sina :% i cosa = g;
1 1
3)tga=38ictga = ——; 4ta=ﬁict o= —=7

) tg g 3 ) tg g NG

20.17. 1) cosa = 0,25 i sina = 0,75;

2) sina = -0,6 icosa =—0,8;

3) tgoc=% ictgo = 8; 4) ctgoc=§ itga=-1,5?
20.18. Yu M0oxyThb sino i coso 0JHOYACHO JOPiBHIOBATHU:

2 1 V2
-1, 2)-— 30 45— 6)1?
) ) 5 ) ) p ) 3 )

20.19. Yu moxyTh tgf i ctgp omHOUacHO mOpiBHIOBATH:

1)-3; 2)-1;  3)0; 4) %; 5) 1; 6) v/32
O6unucaits (20.20—20.21):

1
20.20. 1) tgo, axmpo ctga = ——;
)t N
2) cosa i tga, axmio sina = 0,8 i g< o< T

. 12, 3n
3) sino, tgo, ctge, akmo cos@ = T in<op< 7;

4) cosP, tgp, ctgP, axmo sinf = —§—§ i 3?75< B < 27.
1

20.21. 1) ctgP, axmo tgp = —;
) ctgp p NG
2) sinx i tgx, AKIIO cosx = g i 3% < x<2m
. 15 . 3n
3) cosa, tga, ctgoa, axkmo sino = 17 int<acx< ?;

4) sinB, tgp, ctgP, axmo cosP = -0,8 i g< B<m.
HoBenits ToTokHiCTE (20.22—20.23):

20.22. 1) — S182%  _ or0q, gy ltCAB _ oup
tg 20 + ctg 2a 1+tg4p
20.23. 1) —83%  _gn2gy,  9) L82¢ o9
tg3x + ctg3x ctg 20 -1
3 Copocrits Bupas (20.24—20.25):
20.24. 1) tga+smoa; 2) cos‘x +1+s1nx.
1+cosa 1+sinx cos x
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sinf sinf
1+cosp 1-cosp’

1+ sin(—a)
cos(—a)

cos? (—zj - cos? (—z)
6) .

- tg(-a);

_SInC2Y) o Cox);
1 - cos(—2x) sin? (—xj
4
20.25. 1) M. 2) sinx 1+cosx,
1+sinf 1+cosx sin x

3) cos'(x B cos.(x : m et

l1+sina 1-sina sin(-x)

z w2

5) cos(—2a) T ta(-20); 6) -

1 + sin(-2a) cos? (_xj
3

HoBemits ToToxkHicTh (20.26—20.27):

20.26. 1) tg2a — sina = tg2a sinZa;

sind x + cos® x

2) ———— =sinx + cosx;
1-sinxcosx

3) sin? B
ctg?PB —cos? P
4) 2cos?x + sintx — costx = 1.

= tgtp;

20.27. 1) ctg?a — cos2a = ctg?a cos?ay
cos3 x —sin3 x

2) —————— =cosx — sinux;
1+ cosxsinx

gy C"B _ ioap,
tg2 B —sin2 B ’

4) 2sin?x + cos*x — sintx = 1.
20.28. CupocriTe Bupas:
sin2 50 cos? 5a

1) sin42x — cos*2x + cos22x; 2) - .
1+tg250 1+ctg2ba

O6uwncaits (20.29—-20.30):
20.29. 1) cosa i sina, akmo tga = ~1 i g< o < T
2) sinx i cosx, akmo ctgx = 2 i x — xyr III uBepri.

20.30. 1) cosP i sinP, axmo tgP = % i B — xyr I uBepri;

2) sina i cosa, Ao ctga = -1 i 3—; <a<2m.
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20.31. 3HaligiTh 3HAUEHHsS TPUTOHOMETPUUHHUX (PYHKIIIHE KyTa o,
SAKIIO:

1) sina = g i o — kyr II ugepri; 2)tga=-5i n<oa<2m.

20.32. 3HalifiTh 3HaUEHHS TPUI'OHOMETPUYHUX (YHKIiH KyTa [3,
AKIIO:

1) cosf = —% i0<B<m 2)ctgp=0,5ip — xyr I uBepri.

Cupocrits Bupas (20.33—20.34):

J— 3 _ .92 4 2
20.33. 1) 1 - 2sin3a.cos(-3a) sin® o + tg* o + cos @

2)

cos3a + sin(-3a) tg2 o +ctg2a
1 -2sin(-2B)cos 2B 2) cos? x +ctg? x +sin? x
cos(—2B) + sin2p ’ ctgZx +tg2a '
Hosenits ToTokHicTE (20.35—20.36):
20.35. 1) £8P
ctgo +ctgp
2) sinba + cos®o + 3sinZacosZo = 1.
tgo +ctgP
ctgo +tgp
2) sinta + costo = 1 — 2sin2a.cos2a.
4 S3uaiixite sHaueHHs Bupasy (20.37-20.38):

20.34. 1)

=tgatgp;

20.36. 1) =tgactgp;

20.37. 1) ZCosx+85?nx, AKIo tgx = l;
3cosx —4sinx 4

sin? x — 8sinxcos x + 2cos? x

2)

- Ao ctgx = —2;
3cos? x —2sin? x ’

sinx + 2cos x

- , AKIO tgx = 2.
sin3 x — 8cos3 x

20.38, 1) 2eosa+8sina o tgo = 3;
2coso —sina

sin? o + sin o .cos o

1
- AKIO ctgx = ——;
10cos? o — 2sin2 o’ 5
3 in3
cos® o+ 2sin’d a
3) - , AKIIo tgo = —3.
sina —cosa
20.39. [MoBeniTh, 110 3HAUEHHSA BUpPAa3y He 3aJe€KUTh BijJ 3HAUEH-
HA 3MiHHOI O
) 2 2
sin® o cos? a 1+ctga+ctg?a
1) —>  2etgla-— CEXTOEE
1-sin* o - costa 1+tga+tg?a

sin® a4+ cosb o — 1

3) .
sinfo+costa—-1
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1+tg2a+tga
1+ctg2a+ctga’

20.40. 3uaiiziTe 3HaueHHa  Bupasy tg2o —

Ao o = 11°.
20.41. 3uaiigiTe HaliMeHIe i HaiOiIbIlle 3HAUCHHSA BUPAa3Yy:
1) 4sin?x — 3cos?x; 2) 4cos?x + 3tgxctgx.
20.42. 3naiigiTs 061aCTh 3HAYEHDb QYHKIIII y = Tcos?x + 3sin?x.

1+sina \/1—sina

20.43. CupocTiTh BUpas \/

, SIKIIO:
1-sina 1+sina
1)E<oc<7t; 2)3—n<a<2n.
2 2
20.44. CupocTiTs BUpas \/1 —cosa \/1 * cosa, AKIIO:
1+cosa 1-cosa

1) 0° < a < 90° 2) 180° < a < 270°.
Cupocrits Bupas (20.45—20.46):

20.45. 1) \/cos? a(l - tg a) +sin2(1—ctg a), axmo 270° < o < 360°;

2) J4 - 4sin2a —\/4cos20c+4cosa+1, AKIITO0 % <a <7

20.46. 1) Jcos? a1 + tg @) + sin2(1 + ctg o), AKIMO T < o1 < 3?";

2) V4sin2 o —4sin o+1+v4-4cos? a, axmo 0° < o < 30°.
sinff —cosa , sina —cosf

20.47. IlopiBHANTE 3HAUEHHS BUPAa3iB

akmo o = 12°, B = 37°.

sino + cosp  sinp +cosa’

1+2cosa . \/§—2sinoc

20.48. ITopiBuAliTe 3HAUEHHA BUPa3iB - i ,
2sino + /3 2cosa—1

AKIo o = 142°.

20.49. Bigomo, 110 sina — cosa = 0,2. 3HaigiTh:

1) sinacosa; 2) sin3a — cos3a;  38) sint*a + costa;

4) sinba + cosba;  5) tga + ctgag 6) sina + cosa.
20.50. Bigomo, 110 sino + coso = —0,2. 3HaHAITD:

1) sino.cosa; 2) sin3a + cosa;  38) sinta + costa;

4) sinba + cosba;  5) tga + ctga; 6) sina — cosa.
20.51. Bigomo, 1o tgo + ctgo = 3. 3HaiigiTh:

1) tg2actga; 2) tg3a + ctgda; 3) tgta + ctgta;

4) tgba + ctgbo; 5) sina.cosa; 6) tga — ctga.

20.52. Bigomo, mio tgo — ctgo = 1. 3HaUAITE:
1) tg2a + ctg2a; 2) tg3a — ctgda;
3) tgta + ctgto; 4) tga + ctga.

IToGynyiiTe rpadik pyurii (20.53—20.54):
20.53. 1) y = Jax sin? x + vx cos? x; 2) y = sin? Jx + cos? x;
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3) y = xtgxctgx; 4)y =ctg2x—

sin2 x~
2
20.54. 1) y = sin2J4 — x2 + cos? 4 —x2; 2 y=—0 .
tg xctgx

20.55. 3HaiifiTs HalibiabIle 3HAUeHHS BUpasy sinx + cosdx.

20.56. Kimuara oOnagHaHa OpUaagaMKU OCBIiTJIEHHS, SAKi
cuokuBaioTh 300 Bt miorogmuau. [Ilogo6u nmpuiagu BMUKA-
0oTh Ha 6 roguu. KMo samMinuTu iX Ha eHeprosbepiraioue ocsiT-
JIeHHSI, TO BUTPATHU HA eJIeKTpoeHepriio ckoporsTbes HA 30 % .
1) CKinbKHu BaT MPOTATOM THKHS MOXKHA 3a0MIaJUTH, BUKO-
pHUCTOBYIOUU eHeprosbepiraroye ocBiTIIEHHA?
2) [isualiTecas Tapud Ha eJeKTpoeHepriio Ta 3’scyirTe,
CKiZTbKM KOIINTIiB MPOTATOM THKHS MOJKHA 3a0IIaJUTH, BU-
KOPHCTOBYIOUM eHeprosbepiraroue ocBiTieHHs?

g@ 20.57. Ins ky6iu"oro piBHAHHA x° + ax? + bx + ¢ = 0
1\ 3

a .
CIPaBIKYETHCA yMOBa b = 3 HoBenmiTh, 1110 BOHO Ma€ €1-

HUI po3B’sA30K, Ta 3HAKULITEH Ieil PO3B’A30K.

Tligzomyvimecs g0 bubuenns Hobozo mamepiany

20.58. ITpuragaiiTe Bimomi 3 Kypcy reomeTpii popmMyJi Ta 3aIroB-
HITH IIPOITYCKHU:
1) sin(180° — a) = ...; 2) cos(180° — a) = ...;
3) sin(90° — a) = ...; 4) cos(90° — a) = ... .

20.59. ITopiBusaiiTe 3 HyJeM Bupas, aximo 0° < a < 90°:
1) sin(90° + a); 2) cos(180° — a); 3) tg(270° + a);
4) ctg (360° — a); 5) sin(180° + a); 6) cos(270° — a);
7) tg(90° — a); 8) ctg (180° — a); 9) cos(360° + ).

OOPMYINU
0O 3BEOEHHA
3,

. . s

TpuronomerpuuHi (QyHKIII KyTiB x + o, e x = 5; N 5

2m, (abo x =90°; 180°; 270°; 360°) MosxHA 3BOAUTU OO0 TPUTOHO-

MeTpUUYHUX (GQYHKIIIN KyTa o 3a TOIOMOrom (popmyJi, AKi HaszuBa-
OTh OpMYyaamu 36€0eHHS.

1. Gopmynu 36edenns Hedari 3 1mux (I)O.EMyJI HaM Bigomi 3
ma npasuno dna ix Kypey — reomerpii. 30Kpema, MH
3acmocy8anna SHAeMo, IIo:

sin(180° — o) = sin a; cos(180° — o) = —cos oy

sin(90° — a) = cos o cos(90° — o) = sin o
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abo Ti cami opmyau y pamiaHax:
sin(n — o) = sina; cos(n—a) = —cosa;
. (m T .
sin| ——o | =cosq; cos| ——oa | =sina.
2 2
3acTOoCOBYIOUH IIi (hopMyJi Ta BJIACTUBOCTI TPUTOHOMETPUUHUX
GYHKITI, MOKHA 3HAUTU (GOPMYJIU 3BeNeHHS IJIA Pi3HUX KYTiB.

Lo
Hanpukaan, gaa Kyra 5 + o, MATIMEMO:

(5 ve) (= (5-)) - 05 -o)
sinf —+oa|=sin|t—|-—-o||=sin| ——o|=cosa.
2 2 2

A g KyTa T — o, BpaxXOBYIOUM BUINe3TagaHi popmyamn, MaTH-
MeMo:

sin(m — o sin a
tg(n—a) = ( ) _ =—tga.
cos(T—a) —cosa

Y Toii cammii cmoci® MOKHAa 3HAWTU (POPMYJIM 3BEIEHHS IJIs
ycix 3asHaueHWX HA IMOYATKY mmaparpada KyTiB. ¥CbOTO TaKUX

dopMyJs TPUAIATL ABi. 3amUIIEeMO iX y BUTJISAAI TaOJIUILi:

Z a|Z+a 3—n—a 3—n+a 2 2
. 2 2 T—o | T+ 9 5 T—o | 2T+ o
90° — . |90°+ ot |180°— 0t |180°+ | 270°— 0 |270°+ 0| 360° — 01| 360° + ot
sinx | cosa | cosa | sina | —sina | —cosa | —cosa | —sina | sina

COSX | sina |—-sina|—cosa | —cosa | —sina | sina cosa cosa

tgx | ctga |—-ctga| —tga | tga ctga |-ctga| —tga | tga

ctgx| tga | —tga |—-ctga| ctga tga —tga |—ctga| ctga

IIi dopmyau He Tpeba 3amam’sATOBYyBaTHU. JLOCTATHHO IIOMITUTU B
HUX IIeBHY 3aKOHOMIipHiCTb, chopMyJsroBaTu il y BUIVIAAL IIpaBUja
i mpaBmio 3amam’ataTtu. /s IIHOTO AOMOBHMOCS HA3WBATU CHUHYC
KOQYHKUIEI0 KOCUHYCA, KOCUHYC — KO(QYHKIIIE€I0 CUHyCa, TAHTE€HC —
KO YHKIII€I0 KOTaHIeHca i KoTaHTeHC — KO(PYHKITI€I0 TaHreHca.

Tenep chopmysII0EMO nPaABULO AJIA 3aCTOCYBaHHS (hOPMYJI 3Be-
JeHHS,

‘ Y mpapiit yacTuHi (PpOpMYTH 3BeTeHHS 3aMHCYEMO TOW 3HAK
L, (+ abo —), axkuil Mae NiBa YacTuHa (POPMYITH 3a YMORM, IO

KyT o — TOCTpUi, MpH HOhOMY AIA KyTiB mta, 2n+ o
Ha3BY TPUTOHOMETPUYHOI (DYHKII He 3MIHIOEMO, a IJISI KYTIB
oo 3n . .

E *a, ? + 00 — Ha3BY 3MIHIOEMO Ha KO(MYHKIIIIO.

3ayBayKUMO, IO TiJABKW JJisi 3PYYHOCTI BUKOPWCTAHHS IIpa-
BHUJA KYT O BBakaeMo rocrpum. HacmpaBzmi, KokHa 3 (opmysa
3BEEHHA € IPaBUJIBHOIO IJIs OyIb-AKOTO KyTa o 3 00JacTi BuU-
3HAUYEHHS TPUTOHOMETPUYHOI HYHKIIII.
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3BepHiTH yBary, II0 MHOCIiJOBHIiCTL MipKyBaHBb 3a 3raJaHUM
OPaBUJIOM MOKHA CTHCJIO C(QOPMYJIIOBATH Y BUTJIAAI MHEMOHIUHO-
rol! npasuna: «4eepme. 3nax. Hasea». PosriasHeMo IpUKIaj Ha
3aCTOCYBaHHS IIpPaBuUJja.

w 3amucaTu uepe3 TPUTOHOMETPUUYHY (QYHKITIIO KyTa ol
e 1)cos(mt —a); 2)ctg(270° — a).
PosB’asaumua. 1) Ygepmsv: KyT (1 — o) — y
KyT II uBeprti (man. 21.1). 3nak: KocuHyC y
II uBepTi — Bix’eMHUII, TOMYy MATHUMEMO <«—».
Hasea: pasa Kyta (T — o) HasBa TPUTOHOME-

TpUYHOI QyHKUii 36epiraerscs, To6TO Maru- T, VO x
meMo «cos». Orike, cos(m — o) = —cosd.
2) (270° — a) — xyt III uBepti (man. 21.1),

koraureuc y III usepri mae 3HaK «+». OCKijib-

T—Q

3 . Mau. 21.1
Kz 270° = ?Tc, TO Ha3By (QYHKIII 3MiHIOEMO Ha

Ko(dyHKIIif0 (Ha «tg»). OTike, ctg(270° — o) = tga.

Dopmynu 3BeIeHHA IOIOMAaramoTh 00-
YUCIIOBATA 3HAYEHHA  TPUTOHOME-
— ) TpuyHuUX QYHKIIA JeAKUX KYTiB, IO
nepeBuiyioTb © (a6o 180°). Ias dopmyau 3BeAeHHS TaKi KyTu
MOKHa 3alMCyBaTU OJHUM i3 ABOX cmocobiB, abo AK cyMmy, abo AK
pisummio. Hanpukaazn, Kyt 195° jgexuTh Ha OOMHUYHOMY KOJIL
mizk kyramm 180° u 270°, Tomy 10ro MOJKHA 3alucaTh i AK CyMy
(180° + 15°), i ak pisuuiio (270° — 75°).

m O6uucautu: 1) tg315°;  2) sin%c.

PosB’asaumuda.
1) 1-it cnocio. tg315° = tg(360° — 45°) = —tg45° = —1.
2-it cnoci6o. tg315° =tg(270° + 45°) = —ctg45° = -1.

N6 T ( nj . W 1
2)sin—=sin|n+—-|=-sin—=—-—,
6 6

2. 3acmocy6anna
dopmyn 3eedenna

6 2

BigmoBigs. 1) -1; 2) —%.

3a gomomMorow (POpPMYyJI 3BeIeHHs, IePioJUYHOCTI, TapHOCTI Yu
HEIIapHOCTi TPUTOHOMETPUYHUX (PYHKIIIN 3HAXOMKEHHS 3HAUEH-
HS TPUTOHOMETPUYHOI (PYHKIII OyAb-AKOTrO KyTa MOKHA 3BECTU
10 3HAXOMKEeHHS 3HAUEHHA TPUTOHOMETPUUYHOI (PYHKIII rocTporo
KyTa.

(EEED O6umcoura: 1) cos(-945%);  2) sin2%+cos2 %.

PosB’sa3auusa. BukopucraemMo mapHicTs (PyHKIII KOCHHYycCA:

1 Muemoénika (0a8Hb0ozp. — MHUCTEIITBO 3alaM’ATOBYBAHHSA) — CYKYII-
HiCTb IpUUOMIB i MeTOxiB 3amaM’ATOBYBaHHA iH(MOpMAaIii.
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. 1) cos(—945°) = c0s945° = cos(225° + 2 + 360°) = cos225° =

= cos(180° + 45°) = —cos45° = —g.

2) Ockinpku cos? 257 _ cos? 25m _ 21 | = cos? I _ cos? (rc i -
8 8 8 8

T g T . 9T 9 20T L 9T g T
=|—-cos— | =cos*—, Tomy sin? —+ cos?® —— =sin? — +cos? — =1.
8 8 8 8 8

V2

Bigmosigs. 1) —7; 2) 1.

IIGENESS  Caopoctutu Bupas: cos(a— ) —sin (oc — gj

PosB’a3anuda. Ockinbku cos(o — 7) = cos(m — o) = —cosa,;

. T . (m
sinjoo——|=-sin| =—a | =-cosa, ToO
[ 2) (2 J

. i
cos(a—n)—sm(a—§j=—cosoc—(—cosa)=—cosa+cosa=0.
Bigmosings. O.

m HoBecTu, 110 Koau o, i y — KyTu TPUKYTHUKA, TO
. . o+
sin B=cosl.
2
PosB’sazauHda. Ockinmbku o, B i Yy — KyTu TPUKYTHUKA,
. a+B m-y m oy

TMmo+pB+y=xn,mTo0oa+P=n—-vi = —.
p+vy=m, rox an2222

Maewmo: sina+l3:sin r_ Y :cosl. [ ]
2 2 2 2

® CdopmyntoriTte NnpaBuno Ans 3acTocyBaHHS (POpMyn 3BEAEHHS;
BUBMITb Bi4NOBIAHE MHEMOHIYHE NpaBuo.

§ Posb sximo 3agaui ma buxonaime bnpabu

Kopucryiouucs tabaurmeo ¢gopmys 3segenud (c. 202), 3se-
IiTh Ko TpuroHomerpuuyHOi PyHKII KyTa o (21.1—21.2):

21.1. 1) sin (g— ocj; 2) t(90° + a); 3) ctg (n — a);
4) cos(180° + a); 5) cos(270° — a); 6) sin (%t + Otj;
7) tg(360° — a); 8) ctg(2m + a).
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21.2. 1) cos(90° — ); 2) ctg (g + ocj; 3) tg(180° — a);

3
4) sin(n + a); 5) tg(?n— ocj; 6) cos(270° + a);

7) ctg(2n — a); 8) sin(360° + ).

2, Kopucryrmounch IpaBUIOM, 3BeJiTh O TPUTOHOMETPUUHOL
dyurmii kyra o (21.3—21.4):

21.3. 1) tg(90° — a); 2) sin(g + aj; 3) cos(180° — a);
4) ctg(n + a); 5) sin(%c— oc); 6) ctg(270° + a);
7) cos(2n — a); 8) tg(360° + a).

21.4. 1) ctg(g - aj; 2) cos(90° + a);  3) sin(n — a);

4) tg(180° + a); 5) ctg(270° — a); 6) tg (32—n+ ocj;

7) sin(360° — a); 8) cos(2n + ).
3BeliTh OO0 3HaUYeHb TPUTOHOMETPUUHOI (PYyHKIII rocTporo Kyrta
(21.5—-21.6):

21.5. 1) sin182°; 2) cos217°; 3) tg342°;
4) ctg 690°; 5) sin(—-126°); 6) cos(—592°);
7) tg (—-227°); 8) ctg(—190°).

21.6. 1) sin318°; 2) cos 142°; 3) tg459°;
4) ctg 219°; 5) sin(—193°); 6) cos(—249°);
7) tg (—549°); 8) ctg(—251°).

O6uwncaits (21.7—21.8):
21.7. 1) tg135°; 2) cos 210°; 3) ctg315°; 4) sin570°;

137 57 n 51
5) sin—; 6 —_— 7) tg—; 8) ctg —.
) sin 6 ) cos 1 ) tg 6 ) ctg 3
21.8. 1) cos150°; 2) sin 240°; 3) tg300°; 4) ctg495°;
47 n 51 11n
5 — 6) sin—; 7) tg—; 8) ctg—.
)cos3 )s1n4 )g6 )cg6

CupocriTs Bupas (21.9—21.12):
21.9. 1) sin(270° — a) — cos(180° — a);
2) tg(90° + o) ctg(270° + a);

3) tg (g - Otj — ctg(n — o); 4) sin(n + o) tg (3775 + a]_

21.10. 1) tg(180° + a) — ctg(270° — a);
2) sin(180° — a) ctg(360° + a);
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. (3m 3n o
3) cos(2m — o) —sin (? - aj, 4) tg (? — aj ctg (E - aj.
21.11. 1) sin(a — 1);  2) cos(oc —gj;

3) tg(a — 2m); 4) ctg(a —3?“}
3n .
21.12. 1) cos(a —7} 2) sin(a — 2m);

3) ctg(oc - gj 4) tg (o — 7).
3BeiTh 40 TPUTOHOMETPUUHOI (PyHKINI rocTporo Kyra (21.13—21.14):

21.13. 1) sin@; 2) cos _36n ;5 3) tg(—ﬂ ;  4) ctg @
4 5 5 7

12
21.14. 1) sin 2% 2) cos 2%, 3)tg 22T gyc tg(__“j.
5 8 5 7

8 3maiinits sHaueHHA Bupasy (21.15—21.18):
21.15. 1) sin(-930°) + \/§cos(—210°) +tg675°%

2) tg@+ 2sin£—7—nj - 2cos(—@j.
4 6 6

21.16. 1) cos(—585°) — sin225° — tg 765°;

2) cos(—@j - lsin23—7t - tglg—n.
3 6 4
c0s35°
21.17. 1) 550 2) cos125° + cos(—55°);
3) tg 189°ctg171°; 4) sin2(-15°) + sin2 75¢.
21.18. 1) tg 42 ; 2) sin136° — sin44°;
ctg 48°

3) ctg179° tg181°; 4) cos?(-10°) + cos2 80°.
CopocriTs Bupas (21.19—21.20):
21.19. 1) 1 + sin(90° + a)cos(180° + a);

2) cos2(270° — a) + sin?(90° — a);

3) cos(a — ) sin (g - aj —sin?(m — a);

4) sin(2n + a) sin(o — w) + 1.
21.20. 1) 1 — cos(270° + a) sin(180° — a);

2) cos(n + o) cos(o — 2m) + sin? (oc - 37%]
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Hosenits ToTokHicTh (21.21—21.22):
21.21. 1) sin| = + o | = cos| = - a |
4 4

tg(180° — o) sin(180° + a) cos(90° + o)
cos(270° — a)sin(90° + o)
21.22. 1) sin(30° + a) = cos(60° — a);

2) = tg2a.

= sin o cosa.

sin (3; - ocj sin?(m — a)
2)
ctg (g - oc] cos(m + o)

21.23. Iawuo cosa = —0,8. 3HaiAiTH:

1) cos(180° + a); 2) sin(270° — a);

3) cos(270° + a); 4) sin(180° — ).
21.24. Dano: sina = 0,6; 0° < a < 90°. 3HaiigiTH:

1) cos 3—n—oc; 2) sin 3—n+a.
2 2
. S 5 . . .
21.25. Kyt o i B — cymixkHi, cosa = Ty SHaigiTe cosP i sinf.

21.26. Kyt o cyMi»KHUI 3 TOCTpUM KyToM 3, sinf} = % 3HaiaiTh
cosa i sina.
A, Hexait o, B, y — KyTu TpukyTHUKAa. [{oBemiTs, mio (21.27—21.28):
o+p

21.27. 1) sin(a + ) =siny; 2 tg~ - = ctg%.

21.28. tg(a + B) = —tgy.

21.29. Cunyc rocrporo Kyra mapaJjejorpaMma JOPiBHIOE % 3Hai-
IiTh KOCHHYC TYIIOTO KyTa I[OTO IIapaJjiejorpama.

21.30. KocuHyCc cyMu IBOX KYTiB TPUKYTHUKA TOPiBHIOE g

1) 3HaliTh KOCUHYC TPETHOTO KyTa TPUKYTHUKA.
2) BusHauTe BUJ IILOTO TPUKYTHUKA 34 KYTaMHU.

3HalimiTh 3HaueHHA Bupasy (21.31—21.34):
21.31. 1) tgl° tg3° tgh° - ... - tg87° tg89°;
2) ctg20° + ctg40° + ctg60° + ... + ctgl60°;
3) cos(—5,9n) tg(—2,1n) — sin 3,67 ctg 3,4m;
n

4) sin? T4 cos? 2 + sin? i + cosZ —.
16 11 16 22
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21.32. 1) ctg88° ctg86° ctg84° ... ctg4® ctg2°;
2) tg4° + tg8° + tgl12° + ... + tg172° + tg176°;
3) sin 3, 97t tg (-1, 67t) + cos1,6n ctg(—3,97);

4) cos?  +sin? -~ 4 cos? o +sin2 =— 27t
17 14

10
sn2
21.83. (cta(d,5m — o) cos(—a) + cos(3r — a))? + 2o (T &) o
tg(o — )
T
o=—.
18
2
21.34. w —sin(—-a) tg (3—75 + ocj + tg—a’ AKIITO
ctg(bm + o) 2 ¢ (n j
gl - +a
2
T
o=—.
10

¢ OGumcrirs (21.35—21.36):

21.35. 1) sin(-3,3n)cos(—1,7n)tg0,3n + sin2,8rwcos(-0,27)tg 3,2x;
2) tg(—=70°)tg160° + sin(—110°)cos700° + sin520° cos110°.

21.36. 1) ctg3,2nsin0, 7xsin(—1,27) + ctg(—0,3m1)cos (-1, 7m)cos0,8n;
2) tg(-162°)tg108° — sin662°sin (—238°) + sin32°sin508°.

CupocriTs Bupas (21.37—21.38):

sin((x - Zj 9 5
21.37.1) —— <L ctg (oc - In] — cos (?n + ocj sin(a — 7);

. T
sin| —+ o
(4 J

1-2sin2(3n + ) 1-2cos2(3n — )

2)

.
b

. [ . T

sin (2 + ocj +sin(r—a) cos (2 - ocj + cos(m + o)
. n

sin(9m + a)cos(11n — a) — tg (2 — aj

2
1- (cos (th - ocj —cos(m — a)]

tg (5“ - ocj —cos(7m — o) sin(dm + o)
21.38

3)

" (cos(1,5m — ) + sin(a — 0,57))2 —

21.39. ITauka odicaoro mamepy dopmary A4 w™icTUTH

500 apkymris. 3a THKIeHb B o(ici BuTpauarTs 1700 apky-
mriB. fIkoi HaliMeHINOi KiJIbKOCTI TaKMX IIaUOK Iamepy Oyae mo-
CTATHBO IIBOMY O(icy Ha YOTHUPU THUMKHI?
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;@ 21.40. Yucna p; p + 10; p + 14 — mpocri. 3HAAIITE p.

Tligzomyimecs go bubuennsa Hobozo mamepiany

21.41. O6yucaiTh:
1) cos390°; 2) sin765°; 3) sin(—-300°); 4) cos(—1050°).
21.42. 3HaigiTe HyJIi QYHKITINA:

)y=dx-12 2)y=""L
X

2 _
)y =\2x16;  4)y= YT 4%
X

21.43. Ilo6yayitTe rpadik GyHKIIT:

)y=vx+1; 2)y =vJx-3; 3)y=x+2
1
4)y=Jx -4 5) y = 3x; 6) y = V.

@: NEPIOAUYHICTb ®YHKLUIA. BIIACTUBOCTI
TA FPA®IKN TPUTOHOMETPUYHUX ®YHKLIN.
FAPMOHIYHI KOJIMBAHHA

1. Hepioduunicme Bararo qpqueciB Ta ABUI Y npupoIi
PynKYil abo rexHimi Ha IPAKTUIL MAIOTh IOB-

| ToproBaJbHUI XapaKTep: Pyx 3emi
HaBkogo COHIA, PyX MasATHHUKA, PisHi obepTajbHI PyXH TOIIO.
Taki mpormecu HasUBAIOThH MEePiOAUUYHUMU, a PYHKILI, AKi IX omu-
CYIOTh, — HepioguuHmMuy (PyHKIIAMUA.

Mwu Bixe 3maewmo, 1o TpI/IPOHOMeTpI/It{Hi ¢dyHKIII € nmepioguy-
HEMH, OCKiTBbKY IPHU 3MiHI KyTa Ha I[lJle YHCIIO 00epTiB 3HaUEHHSA
TPUTOHOMETPUYHUX (PYHKIIIN CHHyCa i KOCHHyCA He 3MiHIOIOTHCSH
(§ 19, m. 5). IIpu sminui KyTa Ha IiJie ynca0 MiBOOEPTiB He 3MiHIO-
IOThCA 3HAUEHHSA (PYHKIIiZI TaHreHC i Koraureuc. ToOTO TPUTOHO-
MeTpuuHi PyHKIII cuHyca i KocmHyca He 3MiHIOIOTLCA, SIKIIO IO
apryMeHTy OOIaTU JIesKe YNCJIOo, KpaTHe 27, a TAHTeHca i KOTaH-
reHca, — AKIIO J0JaTU YUCJO, KpPaTHe T.

ChopmyIr0eMO O3HAUYEHHS IIepioguvHOol PyHKILII.

, ‘ DyHELI0 y = f(x) Ha3uBaOTH nepioduunoro 3 nepiogom T = 0,

L, AKIIO A0 Oyab-AKOTO X 3 00JacTi BM3HAYeHHA (PYHKIIL Yneaa
x + T ix — T TakoK HAJeXKATHh 00/acTi BM3HAYCHH: i cIpaB-
mryerbes piBaicerb: f(x + T) = f(x) = f(x — T).

Ockinpku sin(x + 2n) = sin(x — 2n) = sinx; cos(x + 27n) =
= cos(x — 27) = cosx mna OyIb-AKOro X, TO (pyHKIII cuHyca i
KocuHyca — mnepioguuni 3 mepiogom 27n. Ilepiogamu nmux QyHKIiN
TaKoXXK OyIoyTh umcsaa, KpaTHi 21, Todbro uneaa —2n; +4m; +67; ... .
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st mociimKeHHA BJIACTHUBOCTEN (YHKIIN Ta mOOymOBH iX
rpadikiB Ba'KJIMBO 3HATH HAWMEHININUI OONATHUIN Iepion (GYyHK-
mii. oBememo, I110 HaA¥MEHHIIMM JAONATHUM IiepioloM QYHKILiI
y = cosx € yucao 2n. Hexait T — moBiibHUY mepiog KocuHyca, TOIL
cos(x + T) = cosx mis Oyab-aKoro x, orske i g x = 0. IligcraBus-
I B I[I0 piBHiCcTH 3amicTh x umcyo 0, matumemo: cosT = cos0 = 1.
HaifimeHImuM gomaTHUM YMCJIOM, OJs AKoro cosT = 1, € uucao 27.
Orsxe, 2n — HAWMEHININH AONAaTHUN Iepioy QyHKIIT y = cosx.

VYV Toii camuii cmoci6 MOXKHA IOBECTH, II[0 HANMEHIIINM IOIaT-
HUM nepiogom GyHKIII y = sinx Takox € umcyao 2n. Orixe,

‘ HAWMEHIINM JONATHHM IepiogoM QyHEIiH y = sinx i
Y = COSX € YHCo 27.

Ockinbru tg(x + 1) = tgx; tg(x — 1) = —tg(n — x) = —(—tgx) =
=tgx i ctg(x + n) = ctgx; ctg(x — ©n) = ctgx mna Oyab-AKOro
x 3 objacTi BM3HAUeHHSA TaHreHca i KoTaHreHca BiAHOBigHO, TO
GYHKIIII TaHTeHca i KoTaHTeHca — IepPioguYHi 3 Imepiogom m.

HoBenemo, 1Mo m — HalMeHIIUN gomaTHUi mnepion QYHKITII
y = tgx. Hexant T — poBisbHUHN mepiony ¢ysKIl y = tgx, Tomi
tg(x + T) = tgx nna Oyab-axoro x 3 ii obJsiacTi BUBHAUYEHHS, 30-
Kpema i gas x = 0. Toxi tgT = tg0 = 0. HaiimeHIIIUM mOZAaTHUM
yucjaom, aad axoro tgT = 0, € uucao n. OTiKe, T — HallMeHIIU
momaTHUM mepiof GyHKIL y = tgx.

Y Toit camuii cmocib MOKHA HOBECTHU, IO HAWMEHIIIUM OOJaT-
HuM nepiogom GyHKII y = ctgx Takoxk € umcsao n. OTKe,

p ‘ HAaWMeHITUM JOJATHUM NepiogoM dyHENiH y =tgx iy = ctgx
L, € YUCIo T.

TlepioguunicTs (GYHKIII BUKOPUCTOBYIOTHL [IJis TOOYZOBM il

=39

rpadika:

, ‘ 51 O0YIOBH rpa(bilca nepioguunol GyHKIIl 3 HaWMeHIINM

k, fopaTHUM mnepiogom T, focTaTHLO IOGyAyBaTH rpadix Ha
oynn- AKOMY npOMmmy sapmoB:xku T, (manpukmnan, [0; T,]),
a TMOTiM JOMOBHUTH HOro OTPHMaHUM rpa(meM, napaneasHO
TIepeHeCceHNM BIIPABO i BJIIBO B3TOBJK OCi abcIuc Ha BigcTaHb
kT,, ne k — dyab-AKke HATypalbHe YHCIO.

2. Tpagix pynxyii CrmouaTKy modyayemMo rpadixk GpyHKITil

y = sinx Ha mpomixkky [0; m]. Cria-

y =sinx
meMo TabJuIIo ii 3HaUeHb:
o | E | X | 2| X |2t | 3| 5n
x 6 | 4 | 3| 2| 38| 4|6 |"
1 1
ylo| L |28 38211,
2 2 2 2 2 2

Bynyemo rpagik ¢pysxmii y = sinx Ha mpomixkky [0; ©], Bpa-
xXoBylOum, 1o © ~ 3,14. Ha mamrouky 22.1 300paskeHo rpadik
dyuruii y = sinx Ha npomixkky [0; =«].
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1 _r
2
0 T onoX —n\-/JfO L
2 -1 2
Maux. 22.1 Man. 22.2

Ockinbky QyHKIIA y = sinx € HemapHO, TO il rpadik cume-
TPUYHUIN BiJHOCHO IIOYATKY KOOpAWHAT. BUKOHAEMO CUMETPUY-
He BimoOpaskeHHs JiHiI, 300paskeHol Ha MadoHKY 22.1, BigHOCHO
moyaTKy KoopawHaT i orpmmaemo rpadik (yHKIII y = sinx Ha
OPOMiKKY [—T; 7] (Man. 22. 2)

Hani Bpaxyemo nepioguuHicTs PyHKIiI y = sinx, HallMeHIINM
AoJaTHUM IepiofoM AKoi € 27, a came, OTPUMaHUN Tpadik no-
IIOBHUMO TaKMM CaMMUM, IIapaJjieJIbHO IIePeHEeCeHUM BJIIBO i Bmpa-
BO y3I0BK oci abcmuc Ha 27, 471, 67, ... . Maemo rpadik GpyHKITIT
y = sinx Ha Bci# obsacti BusHaueHHa (main. 22.3). Jliniro, aka e
rpadikom QyHKIIT y = sinx, HABUBAIOTH CUHYCOID0I0.

y

/\ 1 y=sinx /

/27: e AN 0

Man. 22.3

nola 4
a
¥
y
&

ITo6ynyBaTu rpadik ¢yHKIii y = cosx
MOJKHAa B TOII caMHil cIocib, 1o i
)| rpadik dysKHOii y = sinx. IIpore mu

3. I'pagirx ¢pynryii
Yy =cosx

. . T .
BpPaxyeMO TOTOXKHICTH COSX = Sin (x + E) Tob6To rpadik pyHKITIT

y = cosx oTpuMaeMo 3 rpadika (QyHKIII y = sinx 3a ZOIOMOTOI0
mapaJjeJibHOr'o MepeHeceHHs B3OBK Oci abciiuce BJIiBO Ha BificTaHb

T . .

3 (man. 22.4). I'padikom pyHKIII y = cosx € TakoK cuHycoina,
0o me Ta cama JiHig, mo € rpadgikom dyHKHII y = sinx, TiIBKHI
posMiIieHa iHakIie BiTHOCHO cucTeMu KoopauHaT. IHKou rpadik

¢yHKIil y = cosx Has3WBaIOTL IIle KOCUHYCOI0010, TIOTO 300paKeHO
Ha MaJioHKY 22.4.

Y

1
/\ Yy =cosx /‘\
o _3_n\_éc/z lo w on X
2 2 2 2
-1

Mau. 22.4
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4. Tpagix pynxuii Ilobynyemo rpadix (pynkmii y = tgx

y=tex CIIOYATKY Ha IPOMiKKY —g; g , BU-
KOPHUCTOBYIOUM TaOaUII0 11 3HAUYEHbD.
T T T i v T b s
* | 79| 73| 4| 6| %6 | 1| 3|2
1 1
y - | /3| -1 7 0 7 1 | J3 | -

T'padik pynkIii 3o00paskeHo Ha MaJdOHKY 22.5. 3ayBasKmumo,

. . yi i .
110 BiH He IIepeTHHAE NPAMi X = 3 nx= -3 (OCKiMBbKHM TaHTEHC
T, = . . T
Yy TOYKax 3 i ~3 He icHye), Tpu HAOJMIKEHHI X 0 3 3HAUEHHSA

. e
tgx crae AK 3aBroJHO BEJIUKHUM, a IPU HAOJIUIKEHHi 0 3 — AK

3aBTOJHO MaJIM.

Mani Bpaxyemo mepiogmunicTs QYHKIIL y = tgx, HallMeHIIMI
AOJATHUII 1epiof AKOI AOPiBHIOE T, Ta OTPUMAEMO Ipadik (PyHK-
mii y = tgx Ha Bciit oOnacti BusHaueHHa (Mmas. 22.6). I'padik
dyuKIii y = tgx HasWBAIOTL MAH2zeHCOI00W, BiH CKJIAmaeTbCs 3
6esJriui OKpeMux TiJIOK — TiJIOK TaHTe€HCOImu.

Y Y

(=}
[SE]

8
|
I
S

|
a

|
E]
[=)

(NI
[\

[\

[SE]
[\

Mau. 22.5 Maui. 22.6

5.T . dDyHKIig Yy = ctgx He BU3HAYEHA [
y = gt‘;d;:x PyHwyLE uucena nk, k € Z. I'padik miel pyaKIii

| moxHa abo cmouaTKy moOyayBaTu Ha
npomizkky (0; m) i mani BuKopucratTu IepioguvHicTb (GYHKIII,

Y
a0o crkopucrarucsa opmyaomw ctgx =—tg (x + E] i BUKOHATHU TO-

CJIiTOBHO IBa mepeTBOpeHHA rpadika y = tgx: mapanenbHe mepe-
o . . .
HECeHHs Ha 5 BJIIBO B3IOBXK Oci a0cmuc, a IOTIiM CHMETpPUUYHE

BigoOpaskeHHs oTpuMaHOro rpagika simHocuo 1iei oci. I'padir
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dyuKUii y = ctg x 306parkeHo Ha mauroHKY 22.7. I'padikom GyHK-
mii y = ctgx € Tako)K TaHTreHcoima, ajie po3MiIlleHa iHAKIIE Bif-
HOCHO CHCTE€MU KOOpPAMHAT.

T'padik pyHKIIT y = ctgx HasMBAIOTh TAKOXK KOMAH2eHCOI0010.

y
y=ctgx

)
N3

0o |
a

Mau. 22.7

6. Bracmugy y3a1"aJI.I:HI/IMO BUBUYEHi paHimie BJIAC-
MPUZOHOMEMPULHUX THBOCTi TPUTOHOMETPUYHHUX (PYHKILiN
PYHKYi Ta BJIACTUBOCTi, OTpUMaHi 3 IXx rpadi-
- | kiB (ypaxoByiouwu, 1o k € Z) y Tabau-
mAax Ha c. 214-215.
Temep Mu MOXKEMO 3HAXOAWTH BJIACTUBOCTI He TIIBKU (PYHK-
i, 3a3HaYeHUX y IUX TaOJUIAX, a U iHIIUX TPUTOHOMETPUY-
HUX (QYHKI[IA.

IITEETED Sy vy = ig 22 |

: PosB’aszauuada. Hymavu ¢yaknii y = tgx € uucna nk, k € Z.

. . T
3HalileMo Taki 3HaYeHHSA X, OJI AKUX 2X — g = k. Maewmo:

2x—£= nk, TOOTO 2X =£+7tk, 3BigKH X =l+n—k, ke Z, —
8 8 16 2
HYJi QyHKITII.
n 7k
BigmoBigs. —+—, k € Z.
16 2
SHaAUTHU MPOMIKKN 3pOCTAHHS (PYHKITII

° . T
y=sin|3x+—|.
4
PosB’asauuada. [Ipomiskkamu 3pocranHa (QyHKIii y = sinx

T T . .
€ {—§+ 2nk; 5 + an}, k € Z. 3uaiifeMo Taki 3sHAUEHHS X, IJIS
T .
AKUX 3HAUEHHS BUpPasy 3x + 1 HaJeXaTuMe UM IIPOMiKKaM:
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ok <3x+ < i ok “ P lonk<3x < T onk;
9 9 2 4 2 4

37

n

4

——+2nk < 3x <
4

Toomky PR 2R g
4 4 3 12 3
OT:xe, PyHKIIIA 3pocTae Ha IPOMIiKKAX —E+@'l+@
» PYHKII P P 4 3’19 3 !
ke Z.
2 2
BigomoBigs. —£+Lk;l+ik,keZ.
4 3 12 3

DyHKITiA

BaacTtusocri

y = sinx

Y = cosx

O6acTb
BU3HAYECHHS

(=005 +0)

(=005 +0)

Muoxxuna
3HAUEHb

[-1; 1]

[-1; 1]

ITapuicTs,
HelmapHiCcTb

Hemnapua

ITapna

Haiimenmnmi
ITOOaTHUMN
mepion

27

27

Hyoni
GyHKITiL

nk

E+7tk
2

3HakKocTa-
Jicte, y > 0

(2nk; ©+ 2ntk)

(—E + 2nk; I + 2nk]
2 2

3HaKocTa-
Jicte, y < 0

(-7 + 2nk; 2nk)

E+ 27k; 3—n+ 2nk
2 2

ITpomikkm
3pOCTaHHSA

[—E + 2nk; I + 2nk}
2 2

[-7 + 2nk; 2nk]

ITpomiskkm
cHagaHHsa

{E + 27k; 3_7: + an}
2 2

[2rE; m + 2nk]

Haiibinpire
3HAUEHHS

byurIii

1 opu x:g+2nk

1 opu x = 2nk

Haiimenie
3HaAUYeHHSd

GYHKITIT

-1 mpu x = —g+2nk

-1 opu x =+ 21k

214




DyHKIia

BaxacruBocri
y=1tgx y =ctgx
T

O6sacTh BUBHAYEHHS X # 2 + nk x # nk
MuoxxuHa 3HaUYEHb (—00; +00) (—00; +0)
IlapHicTh, HETAapHiICTH Hemapua Hemnapua
HatimeHmuii rogaTHUA T -
mepion
Hyni ¢pyskmii nk Stk

. T s
3HaKocTaxicTh, y > 0 (nk; 3 + nkj (nk; 3 + nkj

. s s
3HakocTamicTs, y < 0 (_E+ ks ﬂkj (_E + ks ﬂk]

. I i

ITpomiskKu 3pocTanHA (_E + mk; 3 + nkj -
IIpoMisKKU ClIafaHHs - (nk; m + nk)
Haii6inpine sHaueHHSA _ _
byHKITIT
Haiimenie sgaueHHSa _ _
byHKITIL

151 3HaXOMKEeHHs MepPiofiB AesIKUX TPUTOHOMETPUUYHUX (PYHK-
I[iffi CKOPHCTAEMOCS BJIACTUBICTIO, AKY IpuiiMeMo 0e3 JOBeNeHHs:

d HaHMeHIIHI XoTaTHHUH Nepion GyHKIiIN Buay y = sin(ax + b)
*

1y =cos(ax + b), ne a i b — yncaa, TOpiBHIOE

2n -
H’ a (pyHKIINH

Buny y = tg(ax + b) i y = ctg(ax + b) gopisHIOE ﬁ,

Hanpurnan,

T
=sin|4x—-— |6
y ( 7) yae |4

MaTHUMEMO TAKUY HAWMEHINIUHN TOAATHUN IIepiox:

HaWMEHIIUM JIOJAaTHUM

nepiogomMm  (QyHKILl

1
, TOOTO g, a nasa QyHKIii y = ctg (3 - ng

= 8m.

8

Posrnsunemo, axk 3HAWTM HaMEHINWN NONATHUN Iepion QyHK-
mii, IO € CYyMOI0 KiJIbKOX IepioguuYHUX (DYHKI[IN.
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W 3HalTH HaWMEHIINHA [ONATHUU Iepion QYHKIIII

f(x) = cos [3x + gj —tg (% - xj.

. T .
PosB’asanHa. Hexait maemo pyHKIiI g (x) = cos|3x + gj i

i
gy(x) = tg (E—x] 3 HaWMEHIIMMHU JojaTHUMHU Iepiomamu T i

. . . 2n T .
T, sigmosiguo. Toxi T) = ?, T, = m = 1, HafiMeHIIILM ZOLAT-
HUM mnepiomom QyHKII f(x) Oyme HaliMeHIle cHiJibHEe KpaTHe
(axmo BonoO icrye) uncen T, i T,. Takum umcaom € umcao 2.

- 2n .
Hiticao, 27 : ? =3; 2n : © = 2. OrsKe, HAMMEHIIINM JOTATHUM

nepiogom GyHKII f(x) € ynucyo 2m.
BigmosBings. 2m.

3ayBasKuUMO, IO He 3aBXKAM CyMa KIJIbKOX TNepiogmuyHmx

GYHKIIINA € (pyHKIico mepioguuHon. Tak, Hampukaan, QyHKIig

. I . . 21
g1(x) = s1n(nx + Ej € mepiogmuHOol 3 mepiogom T} = — =2,
e

dyHKIIA g,(x) = tg x € mepiogmuHoio 3 mepiomom T, = T, IpoOTe
2 g 2

. . T . .
dysKoia f(x) = s1n(rcx + gj +tg X He € mepioAMUYHOIO, OCKiJIBKU

He icHye Takoro umciaa T, ske 0 Aiamaocs HAIJIO AK HA 7T, Tak i
Ha 2 (cTpore HOoBeIeHHS IILOrO (PaKTa He HABOLUTUMEMO).

7. ITo6ydoea zpadikie

ITo6ynyBaTu rpadikm  TpuUTOHOME-
TPpUUYHUX (PYyHKIi, BigmMinHi Big Tux,

MPUZOHOMEMPULHUX :
dyrKYil 30 donoMmozow AKl MU POSIJIAHYJIM BHINE, MOXXHA 34
nepemeopens JOIIOMOTOI0  IIePeTBOPeHb Ipadikis

| (pyHKIH.
Hamnpuxnazx, nna mobynmosu rpadixka ¢GyHKIIl y = cosx — 1

moctaTHbO rpadik (GYyHKIEI y = cosx mepeHecTH B3IOBXK OCi Y
Ha OOHY OOWHUITI0 BHU3 (May. 22.8).

vl

g y=cosx g,
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A nns mobynmoBu rpadika GyHKIii y = 2sinx mocraTHbO rpadik
dyukrii y = sinx posTaruyTu yzasiui Bim oci abciuc (man. 22.9).

Yy
1 3
—= —T
y =sinx ) .0 ) 2 o
Br T\ N
—— _1 pa—
2 2 Yy =2sinx
Mau. 22.9

8. Ilo6ydosa zpadikie
MPUZOHOMEMPUIHUX
PynEyil 30 00noM02010
romn’romepa

3a JOIOMOroI0 CIIemiaJbHUX KOMII I0-
TEePHUX TpPOrpaM MOKHa OyayBaTH
rpad)iku TPUTOHOMETPUYHUX (QYHKITIN
PiBHOTrO PiBHSA CKJIATHOCTI.

Ha wmanoaky 22.10 300pakeHo

rpadirk GyHKIII y = tgg, a Ha MasioHKY 22.11 — rpadik QyHK-

T . . .
mii y = cos (x - Z), no0ymoBaHi OfHi€I0 3 MOAIOHMX IIPOTPaM.

—
HNWRTIOHN0OO «
/

Mau. 22.10

Pagumo mepen BuUKOpHMCTaHHAM KOHKDPETHOI HporpaMu O3HA-
momurucsa 3 ¢aisom gomomoru (y GiJBITOCTI mporpaMm [AJs IIbOTO
Tpeba HaTucHyTH KJjaasimy F1, sHaxogAa4Ymch y BiKHI mporpamm).
BinbiricTs mporpam mae cuerniajbHi omirii abo iHCTPYMEHTH MJIs
pobotu 3 TpuroHomerpmuHuMu (GyHKIiaMu. Hanpukian, y med-
KHUX 3 HUX OIIifd «TPUTOHOMETPUUYHUIN Habip» JO3BOJIAE IO OCi X
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BiKJIalaTy MO3HAUYKU, AKUM BiJIIOBifAalOTh UMCJa, IO 3aJIe’KaTh
Big m. Came TaKuWil iHCTPYMEHT 3aCTOCOBAHO HO rpadikis, 300pa-
JKeHUX Ha majioukax 22.101 22.11.

-3t -2,8n —-2n —-1,57n

Maim. 22.11

3a rpajgikamMm; JIerKO Bu3HauaTU BJjacTuBocTi Qyukiiii. Ha-

x

OpUKJIaf, HyaaMu (QYHKIIL y = th € uucia BUTIALY X = 2Tk,
b1

kE € Z, a ¢pyukumia y= cos(x—zj cIazae Ha OPOMiKKax

™ok Oy ok ke Z.
4 4

9. Papmoniuni xonusanns Bennunnmn, 1110 3MIiHIOIOTBCS 34 3aKO0-

| HOM f(x)= Asin(ox + @), 1e A, ®, ¢ —
IesaKi crasri, BigirparmTs Ba)KJIUBY poJb y (isui. Takumu pyHK-
MiIMU OIIUCYIOTHh 2APMOHIYHI KOJAUBAHHS — MaJi KOJUBAHHSA
OigBiIlIeHOTO0 Ha NPY!KUHI TATaps, MaJii KOJIWBAHHA MaATHUKA,
KOJIMBaHHA B MOJIEKYJaX, AKUMU 3yMOBJIeHe MOTJIMHAHHA iH(ppa-
YepBOHMUX MPOMEHiB, Pi3HOMAaHITHI KOJMBAHHSA B €JIEKTPOTEXHIILi,
HAIPUKJIAL Y KOJIUBAJILHOMY KOHTYPIi TOIIO.

SARIO KyJAbKY, AKa MigBillleHa Ha NPY!KUHIi, BUBECTHU 31 CTaHY
piBHOBarm, To B imeanbHill cuTyarii (AKIIO HEXTYBAaTH OIIOPOM
MOBiTPA UM HarpiBaHHAM IPY:KUHU) KYJbKa 3iCHIOBATHME Tap-
MOHiuHI KosmBaHHs. KoopauHaTa BigxXuijeHHA KYJbKHU Bil IT0JO-
JKeHHsI piBHOBarm Oyje 3aJjieskaTW Bij uvacy t i BusHauaTucsa 3a
dopmyiow f(t) = Asin(ox + ).

ITapamerpu A, ®, ¢, AKi HOBHICTIO ONMCYIOTH I'ApMOHIUHI KO-
JIMBAaHHA, MAaIOTh clelianbpHi HasBu: A — amnaimyda KOAUBAHD,
o — yukaivna (abo kpyzosa) vacmoma KOJLUBAHb, ¢ — NOLAMKO8A
@asa rKoaruearnv (3a3Buuaii, ¢ €[0; 2r)). Buxonauu 3 disuyHoro
3MicTy rapMoHiuHMX KOJHBaHb, MatTumemo, 1mo A > 0, o > 0.

. . . . 2n
Ilepion dyuxrnii f(t) = Asin(ot + ¢), axkuil nopiBHIOE —, Ha3U-
)
BAIOTh nepiodom zapMmoHiuH0z0 KoLuBaHHs. Ilepion rapmMoHiuHOTO
KOJIMBAHHSA — Ile Yac OJHOI'0O IIOBHOTO KOJWBAHHS.

® AKy yHKUil0 Ha3uBaloTb nepiognyHow 3 nepiogom T = 07?
@ HasBiTb HanWmeHWW pdopgaTHWA nepiof YHKUIM y = sinx;
y = cosx, y = tgx; y = ctgx? @ K BMKOPUCTOBYIOTb Nepioany-
HicTb Ana nobyposu rpadikis? @ 3a rpadikammn yHKUIN y = sinx,
y = cosx, y = tgx, y = ctgx cdopmynionte ix BNacCTUBOCTI.
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@ HasBiTb HanMeHLWnA goaaTHUi nepiod pyHKUi BUay y = sin (ax + b);
y =cos(ax + b); y = tg(ax + b); y = ctg(ax + b)? @ PyHKLIAMMN AKOrO
BUMMSAY OMUCYIOTb FAPMOHIYHI KONMBaHHA? @ Sk Ha3uBaloTb napa-
MeTpU A, ®, ¢ y PopMynax rapMOHiYHMX KONMBaHb?

§ Fosb sximb 3aga4i ma buxonaime bnpabu

> 22.1. [Tna gyHKuii y = sinx sHalAiTH:

1) y(0); 2)y@; 3);{%} 4)y(§j.

22.2. Ona ¢pysruii y = cosx 3HAUAITH:

1) y(0); 2)y[gj; 3)y@; 4)y(gj.

22.3. (VYcHo.) KoopauHaTtu pyxoMoOTo Tijia 3MiHIOIOTBCA 3a 3aKO-
HOM y = 0,8sin 100n¢. HasBiTh aMIIiTy 1y KOJITMBAHHS.

2, 22.4. Ilobynyiite rpadix dyHKnii y = cosx Ha TPOMIKKY
[0; 27]. VKaKiTh MHOKUHY 3HAUEHb, IPOMi’KOK 3POCTAHHA i
IPOMIKOK CaJaHHA Ta HYJi QyHKITII.

22.5. IlooynyiiTe rtpadik GyHKII y = sinx HaA TPOMIiKKY

T 3% . .
[—E; ?} VKaKiTh MHOKUHY 3HAUYeHb, TPOMisKOK 3pOCTaH-
HA 1 IPOMIKOK cIIagaHHs Ta HYJi QPYHKILI.
. . . T 3%
22.6. ITo6ynyiiTe rpadik GyHKINT y = tgx HA TPOMIKKY _E;_ .
VEKaxiTe HyJai QyHKII, OTPOMiKKK 3pOCTaHHA i TPOMIiKKU
cramaHHsa PyHKITII.

3HalAiTh HAMEHINUH gomaTHui nepion pynkiii (22.7—22.8):

22.7. 1) y = cosdx; 2) y = sin (2_7[ — fj;
3 3
3) —tg(lx—z} 4) —ctg(f—x]
Yy 7 Y Yy 9 .

T 1 x
22.8. 1)y =sin| 2x ——§; Ay = =
)y sm( gj Yy cos[2 4)

e 2n 1
Ny=tg|lx+— Hy=ctg|] ——=x|.
)Y g( 18] )Y g[7 7 j

22.9. Ilig yac obepTaHHA APOTAHOI paMKHU Y MArHiTHOMY IIOJIi IIO-
TiK Mar"HiTHOI IHAYKIIil, AKUN TpoHU3YeE ii, BMiHIOETHCA 3aJI€IKHO
Bim uacy s3a sakounom D(t) = 0,02sin20nt. 3HaWgiTE aMILIiTYyndy,
YyacToTy Ta Iepion obepTaHHS.
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22.10. Cunma cTpymy 3MiHIOETBCA 3a 3akoHOM I(f) = 5sinb0nt
(cuyma cTpymMy — B aMmepax; Yac — y CeKyHAax). SHaUmiTb
aMILTiTyly, 4acTOTy Ta MepioJ CUJIU CTPYyMY.

22.11. 3a rpadikamum QyHKIiE y = sinx, y = cosx, y = tgx,
y = ctgx Bu3HauUTe 3HAK YHUCA:
1) sin0,97; 2) cos98—n; 3) tgl,1m; 4) ctg (-0,2n);

5) sin(-1,6); 6) cos(—1); 7) tg4; 8) ctg 3.

22.12. 3a rpadikamm QyHKOi# y = sinx, y = cosx, y = tgx,
Yy = ctgx mopiBHANTE 3 HyJIeM YHCJIO:
1) sin 3,5; 2) cos(—0,2m); 3) tg0,6m;
4) sin(-1,1n); 5) ctg(-1); 6) cos 2.

ITo6ynayiiTe rpadik GyHKIIT Ta omuIIiTh il BIACTUBOCTI HA 3pa30K

Tabauri Ha c. 214 i 215 (22.13—22.14):

22.13. 1) y = sinx — 2; 2) y = 3cosx.

22.14. 1) y = cosx + 3; 2) y = 2sinx.

8 22.15. Ha mamonkax 22.12 i 22.13 300pakeHo JacTUHY I'pa-
(dika mepiommunoi GyukIii, mepion sxkoi mopiBuioe 4. ITo0y-
nyiite rpadik 1iei pyHKIil Ha mpoMikKy [—8; 8].

y y$

1 Y

of T _.4...0“....36
Maux. 22.12 Maux. 22.13

22.16. Ha mamtounkax 22.14 i 22.15 300paskeno uacTuHy rpagdika
nepiogmunoi (yHKIii, mepion Akoi mopiBHIOE 5. IloOymyiiTe
rpadik miei ¢pyurmii Ha npomixkky [-10; 10].

Yy Yy
1 1
_l5 T T T |0 1 T T T T x' T l0’ I1 T T I5%
Maxn. 22.14 Maxa. 22.15

22.17. ITobynyiiTe rpadik QyHKIL y = tg[x — g] YramiTs:

1) uyni pyHKII;

2) mpoMiKKHU, Ha AKX PYHKIIig HAOyBae TONATHUX 3HAUEHD,
i Ha AKUX — Big eMHUX;

3) IPOMiKKM 3POCTAaHHSA i MPOMIKKY CIIagaHHA PYyHKILI.
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22.18. ITobynyiiTe rpadgik GyHKIIl Yy = ctg (x + gj YramiTn:

1) myni pyHKILI;

2) mpoMiKKM, Ha AKUX GYHKIiA HAOyBae JOJATHUX 3HAUEHb,
i HA AKUX — Big eMHUX;

3) IPOMIiKKMU 3POCTAHHA i MIPOMIMKKU cIajaHHSI QYHKILII.

22.19. T'apMoHiIUHI KOJIMBaHHA 3aaHO QYHKIIIEIO
f(t) = 2,5cos (3nt + B

1) Banumrite @yHKIi0 ¥ BUuraani f(t) = Asin(ot + ).
2) 3HalmiThL aMILIiTyoy, 4acTOTy, IIOYAaTKOBY (pady Ta mepion
KOJIMBaHb.

22.20. TapmoniuHi KonuBaHHs 3amaH0 QyHKITico f(f)=4cos (2t - %)

1) Banumrite @yHKIi0 y Buraani f(t) = A sin(ot + ¢).
2) 3HanAiTh aMILIiTYyy, YacTOTy, IIOYATKOBY (ha3y Ta mepion
KOJIUBaHb.

22.21. Yu € uucao T mepiomom pyHKII f(x), AKIIO:

1) f(x)zcosg,T:Zn; 2) f(x)zsing,T=23—n;
3) f(x) = ctg e, T = 2 4) f(x) = tg%, T =22

3HaliTh HallMeHIIUH nJogaTHU mepion GyHkii (22.22—-22.23):
22.22. 1) f(x) = sin (4x + gj + cos (Sx - B;

X X
2) f(x) = tg——cos—;
) f(x) g5 3
X T X T
3 x)=ctg| —+—|+sin| ———|;
) 8(x) cg(9 4} sm(6 3]
4) g(x) = ctg 4nx — tg%.
22.23. 1) g(x) = cos (Gx - %j + sin (Zx + gj

x x
2 x) = ctg— + sin—;
) 8(x) g3 5

. (2
3) f(x) = tgn—; —sin (?n - %), 4) f(x) = tg% - ctg 2nx.
He Bukonyooun mobymoBu, 3HAUAITS, HYJIi QyHKII (22.24—22.25):
22.24. 1) f(x) = cos4x; 2) f(x) = tg Gx - %j
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922.25. 1) f(x) = sin (0, 5x — %j; 2) f(x) = ctg 2x.

Kopucryoouncsa rpadikavMu GyHKIiN y = sinx, y = cosx, y = tgx,
y = ctg x, mopiBHAMTe uncaa (22.26—22.27):

22.26. 1) sin0,7n i sin0,8m7; 2) cos2 i cos3;

3) tg(-2) i tg(-1); 4) ctg1,6 i ctg3,5.
22.27. 1) sinl i sin4; 2) cos(—0,2n) i cos(-0,1n);
3) tg0,2n i tg0,3mn; 4) ctg(-3) i ctg(-2).

He Bukonytoum mobymoBu, 3HaAUAITH (22.28—22.29):
x
22.28. 1) npomixkku 3pocTaHHA QyHKIIT y = tg(E + %}
. T
2) 3HaUeHHA X, IPU AKUX QYHKIIA Yy = cos(4x - gj Haby-
Ba€ ONaTHUX 3HAUYEHbD.

22.29. 1) npomixkKu crafaHHA QYHKIL Yy = ctg(Zx + gj,

. (1 T
2) 3HAUEHHA X, OPU AKUX PYHKIA y = sin gx ) HaOy-
Ba€ MONAaTHUX 3HAUEHbD.
ITo6ynyiiTe rpadik dyukriii (22.30—22.31):

22.30. 1) y = 2sin(x —gj; 2) y = tg(x +§) - 2.

22.31. 1) y = 3c0s[x +%j; 2) y = ctg[x —gj + 1.
3HalAiTh 00sacTh BUBHAUeHHA PYHKILI (22.32—22.33):

b1
2232. 1) y=——"—; 2)y=tg|2x—-—|;
)Y 1+ cos4dx )Y g( 6]

3) y =,[sin x+£; Hy= 2x.

4 ctgf

2
b
2233. ) y=——"-—; 2)y=ctg|4x+—|;
)Y 1-sin2x )Y g( 6)

T 4x2

3)y=,/cos| x——|; Hy-= .

)y ( 4) )y tg 2%

IIpu Akmx sHaueHHAX X 3 mpoMiskka [0; 2n] dyHKIia f(x)
HabyBae HaWMEHINIOr0 3HAUEHHS, a MPU AKUX — HaANOIJIbIIO-
ro? 3HanAiTh IIi 3HAYEHH, AKIINO (22.34—22.35):

22.34. 1) f(x) = sin2x + 1; 2) f(x) = 3 — cosx.
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22.35. 1) g(x) = cos2x + 3;

2) g(x) =1 - sinx.

3HalgiTe obsacTk BusHaUeHHA QyHKIIT (22.36—22.37):

22.36. 1) f(x) = V/sin 2x + \Jctg 2x;

22.37. 1) f(x) = \/tg 3x —J/cos 3x;

2) g(x) = /6x — 2 —Jcos x.
2) g(x) = J4x —10 ++/sin x.

ITo6ynyiiTe rpadik Gyukriii (22.38—22.39):

22.38. 1) y = V1 —sin2 x;

[«
3 y="—tgx;
x
5) y = 2tgxcosx;

Ny =~-(tgx-1?%;
9) y = cos x —+/cos? x;
22.39. 1) y =1 -cos? x;
x

3 y= |x| ctg x;

5) y = 3ctg xsinx;

) y = +—(ctg x + 1)?;
9) y = Vsin2 x —sin x;

2) y = (Vsinx)?%

4) y = ctgx + |ctgx|;

6) y =+cosx —1;
8) y = 2x2+/—cos? x;
10) y - ctg|x|;ctgx-

2) y = (Neos x)%

4) y = [tg x| + tg x;

6) y =+/sinx - 1;
8) y = 3x+/—sin? x;
10) y = tgx—Tth

ITo6ynytiTe rpadik piBHaHHS (22.40—22.41):

22.40. 1) tgx = 0;

3) cosm(x? + y?) = 1;
22.41. 1) sinx = 1;

3) tg n(x? + y?) = 0;

2) x2 +ctg2y = 0;

4) sinx + cosy = —2.
2) cos? x + y2 = 0;

4) cosx + siny = 2.

n .
Q 22.42. IIpu AKUX 3HAUEHHAX IapaMeTpa a YUCJIO 3 € mepio-

nom QyHKHil f(x) =

a? —4+sin2x?

22.43. Ilpu aKuxX 3HAUYEHHSX MapaMeTpa b uumcjao T € Iepiogom

Cos X

bysrmii g(x) =

sinx +1-0b2

HoBenits, mo pyukiia (22.44—22.45):

22.44. 1) f(x) = cos(sinx) cuamae ua [0; 0,57];
2) g(x) = sin(cos x) 3pocrae Ha [n; 1,57].

22.45. 1) f(x) = sin(cos x) cmazmae Ha [0; 0,57];
2) g(x) = cos(sin x) 3pocrae ua [-0,57; 0].
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|x

22.46. CkinbKU KOpPeHiB Mae PiBHAHHSA COSX = —7
67
. . . x .
22.47. CribKY KOpPEHiB Mae PiBHAHHA P = sin x?
i

22.48. I[Ipakmuyna OisnbHicmb. 3a IOHNOMOTOK OyIb-AKOI
KOMII'IOTepPHOI mporpamu, Ifo Oyaye rpadiku, mobOymyiiTe

rpadiku  QyHKOIA Yy = tgi -1; y=2sin (x _ zj +8 7ma
X T . L .
Yy = 2cos (E + 5) —11i BraKiTh iX BJIACTHUBOCTI HA 3pasoK Tald-

Jauib Ha c. 214 i 215.

22.49. Bxiguuit KBUTOK Ha 2-i moBepx EiideseBoi Bexxi mias
' IOPOCJUX KOLITYE 8 €BpO, s ocib Bikom 12—24 pokriB —
6,4 eBpo, a mua miteit 4—11 pokiB — 4 eBpo. Poguna IleTpeukis,
10 CKJaJaeThcsi 3 OaThbKa, mamu, crymenta Cepria (19 poxkis),
mioaapku Mapifiku (10 pokis) Ta mamdioka Opecra (2 poxu), xoue
BimBimaTtu 2-ii moBepx KEiideseBoi Bexki. ¥ mapusbkomMy OaHKY
1 eBpo kKoirye 32 rpuBHi. Ky cymy (y I'pH) 3aIllJIaTUTL POAWHA
ITerpenkis 3a 1110 eKcKypcito? OKPYIIiTh [0 IiJNX TPUBEHb.

22.50. (Badaua anv-Xopesmi). Po3B’s:KiTh cucTeMy DiBHSHbB:
x+y =10,

1
xy.|y—x|—5z.

Tligzomyiimecs go bubuenns Hobozo mamepiany

22.51. 3HaigiThL CKAIAPHUI JOOYTOK BEKTOPIB d - b, SKIIO:
1) d(cosa; sina); I;(cosB; sin B);
2) a(sina; cosa); I;(cosB; sin f).

22.52. Jano: a = 60°, B = 30°. Ilepesipre, 110:

1) cos(a + B) # cosa + cosf; 2) sin(a + B) # sino + sin B;
3) cos(a — B) # cosa — cosf; 4) sin(a — B) # sina — sin .

%) TPUATOHOMETPUYHI POPMYIIUN
OOOABAHHA

Y npomy maparpadi posrisgHeMo (GOpMyaU, AKI IaIOTh MOXK-
JUBICTh 3aIMCyBaTH TPUTOHOMETPUYHI (yHKI[I cymum i pisHUIL
JIIBOX KYTiB uepe3 TPUTOHOMETPUYHI (PYHKI[IT 11X KyTiB.

1. Kocunye pisnuyi Jasa Toro mob oTpuMaru (OpMYyJIy
i cymu nas cos(o — B), CIIOYATKY POBIIITHEMO
|| BUIIAJIOK, Ko o0 > Pfia — B <m.
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Hexaii mpu moBopoTi Ha KyT o moyaTKoBuUii pagiyc OP, ofiuHuY-
HOTO KoJa mepeimmos y pagiyc OP , P (x; y) (max. 23.1). Ockins-

KU X =COSQ; Y = sin o, TO MaemMo BEKTOD OP,(cos o;sin o). Anaso-
riuno, OPg(cosf;sinf). Toxi: OP, - OPp = coso.cosf + sin asin .
3 imIoro 6oKy:
OP, -OP; = |OP,|-|OR)|- cos ZP,0B,.

Aje ‘O_Pa‘ =1

O_Pﬁ‘ =1 LPOLOP[3 = o —fB. Tomy

cos(a — ) = cosacosf + sin asin f.
AmnajoriuHo posrIAmalOTh i BUIALKMN, KOJIN
o<paboo-—p>m.
OTrpumanm popmyry KOCUHYCA Pi3HUYL:

Maun. 23.1

Q cos(a — PB) = cosacosf + sinasinf3.

I3 1iei popmysnru maemo:

cos(a + PB) = cos(ae — (—B)) = cosacos(—P) + sinasin(—p) =
= cosacosP — sinasin .

OTrpumanu Gopmyry KOCUHYCA CYMU:

Q‘ cos(a + PB) = cosacosf — sinasinf.

m OGuucanTu cos 75°.

e PosB’asaumusa. cos7b° = cos(45° + 30°) = cos45°cos30° —

e o A2 V3 V21 -2
—sin45°in30°= — — - —. = — "~
2 2 2 2 4
J6 -2

BigomoBingsb. 1

Y T
@ITTED Cuvocrury supas cos [a . gj ~cos (oc _ g}
T I
PosB’sa3anmua. cos(a+§j—cos(a—§j=

T . ... 1 . .. T
=COSOLCOS§—S1110.S111§— COSOLCOSg-i-SlIlOLSlng =

1 3 . 1 3 . .
=—coso———sinoa ——cosa ———sina = —v3 sina.
2 2 2 2

BigmoBingsb. —\/gsinoc.

2. Cunye pisnuyi i cymu | SHafAeMO  Qopmyny mns sin(a —p).

Maewmo:

sin(a - B) = cos(g —(a— B)j = cos((g - Otj + Bj =
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= cos(g - ajcosﬁ - sin(g - ocjsinB =sinacosf — cosasinp.
Otpumanu Qopmyny cCunyca Pi3HUYi:

Q sin(a. — B) = sina.cosf — cosa sinf.
L ]

daa sin(o + ) matumemo:

sin(a + B) = sin(a — (—P)) = sin a.cos(—P) — cos asin(—P) =
= sinacosf + cosasinf.

OTpumanu Gopmyry CuHyca Cymu:

d! sin(a + B) = sinacosf + cosasinf.

. . T . i
W 3HaiTu Ssin oc—Z , AKMmIo sino = 0,6 i §<a<n.
[ ]

PosB’aszauus.
. T . I o N2
sin oc—Z :smacosz—cosocsmz:7(s1noc—cosoc).

Ockinsru o — KyT II uBepTi, TO cosa < 0. Maemo:
cosa = —J1—sin2a = —/1-0,62 = —0,8.

Tomi sin(oc . g] - g(o,es ~(~0,8)) = 0,7+/2.
BigmoBigs. 0,7\/5.

7 GERSS  CopoctuTu Bupasd sin12xcos4x + cos12xsindx.

°» PosB’asauusa. HeBakko momiTuTH, 1110 Ma€Mo IpaBy dacTH-
uy opmynm sin(a + ), ze o =12x, B = 4x.

Or:xe, sin12xcos4x + cos12xsindx = sin(12x + 4x) = sinl16x.
Bigmosingsb. sinl6x.

3. Tanzenc pisnuyi i cymu | BrPasuMo tg(a — f) uepes tga i tgp

27 | 3a yMOBH, III0 KOKEH i3 IIUX BuUpasiB
Mae 3Mmicr, ToOTO 3a ymoBH, 110 cos(a — ) # 0, cosa # 0, cosf = 0.
Maewmo:

tg(a—P) =

sin(a. —B) sinocosf —cososinf3
cos(a. —P) cosocosP +sinasinp’

IMoginumo yucenbHUK i 3BHAMEHHUK Ha HOOYTOK cosocosf # 0.
Marumemo:

sinacosf3  cosasinf

cosacosP cosacosP  tga-—tgP

cosacosf sinasinf :
B B 1+tgatgp

cosocosf3 cosacosf

tg(a —f) =
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Orpumanu popmyry maHzenca pisHuyi:
tga-t
d teo—py = %P
1+tgatgp
Insa TaHTeHCA CyMU MaTHUMeEMO:
tg o —tg(- tga+t
tgo+ B) = te(o— (-p) = X BUD)._ tgorigh
1+tgatg(-p) 1-tgatgp
Orpumanu Qopmyny marnzenca Cymu:

' tga+t
Q, tg(a +P) = tgoa+tgp
1-tgatgp
QD Oswmemmmn: 1) tg ;) 4211818
. 12 1-tg42°tg18°

3 4

tg T —tg
T (TC nj_ €3 gz_\/g—l_

PosB’asaumna. l) tg—=tg = = =
12 1+tggtgg V3 +1

_GB-DEB-1_3-2841_4-2V8 _, g
3+DH3-1) (V3)2-12 2 .

tg42° + tg18°
2 = tg(42° + 18°) = tg 60° = /3.
) 1-tg42°tg18° g )=te

Bigmosings. 1)2—\/5; 2) J3.

s posB’sisyBaHHA 3amad BUPAas
asinx + bcosx iHoOAmi moOIinbHO Tona-
|| Baru y BUIJIAAi cuuyca (abo KocuHyca)
CyMHU UM PiBHUII ABOX apryMeHTiB. {18 mboro y BKasaHoMy BU-

pasi BHHeceMO 3a LY:KKH MHOKHHUK +a? + b2, maTumemo:

b
asinx + bcosx = Va2 + b? [L ——cos x]
va? + b? va? + b?

YuciooBi Koe(ilieHTH, OTpUMAaHi Ilepes; TPUTOHOMETPUUHUMU
GYHKI[IIMU B IYysKKax, MOMKHA BBa’KaTW KOCHHYCOM 1 CHHYCOM
(abo cmHYyCOM i KOCHMHYCOM) AESKOTO KyTa, OCKIJIBKM AJA HUX
CIIPaBIYKYETHCS OCHOBHA TPUTOHOMETPUYHA TOTOKHicTh. Crupasni,

a 2+ b 2_a2+b2_1 30KpeMa, AKINO BBeLeMO
Ja2 + v2 Jaz + p2 a?+b2 peNia, 8

4. Memod donomixiHozo
Kyma

sin x +

a b . .

IIO3HAUYEeHH ————— = C0SO; ———— =Sina, ge o — geaxkuil
va? +b? va? +b?

KYT, TO B AYsKKaX OTPUMaeMO (POPMYJIy cyMu abo PisHUIIL CUHYCiB:

asinx * bcosx = a2 + b2(sinxcosa + sinocosx) =

=+a? + b2sin(x *+ a).
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a . b
A AKIIo BBEIEMO MO3HAUEHHA ———— = SIN 0; ———==1C08Q,
Va2 +b? Va2 +b?
TO OTpUMaeMo (POPMYJIy Pi3HUIIL ab0 CyMU KOCUHYCIiB:

asinx *+ bcosx = a2 + b%(cosxcosa * sinoasinx) =
=+a? + b2cos(x F o).

Kyr o, sKuil Mu BBeJU [JIs 3TaJlaHOTO IIEePETBOPEHHS BUPA3Y,
HA3UBAIOTh 00NOMIHCHUM KYMOM, TOMY TaKe IIePeTBOPEHHS aicTa-
JIO HAa3BYy — Memo0 00nominHoz0 Kyma.

7 GERRGS 3HaliaiTh yci 3HaueHHsS IIapamMeTrpa @, IPU AKUX
° MOKJUBA piBHicTh: 12sin4x — Scos4dx = a.

PosB’sasanusa. Ockimpru V122 + 52
12sin4x — 5cos4x = 13 Bsin4x—30054x =
13 13

13, To maemo:

= 13(cosasin4x — cos4xsina) = 13sin(4x — o).

Orxe, 13sin(4dx — o) = a, TOOTO sin(4x—oc)=%. Ockinbru

~1 < sin(4x — @) < 1 i sin(4x — o) = % To —1 < % < 1, 3Bigknm

-13 < a < 13.
Bigmosigse. —13 < a < 13.

] -
A'we PARIMe O e i Dopy. 56 o
A— ’
N MONCHA 3HAX00UMU MPUZOHOMEMPULHT PYHK-
yii cymu ma pisnuyi apeymenmis (o = f) ue-
pe3 mpuzoHomempuiHi QYHKYil apeymenmis o i .

Ilepwum, axuii ditluios 00 Hac, MPAKMAMOM, W0 MicmMUE MAaKi
dopmyau, cmas «Anvmazecm» Ilmonemes. YV yiit npayi eudamuuil
MAMEMAMUK 260MeMPULHUM WIAXOM HA OCHO8L meopemu IImoane-
Mest 6u800UmMb POPMYAU Pi3HUYL i cymu 080X Kymig 0as xopo.

Indiiicvki 6yeni, 3okpema Bxackapa (XII cm.), sukopucmosy-
8aaU POpMYNU, AKL 8 CYLACHIU CUMBONIYL MONCHA 3AnNUCAMU MAK:

. sin a.cosf} £ cos asin .
sin(a £B) = BR B, de R — padiyc koaa.

Il ma inwi opmyaru 000a6aHHSL BUKOPUCMOBYBAJLU BYeHIi ce-
peduvogivnux Asii ma €seponu.

Y cyuacnomy ueasdi popmyau 000a6anHs cmaiy BUKOPUCTIOBYEAMU
nicas npaui I. Kawoeepa «Aunanimuuna mpuzonomempisy (1770 p.).
V Hili asmop Ha nouamky 6800umb MPUZOHOMEMPUYHI PYHKUIL He SK
JIiHIL 8 KO, @ AK CNi8BIOHOULeHHA MiKc cmopoHamu mpukymuuka. Tak,
Hanpukaad, popmyay cunyca cymu Kawoeep ompumas 3 Gopmyiu:

sinC = sinAcos B + cosAsinB, de A, B, C — kymu mpukymHukxa.

@ 3anam’atanTte opMysnM KOCMHYCa Pi3HUL i CyMUX, CUHYCa Pi3HUL i
CyMU, TaHreHca pisHuui i cymu. @ LLlo Take MmeTon AONOMIDKHOTO KyTa?
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§ Fosb sximo 3aga4i ma buxonaime bnpabu

‘1, Yu npaBuabHa piBHicTH (23.1—23.2):
23.1. 1) sin(2x + y) = sin2xcosy — cos2xsiny;
2) cos(x — y) = cosxcosy + sinxsiny?
23.2. 1) sin(3x — y) = sin3xcosy — cos 3xsiny;
2) cos(x + y) = cosx cosy + sinx siny?
Yu mpaBUIbHO BUKOHAHO coporleHusd (23.3—23.4):
23.3. 1) sin20°co0s5° — sinb°c0s20° = sin(20° + 5°) = sin25°;
2) c0s40°c0s10° — sin40°sin10° = cos(40° + 10°) = cos50°?
23.4. 1) sin15°c0s6° + cos15°sin6° = sin(15° + 6°) = sin21°;
2) cos17°cos7° + sinl17°sin7° = cos(17° + 7°) = cos24°?

3a gomomMorow (GopMyJa LOLABAaHHA MepPeTBOPiTh Bupas (23.5—
23.6):

23.5. 1) sin (% + ocj; 2) cos(45° + a);
3) sin(a — 45°); 4) cos [oc —gj

23.6. 1) cos | o+ 2 |; 2) sin |a-—=|;
6 3

3) cos(45° — a); 4) sin(a + 60°).

3a (QopmysnaMu AOJAaBAaHHA IepeBipTe iCTHHHICTL (QOPMYIH 3Be-
nennsa (23.7—23.8):

23.7. 1) sin(180° + a) = —sina; 2) cos(g - aj — —sina;
. (3m .
3) sin 35 o | = —cosa; 4) cos(270°+a) = sina.
T . . (37
23.8. 1) cos(E — ocj = sina; 2) s1n[? + ocj = —Cosal;
3) cos(180° + o) = —cosa; 4) sin(360° — a) = —sina.

23.9. 3anumrits kyt 105° ax cymy 60° + 45° Ta 00UHCIITH:
1) sin105°; 2) cos105°; 3) tg105°.

23.10. 3anumiits KyT 15° ax pisuuiio 60° — 45° (a6o 45° — 30°)
Ta 00UYUCIiTh:

1) sin15°; 2) cosl5°%; 3) tg1b5°.
Cupocrits Bupas (23.11-23.16):
23.11. 1) cos(a + B) — cosacosp; 2) sinacosf — sin(a — PB);

3) cos(a. — 30°) — %sina; 4) sin(oc + %) - gsin a.
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23.12. 1) sin(a + B) — sinacosf; 2) cos (a —g) - %cos o.
23.13. 1) cosa — ﬁsin(% - ocj; 2) \/ECOS[OL + %] + 3sina;
T . . (57
3) 2c0s[oc + gj + +/3sina; 4) 2s1n(? + oc] — cosa..
. s .

23.14. 1) 2Sln(0ﬁ —Ej + cosa; 2) J3sino + 2cos(a + 60°).
23.15. 1) cos2acos7a + sin2asin7o;  2) sindocoso — cos4asino;

3) cos4xcos2x — sin4dxsin2x;

4) sin2ycos8y + cos2ysin8y.
23.16. 1) sindycosy — cos4ysiny; 2) cos3acosa — sin3asina;

3) cosl4xcos2x + sinl4xsin2x;

4) sin2BcosP + sinPcos2f.
3HalAiTh 3HaUueHHA Bupasy (23.17—23.18):
23.17. 1) cos28°cos62° — sin28°sin62°;

2) sin11°c0s19° + cos11°sin19°;
b
16

51 o . bm .
3) cosﬁcos—+sm—sm ;

16 16

. n v m . =«
4) sin—cos— — cos—sin—.

18 18 18 18

23.18. 1) cos31°cosl® + sin31°sinl®;
2) sin92°c0s2° — c0s92°sin2°;
2n 5t . 2n ., b5m
3) cos—cos — — sin —sin —;
7 7 7

7

. 37 T LT 3n
4) sin—cos— + sin—cos—.
16 16 16 16
23.19. Bigowmo, mo tgo = 4, tgB = —0,5. 3naigiTs:
1) tg(a + B); 2) tg(a — P).
23.20. Bigomo, mo tga = 0,25, tgp = —8. 3uatigiTs:
1) tg(a — B); 2) tg(a + ).
O6uucaits (23.21—-23.22):
th + tgﬁ—7T
23.21. 1) %; 2 ——L.
+1tg51°tg6° 1-to—tg——
g7 g
tg7—7t - tgg—TE
93,00, 1) 818" t€12" 5 716 716
1-tg18°tg12° 1+tg7—ntg3—n
16 " 16
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Cupocrith Bupas (23.23—23.24):
23.23. 1) sin(a + 45°) + sin(a — 45°);

2) cos(oc - Ej - cos(oc + E];
6 6

cos(x —y) —cosxcosy sin(x — y) —sinxcosy

3 4
cos(x + y) +sinxsiny ) COS X COS Y
23.24. 1) sin a—Ej—mn a+£}

3 3

2) cos(a + 30°) + cos(a — 30°);

cos(x + y) —cosxcosy sin(x + y) —cos xsiny

; 4
cos(x —y) —sinxsiny ) sinxsiny

3 Hosezirs ToTOMHiCTB (23.25—23.26):
23.25. 1) cos(a + B) + cos[% - oc)cos(g - Bj = cosocosf;

sin(o + B)
cosacosf

3) sin E—oc = cos EJroc;
4 4

sin (o —PB)+ 2cosasin B

2) = tga + tgp;

2cosacos — cos (oc _ B) = tg(a + P).

23.26. 1) cos(a — B) — cos(g + ajcos(g + Bj = cos a.cos 3;

cos (o —B)
2) ———= =ctgactgp + 1;
sin o sinf3

3) sin (% + Bj = cos (% - BJ;

cos (oo —B)—2sinasinp

2sinacosp - sin (o - ) = ctg(a + B).

CopocriTh Bupas (23.27—23.28):
23.27. 1) sin E+0c cos 3—“—(1 + sin 3—“—(1 cos E+oc ;
5 10 10 5
2) cos(13° + 2x)cos(17° — 2x) — sin(13° + 2x)sin(17° — 2x).
23.28. 1) sin 3—n+(l cos E+oc — cos 3—n+a sin EJroc ;
4 4 4 4
2) cos(70° + 3x)cos(10° + 3x) + sin(70° + 3x)sin(10° + 3x).
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3uainite (23.29—-23.30):
23.29. 1) sin(o — 30°), sKmo coso = —0,6 i g< o<

2)cos(£+aj AK osinoc——iin<oc<3—7t
I e 13 2"
23.30. 1) cos(a — 60°), sxmo sina = 0,81 0 < a < g;

. T 8 . 3n
2) sin| o + — |, gKII0 cosa = — i — < a < 27.
6 17 2
. e 37
23.31. lano: sina = 0,28; §<a< n; cosP = —0,6; n<B<?.

SHAUOITh:
1) sin(a + B); 2) cos(a — B).

23.32. Hano: cosa = 0,96; sinf = -0,8; O<a< g; T<PB< 3?%
SHANITh:
1) sin(a — B); 2) cos(a + B).
? 23.33. oBexniTh (hopMyau KOTaHTeHCA CYMU i Pi3HUILI:
ctgactgpf -1 ctgactgf+1
1) ctg(a + B) = —B; 2) ctg(a — P) = clgactghtl
ctgo +ctgp ctgP —ctga
23.34. 3acrocoByoun (GopMyJIn 3 MOIEPEIHbOI BIPAaBU, O0UMCIITh:
1) ctg 40°ctg 20° -1 2) ctg70°ctg25°+1
ctg 40° + ctg 20° ctg 25° — ctg 70°

23.35. JloBexmiTh, III0 KOJIU O, [, Y — KYTHU TPUKYTHUKA, TO
sinocosf} + cosasinf = siny.

23.36. Bigowmo, 10 sina = %, sinf = %, o if — xryru II uBepri.
3uangite tg(o — pB).

23.37. Bigomo, 110 coso = %, cosP = %, o i B — kyru I uBeprTi.
Suaigite tg(a + B).

sin 23°sin 83° — cos 443°cos 337°
cos128°sin 22° — cos 398° cos 338°"
23.39. MosexiTs ToToxHICTE: cos(a + B)cos(a — B) = cos2P — sin?a.
23.40. Hosexith ToToKHicTb: sin(o + B)sin(a — B) = sina — sin?P.

23.38. O6uucimits: tg16° +

23.41. 3uaiifgiTe HaliMeHIe i HAHOiIbIle 3HAUEHHS BUPAa3y:

1) %sina + gcosa; 2) cosa — \/§sinoc;
3) 4cos2a. + 3sin2a; 4) 2sin3a — 3cos3a.

23.42. 3HAWAITh MHOKUHY 3HAUEHb (PYHKITiI:
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Dy= gsinx—%cosx; Dy= J3cosx + sinx;

3) y = 12co0s3x — 5sin3dx; 4) y = sin2x + 3cos2x.

V21 57

23.43. [loBexmiTh, 1110 KOJHX Sina = T osf = ST 0° <o < 90°,
0° < B <90° T0 o + B =60°.
. 40 . 9 T e
23.44. Hawo: sino = —, sinf=-—, 0 <a < —, —— < B <O0.
41 1 2 2
HoBemits, 1mo a — 3 = r
2
23.45. Bigomo, 1o ctgo = g, tgp = i, 0<ac< g, 0<B< g

Suaigite o — B.
23.46. 3nainite o + B, axmo tga = %, tgfp =7, 0 < a < 90°,
0 <p <90°.
23.47. oBexiTh, 110 sin(a + B) < sina + sinP, axmo 0 < a < g,
T
0<pB<—.
b 2
23.48. Hosenits, m1o cos(a — B) < sina + cosf, axmo 0 < a < g,
i
0<pB<-—.
b 2

3HaligiTe 3HaueHHA Bupasy (23.49—23.52):

1—tg27,5°tg252,5°- 23.50. tg237,5° —tg27,5°

tg252,5° — tg27,5° tg237,5°tg2 7,5° —

23.51. 1) ctg(a — B)(tgP — tga) + tga tgP, akmo a = 17°, f = 12°;
2) (1 + tgo)(1 + tgP), Axmo o + P = g

23.52. ctg(a + B)(tga + tgP) + tga tgP, axkmo o = 27°, f = 19°.

¢? 23.53. Hexaii a, B, Y — KyTH IOCTPOKYTHOTO 260 TYMOKYTHO-
ro TpukyTHuKa. [loBexiTs, mo tga + tgf + tgy = tgatgPtgy.

23.49.

23.54. Hexaii o, B, Y — KyTu TpUKyTHUKA. [loBemiTh, 1110

a, B B,.,Y V.o

thth + thth + thth =1.

23.55. 3HaiigiTe yci HaTypaJibHi 3HaueHHs mapaMeTpa a, IIpU
AKUX MOKJIMBA PiBHiCTB: 8cos2x — 15sin2x = a2 + 1.

23.56. 3HalmiTe yci sHaueHHs mapamerpa b, IpU AKUX MOKJINBA
piBHicTb: 8sinx — 6cosx = b — 3.
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23.57. o — BHYTpPIIIHIA KyT IPaBUJIBLHOTO N-KyTHUKA,  — #HOTrO
30BHIITHIT KyT. SHAUIITH N, SIKIIO

sin(a—Ej+sin(g—Bj =1.
2 2

23.58. Hosexmith, mio Koau 0 < o < 90° To sina +cosa > 1.
23.59. o, B, Y — KyTu TPUKYTHUKA, mpuyomy y — Tynuii. ITopis-
Hamire tgoatgp i 1.

& 23.60. Koepimienr xopucuoi mii (RRI[) IesIKOTO ABUTYHA

BM3HAYAIOTH 3a (hOpMyJIOI0 M = hoT -100%, ne T, — TeMm-
1
nmeparypa HarpiBaua (y rpagycax Keabsina), T, — TeMIeparypa
XOJIOAUIbHUKA (y rpanycax Keabsina). Ilpm HKlI/I MiHiMaJIbHIN
remneparypi HarpiBaua T; KK][ nporo nsuryna Oyjge He MeHIIe
3a 20 %, AKII0 TeMHepaTypa xonoaunbEuKa T, = 320 K? Bigmo-
Bifmb momaiiTe y rpagycax Kesnbsina.

23.61. (HauionanvHa onimniada CIIIA). [loBeaitTsb, 110 Ky-

O0iuHi KOpeHi 3 TPHOX PIBHMX MPOCTUX YNCEJ] HE MOMKYTHb
O0yTu TphoMa ujeHaMu (He 000B’A3KOBO IIOCJiJOBHUMM’) HEAKOIL
apudMeTUIHOI Tmporpecii.

f Tligzomyiimecs g0 bubuenns Hobozo mamepiany

23.62. Ina o = 30° i oo = 60° mopiBHsAIITe 3HAUEHHS BUPAa3iB:
1) sin2a i 2sinacosa;  2) cos2a i cos?a — sina

| NTONOBUHHOIO APIF'YMEHTIB.
®OPMYIIN NOHUXEHHA CTEMNEHA

Posrasmemo popmyiu, 1110 € Hacaiokamu gopmys 000a8aHHA.

@ ®OPMYJIM NOABIMHOIO, MOTPINHOIO

1. @dopmynu qDOPMyJIa ] '
nodsitinozo Kyma sin (oc + B) =sinacosf + cosasinf

€ icTuHHOIO A OyIAb-AKUX 3HAUEHDb O
i B. fAxmro mpunycruru, 1o B = o, MAaTUMEMO:
sin (o + o) = sin a.cos o + cos asin o, To6TO

d sin 20, = 2sin a.cos a.
Orpumanu opmyry curyca nodsiilHozo Kyma.
Ananoriuno pnsa dopmynau cos(o + ) = cosacosf —sinasinf,

Koau B = o, MmaTuMeMo: cos(o + o) = cosocos o — sinasin o, To6To
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Q’ cos 2a = cos? a — sin? a.

Orpumanu ¢opmuyny Kocuryca nodeiiinozo kyma.

fIkmio B oTpuMany GoOpPMyIy CmOYATKY 3amicTb cos? o mizcTa-
Butu 1-sin?o0, a morim BamicTts sin? o mimcraButu 1 - cos? a,
OTPUMAEMO IITe ,zJ;Bi dopmMysam KOCHMHYCA IIOABiNHOTO KyTa:

Q cos2a=1-2sin2a Ta cos2a=2cos2a 1.

tgo+t
Tak camo 3 (opmyau tg ((x + B) = tgattgh MaTHMEMO, II[0
1-tgatgp
tg(o+a) = M, TOOTO
1-tgatga
Q’ tg 200 = Zti
1-tg2a

OTrpumanmu Qopmyasy manzernca nodeiitHozo Kyma, AKa € iCTuH-
HOIO, Kouu tgo i tg 20 icHYIOTE.

2
M CopoctuTn BUpas: 1) ————— 2cos 5 2) ﬂ.

sin 2o coso —sina
, 2cos? a. 2cos? a cosa
PosB’azamna. 1) — = — = — =ctgo.
sin 2a 2sinacoso  sina
g) _ C0S 200 cos?a-sin?a (cosa—sina)(cosa +sina)
coso —sina coso —sina coso —sina

=cosa + sina.
BigmoBigs. 1) ctga; 2)cosa +sina.

m O6uucautnu sinlb5°cos15°.

» Poss’aszanusda. sinl5°coslb® =

= l -2sin15°cos15° = lsin(2 -15°) = lsinSOO = l =0,25.
2 2 2 2

N[ =

Bigmosigs. 0,25.

3ayBasKUMO, II[0 OTPHUMAHI (POPMYJM MOMKHA 3aCTOCOBYBATH
I OyIb-IKOTO KyTa 20, aaKe OyIb-IKUI KyT MOJKHA 3aIlncaTu

Ak mogsifiauii. Hanpuknaz, sin 6x = sin (2 - 3x) = 2sin 3x cos 3x;

o g0 50
coso =cos| 2-— | = cos® — —sin® —;
2 2 2

tgx-T|=tg| 2. Ty g2 (%M 2tg(;"g) .
(4) 2 (( Dltz(zgj
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Skmo 3 dopmya cos2a =1 - 2sin2 o
i cos2a = 2co0s? o — 1 Bupasuru Binmo-
BimHO sinZo i cos? o, oTpuMaeMo:

‘ . o 1 - cos2a 2 1+ cos 2a
L sinfao=—— Ta cosfa=—"""—.
2 2
IIi dopmysnm HaA3UBAIOTL QOPMYLAMU NOHUNEHHS CMENeHs.

BoHu marmTh MOMKJIMBICTE 3aOucaTy KBaJapaTH CUHYCA i KOCUHYyca
KyTa o uepe3 KOCHHYC KyTa 2d.

2. Dopmynu
NOHUNCEHHA CTNEeNneHns

1 -cos2a
. 2 -
. sin® a 2 1 - cos2a
Ockinmpru tg2o = = = , MaeMo IIe
& cos2a 1l+cos2a 1+ cos2a =
2
oJHy (GOPMYJY IMOHUMKEHHS CTeIeHs:

1 - cos2a
A g L cos2a
1+ cos2a

IIa ¢popmyna icTurHa, aximo tgo icHye.

IloHusuTHu cremiub y BUpasi:
: 1)cos®2a;  2) sin? %; 3) tg* [“‘B.

1+cos(2-2a) 1+ cosda

Poss’asanndg. 1) cos?2a =

2 2
1—cos(2~aj l—cosg
2) sinz ¢ = 4/ _ 2
2 2
i 1—cos(2(a—zn 1—cos(2a—g)
3) th(oc—— = = =
4

1+cos(2(a—nn 1+cos(2a—nj
4 2

T
B 1_COS(2_2(X) ~ 1-sin2a

1+cos(n—2aj 1+ sin2a
2
1—cosg :
BianOBi,z::b.l)1+COS4a; 2) 2; 1—s?n2(x.
2 2 1+ sin2a
1 - cos2a

g Axmo opmyau sin? o = ———,
3. dopmynu mo y ¢opmy 5

NOJOBUHHOZO KYma

2 1+ cos22a 9 1 - cos2a
cos“oo=—, tgfo=—-—7—
2 1+ cos2a
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. . a
3aMI1CTh KyTa O II1ACTAaBUTHU KYT E, OTpUMa€EMO (popmyﬂu noJloBUH-

HOz20 Kyma:

: . o0 1l-—cosa 1+ cosa
d’ e . 2 & . g2

b N 9

o a 1-cosa
082 — gé—=———
2 2 2 2 2 1+cosa

G ERE SHaliT sin %, AKIIIO COS O = g i2n<ax< 5?“

[ ]
. PosB’asamusg. 3a (GopMyJIOI0O IMOJOBUHHOTO KyTa MAEMO

5m
sin2 & = l_cﬂ. OcKINbpKHT 27T < o < 5_75’ TO 2n <2< l, TOO-
2 2 2 2 2 2
o bm .o .
TO T<—<—, OT:Ke, sin— < 0, i Tomy
2 4 2
. /l—cosoc 1 1
S1in— = — = — = — [— = ——
2 2 9 3
BigmoBingsb. —é.
a .
s th MOXKHA OTPMMATH IIle ABi (popmyiim, amixe
.o .o a
sin— 2sin-—cos— .
tgg: 2 _ ) 2 __sina
2 cos® 2cos2 % 1+cosa
2 2
sin & 2sin2 & 1
P tgd o _ 2 _ —cosoc.
2 cosg 2singc0sg s o
2 2
Or:xxe, MaeMo:
A o sin a a 1-cosa
&, tg—=—— T2 tg—=——"+7.
2 1+cosa 2 sin a
W O6uucantu ctg15°.
e Pozs’aszanuada.
3
ctglse=—+ -1 __ 1 —1+£—2+£
810 T igls° . 80°  sin30° 1 :

tg— ———— =
2 1+ cos30° 2

BignoBinsb. 2+43.
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4. Dopmynu nompizino?
Kyma

3’sacyemo, AK samnucaTu sin3o uepes
sina. Maewmo:
sin3a = sin(2a + a) = sin2acosa +

+ cos2asina = 2sinacosacos o + (1 — 2sin? a)sin o = 2sin acos? o +
+ sino — 2sin® a = 2sin(1 — sin? o) + sina — 2sin® o = 2sino —
— 2sin® o + sina — 2sin® o = 3sina — 4sin? a.

Otrire, MaeEMO PopMyny CUHYCA NOMPIllHOZ0 KYyma:

]

d sin3a = 3sina — 4sin’q.

¥ rToii camuii coci®é MoXKHA OTPpUMATU POPMYLY KOCUHYCA NO-

mpiilH020 Kyma:

U’ cos3a = 4cos3a — 3cosa.

Tarox MaeMo:

tg3a =tgRa + ) =

tg2a+tga  1-tg2a

1-tg2otga I_M

_2tgo+tgo—-tgda 3tga-tgda

1-tg2a-2tg2a

Orpumanu popmyry maHzenca nompiitHozo Kyma:

Q, tg 3a =

tga
1-tg2a &
1-3tg2a
_3tga-tgda
1-3tg2a

QI GERRGS  JloBeCTH TOTOYKHICTB:

cosa

cos3 o — cos 3a N sind o + sin 8a

: = 3.
Sin o

HoBeneHnHs. IleperBopuMoO JIiBy YaCTUHY TOTOYKHOCTI:

cos? o — cos 3a N sin3 o + sin3a _ cos?® a — (4 cos?® a — 3 cos ) N

cos o sin a cos o

+sin3oc+331noc—4sin3oc B 3cosoc—SCos3oc+331noc—3sin3oc

sin a

3cosa(l — cos? o) N 3sin a(l - sin2 o)

cosa sin a

3sin?a, + 8cos?a =

cos o
= 3(sinZa + cos?a) = 3.

sin a

OTpuMasnu MpaBy YaCTUHY TOTOYKHOCTI. M

5. 3anuc
MPUZOHOMEeMPUIHUX
dYyHKYIU Yepe3 maHzeHe
NOJOGUHHOZ0 KYyma
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3a JOIOMOTOI0 SKWUX MO’KHa IepedTH BijJi TPUTOHOMETPUUYHUX
GyHKIiA KyTa Ko TaHTeHCca BABiui meHIoro kyra. Maewmo:

o
o o o a a 1 Zth
sina=2sin§cos—:2tg—cos2—=2tg§- o =
1+tg2— 1+tg2—
& 2 & 2
o
u 1 2—(1+tg22j 1—tg2%
cosau=2cos2 ——-1=2- cx_l: = =;
1+tg2 = 1+tg2 = 1+tg2 =
& 2 & 2 & 2
o 5O
sin a 2tg§ 1 1-tg 9
tga = = oc; Ctga:tga: o
cosa
1-tg2 = 2tg —
& 2 g2
Omxe, orpuManu GOPMYJIH:
d’ 2tg % 1-tg2 2
sinaziza; cosazii;
1+tg2—= 1+tg2 >
= 2 8 2
2tg 1-tg2 2
tgaziza; ctga = az'
1-tg2— 2tg —
g 2 g2

3actocoByBaTu Ii (opmyam Tpeba Ay:Ke 00eperkHO, OCKiJIbKU
y ix JiBoi i mpaBoi yacTwH pisHi o0sacTi mAOmMycTMMUX 3HAYEHb
3MiHHOI, 1[0, HAIPUKJAM IIiJ 4ac PO3B’sA3yBAHHS PiBHSIHL MOJKeE
TIPU3BECTHU [0 BTPATU KOPEHiB ab0 MOSABU CTOPOHHIX KOPEHiB.

N7 ERNAS  SaatiTu sin2a i cos2a, AKIMO tg% =2.

. Poss’aszanusa. Maemo:

o 5 O
. 28, 2.2 4 1-tg"5 1922 3
sSIina = azl 2223; Ccosa = azl 22:—3'
1+tg27 7 1+tg2> *F
2 2
4 24
Toxi sin2a = 2sinocosa = 2-—- (—gj =——;
5 5 25
‘ 2
cos20 =1 — 2sin? o = 1—2-(éj =—l.
5 25
BigmoBigb. sin2a = —%; cos2a = —i.
5 25
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A we pa]ﬂ,mﬁ... Craadarowu mabauyi xopd, IImoneneis yoice
BUKOPUCMOBYEa6 CNiBEIOHOWLEeHHA, AKe Y CY-
N M YACHUX NO3HAYCHHAX MAE BU2NA0:
. o0 l-cosa
sind —=——.
2 2
Heaxi gpopmynu, wo nicas cnpouensv 3600unucs 00 yiei popmyau,
3Hatwu i 0a6Hb0IHDIlCoKI mamemamuku. IROycu 3HaIUL MAKON
i Oeakxi iHwi mpuzoHomempuuri @opmyau. Takx, Hanpukaad,
Aoy-n-Baga (940-998) eunaiiuios gpopmyry

. .o a
sina = 2sin —cos—.
2 2

1[5, a makxox opmysu nodsiiinozo ma NOA0BUHHO20 KYymie 01
CUHYCa i KOCUHYCca, € Y npayax 6azamvox cepeOHbO8IHHUX 6UeHUX.

Amnenieyw Jucon Ilennwv, pparnyys I'. Pobepsanrvb ma iHuii mamema-
mukxu XVIII cm. pisnumu wasxamu npuiliuiu 00 Gopmyiu

2tg o
1-tg2a

Budamuuit mamemamux JI. Elinep y npaui «BeedenHns 6 aHani3»
3anpononysas opmyry:

tg 20 =

ctg 20 = %(ctg o —tg o).

Axa, npome, 3apa3 He MA€E WUPOKO20 BHCUMKY.

©® 3anam’aTtanTe GopMynn CUHyca, KOCUHyCca i TaHreHca NoABINHOIO
kyTa. @ 3anam’Atante opmMynu MOHWKEHHS cTeneHs. @ 3anam’s-
TanTe opMynM MOMOBUHHOMO KyTa. @ 3anuwiTe hopMynu noTpin-
HOrO KyTa. @ 3anuwite (hOPMYynK, LLO BMPaXKatoTb TPUTOHOMETPUYHI
dYHKLiT Yepe3 TaHreHC NOMIOBUHHOIO apryMeHTY.

§ Posb sximo 3agaui ma buxonadme bnpabu

{1, Yu mnpaBuJIbHO BUKOPHUCTAHO (HOPMYyJaM MHOABIIHOTO KyTa

(24.1-24.2):
24.1. 1) 2sinxcos x = sin2x; 2) cos2y = cos2y + sin?y;
3) tgdx = M; 4) sin6o = 2sinl12acos12a?
1-tg22x
24.2. 1) cos?p — sin2B = cos2B;  2) _tee tg 204
1-tg2a
3) sindy = 2sin2ycos2y; 4) cos8a = cos?16a — sin216a.?
92, CupocrtiTs Bupas (24.3—24.4):
24.3. 1) sm20c 2) sin2f sin B;
sino’ cos
3) w; 4) cos2x — cos?x;
tga
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cos 2a .
5) ———— +sinaq;
cosa +sina

Cos QL |

24.4.1)
sin 20c

3) cos2p + sin?p;

CxkopoTits npi6 (24.5—24.6):

sin40°
sin 20°’
cos 50° .
sin 25° + cos 25°°
cosd°
sin10°’
cos 20° + sin 20°
cos40° ’
O6uucaits (24.7—24.8):
24.7. 1) 2sin75°cos 75°;

24.5.1)

24.6. 1)

3) s1n£cos1
12 12

5) cos? 22°30' — sin? 22°30; 6) sin2 S _ cos? ig
24.8. 1) 251n—cos— 2) 2sin 22°30' cos 22°30’;
12 12
51 57 . o g
3) sin—cos—; 4) (sin75° + cos 75°)?;
12 12
5) cos? % — sin? g; 6) sin?15° — cos2 15°.
CopocriTs Bupas (24.9—24.10):
o
cos—
249.1) 2, ) Pl
sino’ cos¥—sin¥
' 2 2
STn 4x; 4) 4sin @ cos g,
sin 2x 8 8

5) cos5x sin 5x;

24.10. 1) sin6o_

cos3a’
3) 8sin10B cos10p;

1-sin2a
(sino —cosa)?’

sin 2x
2) — — COS X;
sin x
cos 2x
4) ————— —cos x.

cosx —sinx

2c0s10°
sin20°’
4 sin 40° — cos 40°-
cos 80°
sin100°
2sin 50°
cos140°
sin70° — cos 70°°

2)

2) 2 sinzcos E;
8 8

4) (cos15° —sin15°)%;

6) 4 sin 20.cos 20 cos 4a.

2) cos8a .
sin 4o + cos 4o

4) 4 sin o.cos a.cos 2a..
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Cupocrits (24.11-24.12):

24.11. 1) M; 2) M
1- tg?25° 1- tg240°
1-tg25° 1-tg220°
24.13. Buaiiite tg 2, sxmo: 1) tgp = v2; 2) ctgp = é

24.14. Buafimite tg 20, axmo: 1) tg o = —/3; 2) ctga = 0,5.

24.15. 3uaiigite cos2a, akmio: 1) cosa = 0,1; 2)sina = —i.

24.16. 3uaiigite cos2x, AKImo: 1) cosx = —%; 2) sinx = 0, 4.

3anuIniTh TPUTOHOMETPUUHY (PYHKIiI0O KyTa Yepes TPUTOHOMET-
puuny GyHKIi0 BABiui MeHIioro Kyra (24.17—24.18):

24.17. 1) cosa; 2) sin 8a,; 3) tg 3P;

4) sin g; 5) cos%; 6) tg (o —B).
24.18. 1) sin o 2) tg 60 3) cos b5x;

4) tg%; 5) sin%; 6) cos(a + B).

BukonaiiTe moum:keHHA cremeHa y Bupasi (24.19—24.20):
24.19. 1) cos?3a;  2) sin? 8x.
24.20. 1) sin24a;  2) cos? 5x.
24.21. 3uaiigite sin2a, cos2a, tg2a, AKIIO:
1) tga:%; 2) ctg o = —0,5.
24.22. 3uanngite sin2f, cos2p, tg2P, axiio:
1) tgp =-3; 2) ctgp = 2.
3HaigiTes sinda i cos3a, Ao (24.23—24.24):

24.23. 1) sina = 0,81 0 < a <3 2)cosoc=-i i n<a< T
2 13 2

24.24. 1) cosa. = 0,6 i 0<a<g; 2)sina:—% i 37“<a<2n.

ITonussTe creminb y Bupasi (24.25—24.26):
24.25. 1) cos? (% - 300} 2) sin2 (5?0‘ + 100}
3) tg? T ol 4) cos? E_S_ch
4 ) 2 4)
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24.26. 1) sin? (% - 16°j; 2) cos? (% - 150];

37 3n
3)tg2|a+—|; 4) sin?| == - a |.
) g( 4) ) [4 j
24.27. 3gangiTte sin 20, SKIo sino =§ i g< o< T.

24.28. 3uaigite sin 2o, gaxmo coso =-0,8 i 1< a< 3?11:

3 Ilogpaiite y Buraani no0yTry Bupas (24.29—24.30):

24.29. 1) 1 + cos o 2)1—cos20; 3) 1+ cos10°%
4)1-cos15% 5) 1+ sinf; 6) 1 —sin 20°,
24.30. 1) 1 - cos x; 2)1+ cos%; 3) 1 - cos 20°;
4) 1+ cos25°; 5) 1 —sin x; 6) 1+ sin40°.
24.31. CapocriTs Bupas: 1) w; 2) (1 + cos2x)tg x.
sin“ 2o
. 1+ cosb6a
24.32. CupocriTs Bupas: 1) ———; 2) (1 — cos2x)ctg x.
2cos3a

24.33. Bigomo, 110 coso = 27—5, 3?75 < o< 2. 3HARIITH:
o o o o
1) sin—; 2 —; 3) tg—; 4) ctg —.
)s1n2 )cos2 )g2 )ng

24.34. Bigomo, 1m0 cosa = ——275, g < o< 7. SHAULITH:
o a o o
1) sin—; 2 —3 3) tg—; 4) ctg—.
)s1n2 )cos2 )g2 )cg2

24.35. Yu icHye Taxke 3HAUEHHS O, IIPU SAKOMY CIIPaBIMKYETHCS

piBHIiCTB:
1) sinacosa = —g; 2) cos? o — sin? a :Z?
24.36. Yu icHye Take 3HaUeHHA [3, IPU AKOMY CIIPABAKYETHCS
piBHiCTB:
1) sinBcosP = -0,75; 2) sin2B - cos2p = 0,1?
24.37. 3HangiTe ﬂ, AKIITO0 cth = l
2-sinf 2 2
24.38. 3HangiTo w, AKIIO tgg = 3.

1-cosa 2
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Cupocrits Bupas (24.39—24.40):

24.39. 1) #; 2) ( ! + 1 Jsin2 20
tgo +ctga

sin2o  cos?a
3) sin3x cos3x; 4 sin4x '1—cos2x.
sin x cosx 1-cos4x cos2x
sin 8x cos4x

24.40. 1) (tg x + ctg x) sin 2x; 2 . .
) (tg g) )1+cos8x 1+ cosdx

HoBenmits ToTOXKHiCTE (24.41—24.42):
cosa _cosa

l1+sina 1-sina
) 1 B 1
l+tga 1-tga

24.41. 1) ( jsin 20 =4sina;

= —tg 2a.

sin o sin o
+

l+cosaa 1-cosa
tg o N tga
l1+tga 1-tga

24.42. 1) ( ]sin 20 =4cosa;

= tg 2a.

24.43. Cupocrits Bupas sind acos3o + cosd asin3o i 3HAHAITH
tioro 3HauveHnua s o = 7°30'.
. 3 .
. sin? o + sin 3a
24.44. CupocriTh BUpaz: ———.
cos3 o — cos 3a

é, 24.45. 3gaigiTe sin o, AKIO sin% - cos% =0,4.

24.46. 3uaigiTe sin 2o, gximo coso + sino = —-0,2.
CupocriTh Bupas (24.47—24.48):

T
l_cﬂ. Z)Jm HRUJQOﬁ<OL<7t
2 ’ 1+ cosdo’ 4 :

1 4
24.48. 1) \/@ axmo F<a<l 2) \/m
2 4 2 1 - cos3a

24.49. KocuHyc KyTa OpM OCHOBI pPiBHOOEIPEHOTO TPUKYTHUKA
nopiBuioe 0,8. 3HAWAITHF KOCUHYC i CHHYC KyTa IPU BEPIINHI
IIHOTO TPUKYTHUKA.

3uainite (24.50—24.51):
24.50. 1) sin4a, akmo ctgo = —3; 2) cos3a, AKIIO tg% =2.

24.47. 1)

24.51. 1) cos4a, akio tgo = —2; 2) sin3a, akmio ctg% = %
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O 24.52. JloBeniTh (hopMyJiu IIOTPiNHOTO apryMeHTY:
1) cos3a = 4cosacos(60° — a)cos(60° + a);
2) sin3a = 4 sinasin(60° — a)sin(60° + a);
3) tg3a = tgatg(60° — a)tg(60° + o).
O6uncaits (24.53—24.54):
24.53. 1) sin20°sin40°sin60°sin80°; 2) tg80°tg60° tg20°.
24.54. 1) cos20°cos40°cos60°cos80°; 2) tg10°tgb0°tg70°.

1 J3

24.55. iTh, - =
Hlosenirs, mo sin10° cos10°

24.56. Bigomo, 1o sin 2o = g 3uangiTe: sindo + cos4a..

1+ 2
24.57. 3uaiigiTe HalibinbIle 3HAUEHHA BUPa3y %,
Ctg 5 — tg 5

T
akmo 0< o< 3
24.58. 3HaligiTe HaliMeHIle 3HAUEeHHsS Bupasdy sinbo + cosb6a,
akmo 0< o< g
Q SraigiTs (24.59—24.60):
24.59. 1) sina, akmio sin2a =2 — i tg a <

.
b

| =

o .
2) th, AKINO cos2o < — i cosa < —

0|~
Oolcnloo

2

N N N O

24.60. 1) tg2a0, axmio sin 2o > 17 ictga <

2) sin g, SAKIIO COS 20 < —Z i cosa < —1.
2 8 4

24.61. O6uwmcuits: 1) sin18°sinb4°;  2) cosgcosi—ncos%.

24.62. Bigomo, mo cos2o = 0,2. 3uaiigits: cos8a — sin8a.

24.63. Bigomo, mo cos2a = 0,4. 3HaimiTE: cosbo + sin6a.

24.64. 3Haigite o i B — mipu KyTiB piBHOOiUHOI Tpamenii, AkmIo
x/Esin(oc —B) =sina + sinf.

24.65. 3HaliTh BEIWUYUHU TOCTPUX KYTiB o i [} IPAMOKYTHOTO
TPUKYTHUKA, AKII0 sin2a =1+ sin(3a—fB) i a > B.

24.66. CapocTiTh BUpas:

1) \/l+l /l+lcos4a, armo 0 < a <£;
2 2V2 2 4

2) 2 -2+ 2cosa, axmo 21 < o < 3n.
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24.67. Ha Gensosamnpasii 1 jiTp O0eH3uHy KomiTye 22 T'pH.

Mapwuna sanuna y 6ax 30 giTpiB 6eH3uHY Ta mpuadaa ma-
KeT coKy BapricTio 12 rpu. CKiJIbKM pellTH BOHA OTPUMAaJa i3
700 rpu?

24.68. Y KOKHIA KIITUHIN JOIIKKU 5X5 CUAUTH KYK. ¥ Iesd-

KUl MOMEHT Yacy BCi KYKU II€PemoB3ai0Th y CyCimHi o ro-
PUB0OHTAJII UM II0 BepTUKAJi KJIiTMHKU. [loBediTh, 110 IPHU IILOMY
OpUWHAWMHI OfHA KJIITHHKA 3aJUMINTHCA ITOPOKHBOIO.

Tligzomyimecs g0 bubuenns nobozo mamepiany

x+y=a,
24.69. PosB’aAxiTh cucTemMy piBHAHB (x i y — sMmiHHi): { Y )
x—y=>b.
24.70. ITopiBHuaiiTe 3HAUEeHHA BUpasiB sina + sinf i
. o+f o-p
2sin cos 5 AKITO:
1) o = 45°, B = 135°% 2) o =90°, B =-30°.

%3 ®OPMYJIN CYMU | PI3BHULII OOHOUMEHHUX

@ TPUTOHOMETPUYHUX ®YHKLIN.
®OPMYJIN NEPETBOPEHHA AOBYTKY
TPUTOHOMETPUYHUX ®YHKLIW Y CYMY

Posruanemo me Kinbka Gopmyl, mio € Hacaidkamu 3 gopmya
000a6aHHA.

1. Gopmynu Homamo mouneHHO GOPMYIU [LOZa-
nepemeopenn cymu BaHH: _ )

i pisnuuyi sin(x + y) =sinxcosy + cosxsiny
MpPUzOHOMEMPULHUX + . . .
PyHKYil Ha dobymox sin(x —y) = sinxcosy —cosxsiny

sin(x + y) + sin(x — y) = 2sinxcosy.
Hexatix +y=aix—y=p.Togi 2x =a+P, 2y =o —p, 3Big-
a+p . o-B . . .

5 iy= 5 IlizgcraBuMO oTpumaHi Anasa x i y Bupa-

31 B OTpUMAaHy BuUIlle cymy. MatumeMo opmyry cymu curycis:

a+f oa-f
5 e

cos
2

KN X =

Q sina + sinf§ = 2sin

3aminumo y 1iit popmyai f Ha —fB, oTpuMaemo:
+ — —_—
@)y 8= CP)

sin o + sin(—f) = 2sin 9
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Omxe, MaeMo Qopmyry pisHuyi cunycis:

B, 2tB

cos
2

AHasoriuHO MOKHA OTPUMATU @QOPMYJLU CYMU ma pPisHuyi
Kocunycia:

' : c .o
Q sina — sinf} = 2sin

BB

] a
&, cosa + cosf = 2cos T 3

2
o+
2

o-p
Sl

sin

cosa — cosf} = —2sin

. . o= . - . —a
OckinpKku sin B = sin (—BTJ = —8in B 2 , TO OCTaHHIO

(opmysry MOKHA 3amucaTy Ie ¥ Tak:

a+f . B—a
2

sin
2

cosa — cosf = 2sin

g cymu TaHTeHCiB MaeMo:
sina  sinf _ sinacosf +cosasinf  sin(a +B)

tgo+tgP = .
cosa cosf cosoacosf cosa.cosf
Orpumanu opmyry cymu marHzeHcia:
d’ tga +tgp = M
cosacosf

3aminmBmu B 1iti Gopmynai [ wma —f i BpaxyBasuu, IO
tg(—p) = —tg P, maTumemo Qopmyry pidHUUL MAHZeHCi8:

| tgo - tgp = S@ B
&’ go-tgp coso.cosP’

W ITomaTu y BurasAgi no0yTKy Bupas:
e 1) sin4a + sin 2aq 2) cos6a — sin 2a.
PosB’aszamuda. 1) 3a GpopmMys10i0 CyMU CUHYCiB:
4o + 20 4o — 200
cos
2
2) Bukopucraemo ¢GopMyJy Pi3HHI[I KOCHUHYCiB, ypaxoBYyIOuwH,

= 2sin3a.cos a.

sin4o + sin 2o = 2sin

. T
110 3a (pOpMyJIOI0 3BeJeHHsA Sin 2o = cos (E - 2(1]. Maewmo:

cos 6o — sin 200 = cos 6a — cos (g - 20() =

6a+| - 20 6a—| = - 2a
2 . 2 ~

= -2sin sin =
2 2
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e T

. 4da+—- 8a-— . -

= -2sin 2sin 2 = —2sin| 20 + — |sin| 40 — — |.
2 2 4 4

Bigmosigsb. 1) 2sin3acosa; 2) —231n(2a+£)sin(4a—gj.

W O6umcautu sin75° —sin15°.
. PosB’asaunusa. 3a popmMya00 Pi3HUIL CUHYCiB:

sin75° —sin15° =

:2sin75 ;15 cos75 ;15 =2sin30°cos45°=2-%-

NG

T2

S

. . 2
BigomoBizns. 7

W ITomaTu BUpas V3 - tg o y BuriAmi yactku.

: PosB’asanusa. OcKiibKku f = tgg, TO BUPAa3 MOKHA 3alu-

catu 'y BI/II‘JIHJ.II p13HI/II_Il TaHT'eHCiB:

sin(g—aj sin(g—aj 2sin(g—aj
ﬁ—tgaztgg—tgaz = = .

cos o

T 1
COS — COS O ~cosa
3 2

2sin [n - ocj
38

cos o

7 GeEnESs TlomaTu Bupas J2 + 2cosa Y BUTJISAL JOOYTKY.
. PosB’ss3auusa. Bunecemo umeno 2 3a OyKKU Ta BpaxyeMo,

BigmoBins.

V2 n J2 m
110 ?zcosz. Marumemo: 2 ?+cosoc =2 cosZ+cosoc =

T

Jra 4 ¢ Toa T oo
=2-2cos 4 cos 4 :4cos(—+—)cos ———j-
2 2 8 2

Bigmosins. 4cos(g+%)cos(——g}

W Hexait A, B, C — BHYTpiIllHIi KyTU TPUKYTHUKA.
» IloBectu, mo sin?A + sin2B + sin2C — 2cosAcosBcosC = 2.

osenenHsa. OcKinpKu sin2A:—1_C(;82A’ sinzB:1—0(2>52B

248



°iC=mn- (A + B), maTuUMeEMO:

sin2A +sin?B +sin2C = 1- C(;S 24 + 1-cos2B +sin?(n—(A + B)) =
_ 2—(cos2f;+cos2B) +1-cos?(A + B) =
_ 2 —2cos(A + B)cos(A — B) 11— cos?(A + B) =

2
=1-cos(A + B)cos(A — B)+1-cos2(A + B) =
= 2 —cos(A + B)(cos(A — B) + cos(A + B)) =
=2-cos(n—C)-2cos Acos B =2+ 2cos Acos BcosC.
3Bigcu sin? A +sin? B +sin2 C —2cos Acos BcosC = 2. W

2. Gopmyau Homamo mousneHHO GdOpMyJaIH HoAa-

nepemeopenns dobymyxy | BAHHA

MPUZOHOMEMPULHUX cos(o - B) = cosacosp + sinasinf

Pynryid y cymy + ) .
- cos(a+P)=cosacosP -sinasinP

cos (o —PB)+cos(a+P)=2cosacosp’
3BifCH MaeMoO:

U, cosacosf = %(cos(a —B) + cos(a + B)).

Bigmimemo mouseHHO Bim meprirroi hopMyau HOOaBaHHA APYIY:
cos (o —B)—cos(a +B) = 2sinasinp, spigcu

Q sinasinf = %(cos(a —B) — cos(a + B)).

Iomamo moueHHO (GOPMYJIH NOJABAHHA:
sin (o —B) = sin a.cos P — cos a.sin B
sin (o +B) = sin a.cos P + cos asin B
sin (o —B)+sin(o + B) = 2sin a.cos B, aimcu:

Q sinacosf = %(sin(a —B) + sin(a + B)).
Orpumanu Tpu Gopmyru nepemeopeHHs 000Yymry mpuzoHome-
mpuunux QYHKUil Yy cymy.

WIIGERRGS  O6uncauTu: sin75°sin105°,
» Po3B’sa3aunusd. 3a QopMyso0 HOOYTKY CHUHYCiB MaeMo:

sin75°sin105° = %(cos(75° —105°) — cos(75° +105°)) =
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1 . o 1(8 ) V842
—E(cos(—30)—cos180)—§(7 (l)j_ T

\/§+2

BigomoBigs. i

W IGENRNES CropocTuTy Bupas: 2c0S7Xxcosdx — cos2x.
*» PosB’asaunusda. 3acrocyemo GopMyay OJOOYTKY KOCHUHYCIiB:

2cosTxcosbx—cos2x =2 % (cos(7x—5x)+cos(7x+5x))—cos 2x =

=cos2x +cosl1l2x —cos2x = cos12x.
Bigmosigse. cosl2x.

Honeorn, mo

3 o
: sin 10° + sin 20° + sin 30° + sin 40° + sin 50° = S29°
2sin5°
HoBemeunHusa. KMo B yMOBi faHO cyMy CHUHYCIiB ab0 KOCUHY-
CiB, KyTU AKMX YTBOPIOIOTH apuU(PMETUUHY ITPOTPECito, AJIsA CIIPO-
IIeHHA TaKOro BUPa3y HOro MOIiIbHO MOMHOMKUTH i MOIiINTH Ha

. a . .
2sin 9’ Ie o — pisHHUIlA mporpecii, a moriMm 3acrocyBaTu (popmy-

JIU TIEPETBOPEHHSA AOOYTKY TPUTOHOMETPUYHUX (PYHKIIHN B cyMmy.
VYpaxoBywoumn 11e, CIIPOCTUMO JIiBY YaCTUHY PiBHOCTI:

sin10° + sin 20° + sin 30° + sin 40° + sin 50° =

= ——(2sinb°sin10° + 2sin 5°sin 20° +... + 2sin 5°sin 50°) =
2sin5°

= _;(003(10o —5°) — cos(10° + 5°) + cos(20° — 5°) —
2sin5°

c0s5°—-c0s55°

—c0s(20°+5°) +...+cos(50° - 5°) — cos(50° + 5°)) = -
2sin 5°

. b°+55° . b°-55°
2sin sin . o
B 2 2 _ sin25
2sin 5° 2sin5°"

iute. .. IIpomsazom cmoaimv npaxKkmuKyeaiu sK ne-
A wye palﬂm . pemeoperHs 000YmKY mMPUZOHOMEMPULHUX

g1 o B QYHKUYITL Y cymy, MAK [ NepemeopeHHs CYMmu
6 0ooymok. HeobxiOHicmb makux nepemeo-
PeHb 3agedxcana He auwe 6i0 memu nepemeopersv, a il 6i0 00uucLI-
68anbHUX 3aco0ie, wo euxopucmosyseaiucsa Ha moi yac. Hisa mHO-
HCEeHHs, 0COOLUB0 AKW,0 M06a UwW.aa npo Oazamoyu@posi ducaa,
3a624c0U 86aXHANACA CKAAOHIULOW, HidNC O0ist 000ABAHHA.
Tomy 6 0asHi wacu, w00 3aMiHUMU MHONEHHSA 000ABAHHAM, HA-
Mmazaaucs 3Haimu Gopmynru 0as nepemeopenHs 000ymry mpuzo-
HOMEMPUUHUX 6CLULUHR Y CYMY.
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YV XVI cm. acmponomu, y momy uucni it 00uH 3 nonepedHukis
Kenaepa, damcvruil yuenuit Tuxo Bpaze, 3acmocogysanru Gopmyry
ona 3aminu 0o0ymiry cymoro.

cosacosf = %(cos(a + B) + cos(a — B))

s 0osedenns momoxcHocmeil abo 064UCTeHb POPMYLU Nnepemeo-
penHna 000ymKy 6 cymy 3acmocosyromyv i OOHUHI.

© 3anam’atante OPMynM CyMu i Pi3HULI CUHYCIB; CyMW i pi3HML KO-
CUHYCIB; CyMW i pi3HMLi TaHreHcie. @ 3anuwite dbopmMynm NepeTBo-
PEHHS1 OOYTKY TPUFOHOMETPUYHUX (DYHKLIN Y CyMY.

§ Fosb sximo 3agaui ma buxonaime bnpabu

{1 Yu npaBuiabHO BUKOPHUCTAHO (OPMyJIM CyMHU i pisHMIi TpH-
roHOMeTpUYHUX GyHKIiN (25.1-25.2):

25.1. 1)s1nx+s1ny:231nx+y x+ty

cos—=;
2
2) cosx —cosy = 2sin Xt ysin%;
3)sinx —siny = 2sinx;ycosx;y;
4) tgx+ tgy = SSETY),
COS X COS Y
25.2. 1) cosx + cosy = 2sin Y sin y;x’
2) tgx_tgy :M?
cosxcosy
ITeperBopiTh BUpas Ha H0OYTOK (25.3—25.4):
25.3. 1) sin3a + sin 5a; 2) cos4a — cos 2a;
3) sin 6a — sin 2a;; 4) cosTa + cosa.
25.4. 1) sin8a — sin 20, 2) cos4o + cos6a;
3) sin7a + sin 3a; 4) cosba — cos a..
2. IlopaiiTe Bupas y BUrIAAi godyrry (25.5—25.6):
25.5. 1) sin(12° + o) — sin o} 2) cos(18° + x) + cos(12° + x);
3) cos 36° — cos 18°; 4) sin 70° + sin 20°.
25.6. 1) cos(10° + B) — cosf; 2) sin(a + 10°) + sin(a + 20°);
3) cos25° + cos 35 4) sin12° — sin 8°.

Hosenits, o (25.7—25.8):
25.7. 1) c0s21° — c0s39° = sin9°% 2) sin70°+sin 50° = V3 cos10°,
25.8. 1) sin65° —sin5° = cos35°% 2) cos61° + cos1°® = /3 cos31°,
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3anuIlriTh BUpa3 y BUrIAAi yactru (25.9—25.10):

25.9. 1) tgba —tg o 2) tg18° + tg12°.
25.10. 1) tgdo + tg o 2) tg40° — tg10°.
IleperBopitTh HOOYyTOK Ha cymy (25.11—25.12):
25.11. 1) sin4asin o; 2) cos 3x cos 2x; 3) sin 5B cos B;
4) sin 20°sin 10°; 5) cos11°cos41°; 6) sin 4° cos 5°.
25.12. 1) sin 6x sin x; 2) cos4o.cosa; 3) sin f cos 3p;
4) sin16°sin 14°; 5) cos 8°cos 68°; 6) sin12°cos9°.
O6uwncaits (25.13—25.14):
25.13. 1) sin105°sin15°; 2) cos15°sin 75°.
25.14. 1) cos75°cos 105°; 2) sin15°cos105°.
CopocriTh Bupas (25.15—25.16):
25.15. 1) s1n3a+s1n7oc; 9 s1n90c—s1n0L‘
cos3a + cosTa cos9a — cosa
25.16. 1) c<')s5oc—0f)s30c; sm14oc—sm2oc‘
sinba + sin 3a cos1l4o + cos2a

3 SBanumirtes Bupas y Buraani gobyTry (25.17—25.18):
25.17. 1) sin10° + cos 18°; 2) cos 40° — sin 20°.
25.18. 1) cos 32° + sin 40°; 2) sin 50° — cos 70°.
ITeperBopiTs Bupas Ha H00yTOK (25.19—25.20):

25.19. 1) sin o — cos ; 2) cos [% + aj + sina.

25.20. 1) cosa + sin B; 2) sin (% - ocj —cosa.

? 25.21. oBenith opMyJu CyMU Ta PiSHUIII KOTAHTEHCiB:
1) ctgo+otgh= S0P gy g o otgp = TP
sinasinf sin o sinf3

3anumnritTe BUpas y BUIIALL yacTku (25.22—25.23):
25.22. 1) ctg 2x — ctg x; 2) ctg18° + ctg12°.
25.23. 1) ctg3a + ctg a; 2) ctg 50° — ctg 5°.
ITogatiTe Bupas y Burasani mo0yTry (25.24—25.25):
25.24. 1) sin? 40° — sin2 20%  2) cos? 70° — cos? 50°.
25.25. 1) sin2 80° —sin2 40°;  2) cos210° — cos2 50°.
HoBenits ToTOXKHIiCTE (25.26—25.27):

25.26. 1) sino —cosa = ﬁsin(a — %}

sin6a + sin 6o

2) = —ctg 2a;

cos6a — cos 2a
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sin9a — sin o + sin 4a
3) =tgdo;
cos9a + cosa + cos4a

sina + sin 5o + sin9a + sin13a
4) =tgTa.
cosa + cosba + cos9a + cos13a

25.27. 1) sina + cos o = +/2 cos a-= ; 2)M=ctg26;
4 sin 5B — sinf
sin15a —sin o + sin 7o
=tg7a;

coslba + cosa + cosTa
1) sinx +sin3x +sindx +sin7x _ te dx
CcoS X + cos3x + cosbx + cosTx

ITomaiiTe Bupas y Burasani qooyTry (25.28—25.29):

25.28. 1) %+ cos o} 2) 2sina - 1;
3)\/5—2cosa; 4)4sin(x+2\/§,

25.29. 1) g —sina;  2) V2 +2cosx.

ITomatiTe Bupas y Burasaai dactru (25.30—25.31):
25.30. 1) tga+1;  2) 3tgo—+/3.

25.31. 1) 1-tgo;  2)/3tgo+3.

HoBenits ToTORKHiCTE (25.32—25.33):

25.32. 1) cos I 24 ]cos 20c—4—7t :lcos 4(1—9—TE;
14 7 2 14

2) 4sin[a—§jsin(oc+gj =1-4cos?a.

25.33. 1) sin| 80— - |sin[ 3% — 30| = Leos| 60— T |
10 5 2 10

2) 2cos(a—£jcos(§+ ocj =2cos?a-1.

25.34. IlepeTBOpiTh Ha JOOYTOK BUpAa3:
1) cosa + cos3a + cosba + cos Ta;

2) sin 20 + sin4a + sin 6o + sin 8a.
CupocriTs Bupas (25.35—25.36):

25.35. 1) sinoc+251n20c+sin3oc; sin50c—2sin3occosScx.
cosa + 2cos2a + cos 3a 2sin? 3o + cosba — 1

25.36. 1) sin4oc+2cos3a—sin2a; 2sin20cc0s2(x+sin5oc.
cos4a — 2sin3a — cos2a 2cos? 20 + cosba — 1
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O6uwncaits (25.37—25.38):

25.37. 1) 2c0s80°cos50° + sin140°; 2) 4c0s40° — — L .
sin70°
25.38. 1) 2sin70°sin 50° + cos 160°; 2) 4sin10° + ! .
cos 40°
4, Cupocrirs Bupas (25.39—25.40):
25.39. 1) cos? x + cos? y — cos(x — y) cos(x + y);
2) sin? (a - 3_7:) — cos? (oc + 3—“),
8 8
( 1 1 j(sin4a cos4ocj
3| = +— — ;
sin8a sina/\ sina  cosa
1) (cos o — cos3a)(sin a + sin 3a)
1-cos4a '
25.40. 1) sin2 x + sin? y + cos(x + y) cos(x — y);
( 1 1 j(coszla sin4aj
2) - - + .
cos3a cosa )\ sina  cosa
3HaliTh 3HaUeHHA BUpasy (25.41—-25.42):
25.41. 1) —4sin50°; 2) c0s10°cos 50° cos 70°;
cos 20°
1 1 T 3n 17n
) — + ;  4)cos—+cos—+...+cos—.
sin560°  /3sin110° 19 19 19
25.42. 1) — + 8sin10°; 2) sin 20° sin 40° sin 80°;
sin 50°
1 1 67

) - ; 4) cos2—n+cosﬂ+cos—
c0s310° /3 cos580° 7 7 7"
HoBemits ToTOXKHiCTE (25.43—25.46):

25.43. 1)1 —cosx +sinx = 242 singcos (g - fj;

2
24/2 sin (a + Zj cos? %
2)1+sina+cosa+tga= ;
cosa
3) (sina —sinB)2 + (cos a — cos )2 = 4sin? ¢ ; B.
95.44. 1—cosx — sin x = —2/2 sin > cos [E + ﬁj.
2 4 2
. na . (n+a
sin——sin

25.45. sina +sin2a + sin3a + ... + sinna = 2

.o
sin —
2
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(n+ 1o
2

.. na
Sln —— Cos

25.46. cosa + cos2o + cos3a + ... + cosno. = o
sin —
2

25.47. O6uuciits sinaTJrB i cos a; B, AKIO sino + sinf = —E

65

cosa+cos[3——%, 5?7-[<0L<3TC i —§<B<0
oa-p . . 27 a+fB 7
, IKIO sina+sinB=——, t =,
T P="%5 %3 9

25.48. O0uuncaiTes cos

5T <3m, ~F<B<o.
2 2

25.49. Bimomo, mo sino +sinf = 2sin(a+p), o+ p # 2nn, n e Z.

3HalgiTe ctg % ctg g
A, B, C — xytu TpukyTHuUKa. [{oBemiTh ToTOXKHicTh (25.50—25.51):
2550, 1) SR A tsinBsin€ _ o, A 05,
sin A + sin B-sinC 2 2
2) sin2A + sin 2B + sin 2C = 4 sin A sin Bsin C;

3)cosA+cosB+cosC =1+ 4sin%sin§sing;

4) cos?2 A +cosZ B+ cos2C +2cos AcosBcosC = 1.
25.51. 1) cos2A + cos2B + cos 2C + 4cos Acos BecosC = —1;
2) sin4A +sin4B +sin4C = —4sin 2A sin 2Bsin 2C.

Q 25.52. JloBefiTh TOTOMKHICTD:

9 9 9 n cos(n + 1)asinna
cos? oL + cos® 20 + ... + cos“ no. = — +

’

2sina
e n — KiJbKicTh HOJaHKIiB.

25.53. A, B, C — KyTu TPpUKyTHUKA, n € Z. JloBexits, 1110:

1) sin 2nA +sin 2nB +sin 2nC = (-1)"*! - 4sin nA sin nBsin nC;
2) 8cos AcosBcosC < 1.

25.54. BiticbkoBuit 36ip y 2016 pomi ckaamas 1,5 % Bifg
-V zapobiTHOI miaaTu. 3apobiTHa maaTa AUPEKTOpa IPUBATHOTO
nl,z[npneMCTBa «ITaTpioT» IPOTATOM DPOKY CTAHOBHIJIA 8000 rpH
Ha MicsIlb, a KOXKHOIO 3 TPhOX ioro pobirumkiB — mo 6000 rpx
Ha Micanb. OKpiM BificbKOBOTO 300Dy, IIIOMiCAILA ZUPEKTOP IIepe-
paxoByBaB 500 rpH, a KoxKHUH 3 ifioro pobiTHuKiB — mo 300 rpH
y (GoHA Ha HiATPUMKY yKpaiHcbKoi apmii. fIKy sarambHy cymy
KOLITIiB CIJIATHUIX POOITHHUKH I[HOr0 IPHUBATHOTO MHiJIIPHEMCTBA
y 2016 pori Ha moTpebu yKpaiHChbKOI apmii?

s@ 25.55. Poss’soxiTh piBHamEa: 29x+1-%x -1 = §/x2 -
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TPUTOHOMETPUYHI
PIBHAHHS
| HEPIBHOCTI

Yy ybomy Po34111 MM...

@ nosHalloMuMocsi 3 MOHAMMAM 06EPHEHOI MPU20HOMEMPUYHOT
QyHKUii (apkpyHKUiT), enacmueocmsamu i epaghikamu 06epHeHUX
mpu20HOMeMpPUYHUX OyHKUIU;

@ Haeyumocs obyucrO8amu 3Ha4YeHHs1 eupasis, Wo Micmsame obep-
HeHi mpu2oHoMempu4Hi OyHKUIi, po3e’sisyeamu Haurnpocmiwi pis-
HSIHHSL | HepieHOCMI 3 apKgbyHKUISMU; p0O38’sa3yeamu mpuaoHoOMem-
PUYHI PIBHSIHHS | HEpi8HOCMI,

OBEPHEHI TPUTOHOMETPUYHI ®YHKLUII,
IX BNACTUBOCTI | TPA®IKU

Bu Bike 3HalioMuaucsa 3 MOHATTAM o0epHeHOl GYyHKIII. ¥V 1bo-
My maparpadi posriasHeMo (PyHKIII, o0epHeHi 10 TPUTOHOMEeTPUY-
HUX, AKi OIpUAHATO HABUBATU 00EPHEHUMU MPUZOHOMEMPULHUMU
Qynkryiamu abo apKPyHKUiAMU.

Posrnsguemo ¢dyuaKIito y = sinx. Ila
|| ¢pyHKIig, BU3HAUEHA HAaA BCili MHO-
JKUHI OificCHUX unces, He € MOHOTOHHOIO, OCKiJIbBKK KOYKHOT'O CBOT'O
3HaueHHA HaOyBae B HECKiHUEHHiNl MHOKWHI TO4YOK. [y BBe-
meHHs GQYHKIIiI, 00epHEHOI 10 QYHKIIII y = sin x, po3TJIAHEMO ONUH
3 IPOMi’KKiB MOHOTOHHOCTI 1iei GyHKIiI, 1110 MicTuTh TOUuKy 0, a

1. Pynruyia y = arcsinx

came [—g; g} (man. 26.1). Ha nmpoMmy mpoMisKKy (GYHKIIiA 3poc-

Tae, HabyBae ycix cBoix 3HaueHb Bif —1 10 1, OT:Ke, € 0GOPOTHOIO.

d! PyHKIio, o6epHeHy n0 QYHKUII y = sinx, ge xe[—g; g},
HA3UBAIOTHh APKCUHYCOM 1 IO3HAYAIOTH Y = aresin x.

I'padirx dysrmii y = arcsinx 3o0paskeHo Ha MaJOHKY 26.2,
BiH € cumerpuyHUM rpadiky PyHKIII y = sinx BigHOCHO TpAMOL
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y = x. D(arcsinx) =[-1; 1], E(arcsinx) = [—E; g} Ha Bciii cBoii

ob6sacTi BusHaueHHa GYHKIIiA y = arcsinx 3pocrae.
y

y n | Y= arcsinx
T y=sinx 2
2 ! £
I 0 Tlc x -1/° 1; ¥
v T2
Mau. 26.1 Maun. 26.2

YpaxoByouu o3HaueHHA (PYHKIIII apKCUHYC, YBEIEeMO ITOHSATTS
apKCcUHRyCa 1ucaa.
Q Aprcunycom wucaa a, ge |a| < 1, masuBarTh TaKUH KyT i3
»

T T .
5 — |y CHHyC AKOI'0 JOPIBHIOE (.

MPOMiKKa

3 o3HaueHHA apKCUHyca 4YUCJa BUIJINBAE, 1[0 arcsina = ¢
L. . T T .
Toxi i TimpKM TOAi, Kosu: 1) ¢ € _E; E ; 2)sing =a.

. N3 m .
Hanpurnan, arcsm? =—, 60 sin

(2 n [ n .
arcsin| -—— |=-—, 60 sin| —— |=— i IS
2 4 4 2 4
T'padirk dyurmnii y = arcsinx cumMeTpuYHUN BiJHOCHO IIOYATKY
roopamHat. Tomy QyHKIIiA y = arcsinx € HemapHOI, TOOTO
arcsin(—x) = —arcsin x.
ITpuiimemo 1eil pakT 6e3 mJOBedeHH.
W 3HaiiT! 00sIacTh BUBHAUEHHA (PYHKIIII y = arcsin(x + 2).
*« PosB’asaumuga. Ockimbku D(arcsinx) = [-1; 1], maemo:
-1<x+2<1,3Bigku -3< x < —1.

BigmoBings. [-3; —1].
¢ 3a yMOBH, IO Sing = a, OTPUMaEMO

OckinpKku arcsina =

bopmy.ry:
sin(arcsina) = a, ge |a| < 1.

. ( . 4)
w 3HaNTU CoS arcsmg .
o, E}
2’ 2/
257
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To cosp > 0. 3 ToToskHOCTI cos?p + sin?¢p = 1 maemo: cos@ =

=+/1 -sin? ¢. Ane cosp > 0, Tomy cos@ = /1 -sin?¢ =

Bi,[LHOBlI[B. 0,6.

. TOTm| . .
Ao posriiamaTuMemMO ¢ TaKWi, IO (pe[—E; E} ising = a,
TO arcsina = ¢. 3Bigcu orpuMaemMo hopmyJry:
o

arcsin(sing) = ¢, me ¢ € [_E _}
2 2

M O6uucauru: 1) arcsin (sin %), 2) arcsin(sin 2).
- PosB’sa3aHHI.

. T T T . . T T
1) Ockinbku — € [——; —}, TO arcsin (sm—j =—.
7 22 7 7

T T s
2) 2¢ [—5; E} Tomy arcsin(sin2) # 2. {ad momryky 3Ha4YeHb
BupasiB arcsin(sing) i arcsin(cosp) O0yzemMo BUKOPHCTOBYBATU
HepPiOANYHICTh TPUTOHOMETPUUYHUX (PYHKIIiN Ta (GopMyam 3Be-
IeHHs, IO JO3BOJUTH 3BECTU BUpPA3 N0 BUIVIALY arcsin(siny),

e ye{—g; g}, Ta BUKOPHCTATH BHUIIE3TrafaHy GopMmyy.

. T T
OckinbKu 3 Snt—-2< Py CKOpHCTAaeEMOCS (POPMYJIOIO 3BEJEH-
Ha sina = sin(nm — a). Toxi arcsin(sin2) = arcsin(sin(x —2)) =

. T
=T — 2, OCKiTbKU 5 <nt-2<—

Bigmosins. 1) g; 2) 1 — 2.

Posrnamemo ¢ynKIito y = cosx,
— ] x € [0; n]. Ha mpoMy IPOMiKKY BOHA
€ CIIaJHOI0, a TOMY € obopoTHOIO (Maja. 26.3).

2. Ddynruia y = arccosx

y y
1 b
R ©
/c 0 T n X 2 Y = arccos x
2 -1 2 y=cosx 101 x
Maux. 26.3 Maux. 26.4

258



‘ dynkuiro, ob6epHeny pi dyukuil y = cosx, x € [0; nt], nazusa-
I0Th APKKOCUHYCOM i TIO3HAUYAKOTH I = arccos x.

T'padix dysKIii y = arccosx 300pakeHO Ha MaJIOHKY 26.4,
BiH € cumerpuuyHUM rpadiky QYHKIII y = cosx BifHOCHO mpAMOIL
y = x. D(arccosx) = [-1; 1], E(arccosx) = [0; n]. Ha Bci#t o6aacri
BUBHAUEHHA (QYHKI[iA I = arccosx crajae.

VYpaxoByoun osHaueHHSA (PYHKIII apKKOCHHYC, YBeIEeMO IIO-
HATTA apKKOCUHYyCA YUCJIa.

Apxkocunycom uwucna a, fe |a| < 1, HazuBaroTh TAKUH KyT i3
L, npomizkkry [0; n], kocuHye aAKOro mopiBHIOE a.

3 osHAaUYeHHS apKKOCHHYCA YKCJIA BUILJIUBAE, II[0 arccosa = @,
Toxi i Tineku Tomi, konu: 1) ¢ € [0; n];  2) coso = a.

Hampuraazn, arccosQ = g, 60 cosg =01i g e [0; «];

3 3 2 3

T'padik ¢dysKIil y = arccosx He € CUMETPUYHUM Hi BigHOC-
HO OCi opAmMHAT, Hi BiIHOCHO MOYATKY KOOPAMHAT, TOMY (DYHKIIiA
Yy = arccosx Hi mapHa, Hi HemapHa.

npuKna,q 2% 3HalTV MHOXKWHY 3HA4Y€Hb (bymcuu
y=0, 5arccosx+z

arccos(—%)zz—n, 60 cosz—n:—1 i 2—ne[O .

Poss’aszanma. Ypaxosywuu, mo 0 < arccosx < 7T, IOMHO-
KUMO o0mMABi wacTmHU Iiel HepiBHOCTI Ha 0,5, a moriMm momamo
37‘C

i T
Io HUX —, matumemo: — < 0,5arccos x +—
4 4 4 4

. . T 3n
Bigmosigs. | —; —|.

4 4

3 0o3HaueHHsI apKKOCHHYCA YHCJIA BUILINBAE, IO
cos(arccosa) = a, zme |a| < 1.

Posraaparounm kyr ¢ Takuii, mo ¢ € [0; n] i cosp = a, maTume-

Mo, 1110 arccosa = ¢. Tomy
arccos(cos ¢) = ¢, axmo ¢ € [0; «t].

w O6uucautu arccos(cos10).

e PosB’asaumug. Ak i y ompukiaagi 3 mporo maparpada, mid
3HAXOIKEeHHs 3HAUeHb BUpasiB arccos(cos @) i arccos(sin @) Tpe-
0a sBogUTH iX O BUpasy BUTIALY arccos(cosy), ne y € [0; «], a
nmani sacrocyBatu dopmyay arccos(cos) = ¢. Maemo:
arccos(cos 10) = arccos(cos(10 — 4n)) = arccos(cos(4n — 10)) =
=4n — 10, ockinpku 0 < 47 — 10 < 7.

Bigmosiagse. 4n — 10.
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? Iosecru, mo arccos(—a) = © — arccosa, fe |a| < 1
*ToBememusa. Hexait arccos(-a)=¢, ©¢<[0;n]. Toxi
cosQ =—a, TOOTO —cosQ=a. 3a GOopMYyJO0 B3BeIEeHH:
cos(m — @) = —cos, Tomy cos(n — ¢) = a. Ockinmbru 0 < ¢ < 7,
o 0 <t—@ <7 Orxe, cos(n — ¢)=a, 0 <nTt—¢@ < 7w, TOMY
T — ( = arccosa, 3Bificu orpuMaemo: ¢ = T — arccosa. OTike,
arccos(—a) = © — arccosa. H

3aHeceMo B TAOJMINIO 3HAUEHHS arcsina i arccosa mjs meaKkux

3HAYeHb a:
P I B B I R R AN R A
2 2 2 2 2 2
. b3 b b I b b1 b b1
aresina |~ | "3 | 4y | 6| % |6 | 4|3 |2
5n 37 27 T T e e
arccosa T E I ? Pl § Z E 0

ITomiuaemo, 110 [ TAGJIMUYHMX 3HAUEHb @ CIPABIKYETHCS

. . . I . . .
P1BHICTB: arcsina + arccosa ZE. HH P1BHICTH € 1CTHHHOIO IJIA

OyIb-AKOTO 3HAUEHHA a 3 mpoMixkKy [—1; 1].

f G ERNAS  TToBEeCTH TOTOMKHICTD:

T
arcsina + arccosa = 50 Ae ael[-1;1].

. T
HoBenennasd. [loBenemo, 1110 arcsina = E—arccos a, ac [—1; 1].

. b . T, TW_T T
OcKinpru 3 <arcsina < — i —— < ——arccosa < > TOOTO

2

. . . . s
O6I/I,IIB1 YaCTHUHU PIBHOCTI1 arcsina = E — arccos a HaJiexaThb IIPO-

T
Mi’KKy MOHOTOHHOCTI ()YHKIII y = sinx — IpOMiKKY [ 9 2}
3HalIeMo CUHYC 000X uacTuH Itiei piBHOCTi: sin(arcsina) = a;

. (m
sin (E — arccos aj = cos(arccosa) = a.

. s . b
OTxe, arcsina = E —arccosa, TOoOTO arcsina + arccosa = —,
ae[-1 1] m

Posrinamemo dyHKIiTO y=tgx

3. D i = arct
Gl % (man. 26.5), AKa MOHOTOHHO 3POCTAa€E

T
j Ha npomy mpomizKKy BoHa HaOyBae KO-

Ha HpOMi?KI-Cy( 20 3
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HOTO CBOI'O 3HAYEHHS 3 MHOMKHUHU JiMCHUX YNCEeJ TiJIbKU OMUH
pas, ToMy € 000POTHOIO.
T T
o

Q dyurio, obepHeny go ¢yHKUil y = tgx, ge X e( 5

HA3UBAIOTh APKMAHZEHCOM | TO3HAYAKOTE ¥ = arctg x.

—%/ —%iﬂ"%i/" EE y=a1%03 x
| | | T =0 2

Mag. 26.5 Mag. 26.6
T'padixk dysKIii y = arctgx 3o00pakeHo Ha MadwOHKY 26.6,
BiH € cumerpuuHuM rpadirky ¢yHKIiI y = tgx BizHOCHO mpaMOL

y = x. D(arctg x) = (—00; o0), E(arctgx) = —g; g . Ha Bci#t 00-

|
;‘\
<
o
Il
o+
v}
<
M <

JacTi BuSHaueHHA (PYHKIiA y = arctgx 3pocrae.
‘ Aprxmanzencom wucna a, ge ¢ — Oyab-siKe UHMCII0, HA3UBAKTH
L ]

& g g noT q
TaKUI KYT 13 IPOMIKKY _E; 2/ TaHIeHC AKOTO JOPIBHIOE (.

3 o3HAUeHHA apKTaHTeHca BUILIWBAE, Io: arctga = ¢ Tonxi i
T T
TiIBKY TOMi, Koau: 1) ¢ € (_E; E], 2) tgo = a.

b

s i I T T
H , tgl=—,0 t—:1'—e(——;—j

ampurJan, arctg 1 o tg n i 4 97 5

1 T o 1 T T T

arctg| ——=|=-—,60 t (——j =——1i—-——¢€ [——; —j.
g( 3 j 6 876" BB 8 U202
I'padix dysrmii y = arctgx cumerpuuHuil BiJHOCHO IOYATKY
KoopamHAT, TOMy (QyHKIisg y = arctg x HenmapHa:
arctg(—x) = —arctgx.

ITpuiimemo 1eit hakT 6e3 JOBeIEHHS.
3 o3HaUeHHS apKTaHTeHCa BUILJIMBAE, IO

tg(arctga) = a, ne a € R.

3uaintu ctg (arctgb).
* PosB’asauuada. Ilosmaummo arctgb =¢ Ta Bpaxyemo, II0
1 1 1
ct =—— Toxgi ctg(arctgb)=———=—=0,2.
8@ tgo A g g5) tg(arctgb) 5

Bigmosiags. 0,2.
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T T
Ao posrasmaTy KyT ¢ TakWii, 0 @ € (_E; EJ itge =a,

To arctga = ¢. OTpumaemo GHopMyay:

arctg(tgo) = ¢, e ¢ € (—E' nj.

2 2
Ons momyKy 3HaueHb BupasiB arctg(tge) i arctg(ctgoe) sBo-
T T
auMo ix mo Buraany arctg(tgy), me Y € _E; o) BUKOPUCTOBY-

I0YM TepioguyHicTh Ta (GopMysau 3BeIeHHs, i Jajii 3aCTOCOBYEMO
dopmyny arctg(tge) = ¢.
Hampuraan,

T T T 57 51
arct to— |=arctg|tg| ——— || = arctg|tg — | = —.
g(cg7j g(g(Z 7)] g(g 14) 14

dyrKOia y =ctgx HA TPOMINKKY
=" | (0; T) MOHOTOHHO CIIala€ 1 KOYKHOTO
CBOrO 3HaueHHsA HabyBae TiibKM omauH pas (man. 26.7), Tomy €
000POTHOIO.

4. Pyuryia y = arcctgx:

/ ‘ dyukuiro, obepueny no GyHrmii y = ctgx, x € (0; 1), Hasu-
ko BAKOTh APKKOMAHZEHCOM 1 TO3HAYAKOTE Y = arcetg x.

A
Y y=ctgx
y
1+ X emm e T .
T _ENOL N 3B 21 \
2 i) L’ gqcctgx
0 x
Maxn. 26.7 Maxn. 26.8

I'padirk dynrnii y = arcctgx sobpakeHo Ha MadlOHKY 26.8,
BiH € cumerpuuHUM rpadiky QyHKIil y = ctgx BigHOCHO mpAMOIL
y = x. D(arcctg x) = (—00; ), E(arcctgx) = (0; n). Ha Bciit o6aac-
Ti BU3HauUeHHA (QPYHKIiA y = arcctg x cmazgae.

ApKromanzencom wucna a, ie ¢ — Oyab-AKe YNCI0, HA3HUBAKTH
&. Takui RYT i3 mpomiskry (0; T), KOTAHTEHC SIKOTO TOPIBHIOE 4.

3 o3HaueHHA apKKOTAHTEeHCAa BUILIMBAE, IO: arcctga = x Toxi
i rinbku Toai, komu: 1) x € (0; );  2) ctgx = a.

Hanpuraan, arcctg\f = %, 60 ctg% = \/§ i %e (0; n);

3n 3n 3n
tg(-1)=—, 60 ctg—=-11 — € (0; n).
arcctg (1) 4 00 ctg = i 46( )

262



TI'padix ¢ynrnii y = arcctgx He cuMeTpuuHHIl HiI BigHOCHO
oci opamHAT, Hi BiZHOCHO IMOYATKY KOOPAWHAT, TOMY (OYHKIIisA
y = arcctg x Hi nmapHa, Hi HenapHa.

3 o3HAUeHHA apKKOTaHreHCa BUILJIUBAE, IO

ctg(arctga) = a, ne a € R.

NI IGERRE 3aaiiTu sin (arcctg gj

PosB’asanua. Hexan arcctggz(p. Ockinbru ¢ €(0; ),

1
To sing > 0. 3a dopmyor —— = 1+ctg2¢ wmaemo, 1m0
sin? @

1
sin ¢ =+ ————. Ockinpku sin¢@ > 0, orpuMaemo:
J1+ctg2o
sing = ! = ! = ! =
\/1 +ctg2o 4\ 4)\2
1+ (ctg (arcctg B 1+ (j
3 3
25 5
9

Bigmosigs. 0,6.

Amnanoriuio mo oTpuMaHUX paHilie QOpMyJ OJd iHIIUX obep-
HEHUX TPUTOHOMETPUUYHUX (PYHKIIINT MaeMo:

arcctg(ctgo) = ¢, me ¢ € (0; ).

ITin uyac sHaxomKeHHA B3HaueHb BupasiB arcctg(ctgo) i
arcctg(tge) sa momomoroi mepiogmyHOCTi Ta (OPMYJ 3BEIEHHSA
ix 3BOmATH Ao Burasanmy arcctg(ctgy), nme y € (0; w), micasa goro
BUKODPUCTOBYIOTH (hopmysy arcctg(ctg o) = ¢, ne ¢ € (0; n).

Hampurnan,

arcctg(tg 4) = arcctg (ctg (g - 4}] = arcctg [ctg (n + g - 4}] =

37 37
= arcctg|ctg| — -4 || = — — 4.
g( g( 2 D 2

Mosxua moBecTH, IIT0
arcctg(—a) = m — arcctga, ne a € R, Ta

arctg a + arcctga = g, me a € R.

HoBemenns 1mux GOpMyJ aHaJOTiuHe O JOBeIeHb y TpPUKJIAa-
max 61 7.
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3aHeceMo B Ta0JMII0 3HA4YeHHs arctga i arcctga mus meaxux
3HAYeHb a:

@
@
&

L _z To|r|z

arctga 3 1 6 0 6 1 3
tga | 2% | 3¢ 2n L A
arcctga 6 1 3 9 3 4 6

Posrnsmemo, sk obuuciioBaTu 3Ha-
YeHHsS BUpPAasiB, 1[0 MiCTATHL O0epHEeHi
TPUTOHOMETPUYHI QYHKITIT.

5. O6uucnennsa 3HaAYEHD
6UPA3LE, WO MICMAML

aprgynryii

Q7 e 3HaliTn 3HAUYEHHA BUPa3Yy:

© 1) arccos [— g} + 2arcsin % —8arctg(-1);  2)cos [arcsin %j

PosBs’asamnda. 1) arccos[—@j + 2arcsin§— 3arctg(-1) =

5n T T 51 m 3n 10n+6m+9n 25%
=—+4+2—=3:|——|=—+—4+—= = .
6 4 4 6 2 4 12 12
.1 3

2) cos| arcsin— | =cos— = —,
2 6 2

25n . /3

Bigmosige. 1) —; 2) —.
i i )12 )2

6. Bracmiony VYzarajibHUMO BJIACTUBOCTiI 00epHEHUX
oBepHenux TPUTOHOMETPUUYHUX QYHKIIiHN, Tpo AKi
MPUZOHOMEMPULHILX MH [isHaIHCA B IbOMY maparpadi y
dyHKYi BUTJIAAL Tabauni (c. 265).

Temep Mo:KeMO 3HAXOAWTH BJIACTHUBOCTI He TiJIbKM (QYHKIIIH,
HaBeJeHUX y TA0JUIli, a I iHIMUX 00epHEeHUX TPUTOHOMETPUUYHUX

GYHKITIHA.

m 3uaiiTu HyJi QyHKIIl y = arccos(x? + 3x + 3).

:PosBs’asanmusa. Hyrem ¢yHKIii y = arccosx € umciyo 1.
SHaiifeMo 3HaUEHHA X, AJIA AKUX X2 +3x+3 = 1.

Maemo piBHAHHA: x2 +3x+2 = 0.
x; = -1, x, = -2 — {Ooro KopeHi, oT:ke, i HyJi QyHKIIII.

Bigmosings. —1; —2.
264



Baacrusicts

DyHKIiA

y = arcsinx

Y = arccosx

y = arctgx

y = arcctgx

O6acTs
BU3HAUYEHHS

[-1; 1]

[-1; 1]

(=005 +20)

(=005 +20)

Muoxxuna
3HaUYeHb

53

[0; ]

53

(0; m)

ITapsricTs,
HeIlapHiCTh

Henapua

Hi nmapsna,
Hi HemapHa

Henapna

Hi nmapna,
Hi HemapHa

Hyuni dysrmii

x=0

x=1

x=0

3HaKOCTaJIiCTh,
y>0

0<x<1

-1<x<1

x>0

x € R

3HaKOCTaJIiCTh,
y<0

-1<x<0

ITpomiskku
3POCTaHHA

[-1; 1]

IIpomisxkkm
cafaHHA

[-1; 1]

(=003 +00)

Haii6inbire
3HAUYeHHSA

dyuaKIiI

T
mpu x = —1

Harimene
3HAUEHHS

GyHKITIT

0
mpu x = 1

©® SKy dyHKLi0 HasmBaloTb apkcuHycom? @ LLlo Ha3uBaloTb apKkcu-
HycoMm 4yucna? @ FAKy pyHKUIl0 Ha3uBakoTb apKKOCMHycom? @ Lo
Ha3MBalOTb apPKKOCMHYCOM 4Ymcna? @ Ay dyHKLito HasmBalTb apk-
TaHreHcom? @ Lo HasmBalTb apkTaHreHcom umucrna? @ Aky yHk-
Lit0 HAa3MBalOTb apKKoTaHreHcoM? @ LLlo Ha3nBaTb apKKOTAaHTEHCOM
yncna? @ Cchopmyntoite BNacTMBOCTi 06EpPHEHUX TPUrOHOMETPUY-

HUX (PYHKLIR.

§ Fozb axims 3agaui ma bukonaime bnpabu

{1, (Ycmo.) Uu mae smict Bupas (26.1—26.2):

26.1. 1) arcsin é;

2) arccos Z;
6

3) arctg(-8);

4) arcsin(-1,5)?

1
26.2. 1) aFCCOS(—EJ; 2) arcsin2,5; 3) arcctg7; 4) arccos(—2)?
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3HaAUAITh 3a JOIOMOT0I0 TabauIlh Ha ¢. 260 i 264 (26.3—26.4):
26.3. 1) arcsin (— gj, 2) arccos (—%];
3) arctg 0; 4) arcctg (_\/§)
26.4. 1) arcsin ﬁ; 2) arccos(-1); 3) arctg [—ij; 4) arcctg 1.
2 J3
92 3maiixits 3HaueHHA BUpasdy (26.5—26.10):
26.5. 1) arcsin% — arccos 0; 2) arctg J3 + arcctg(-1).

ﬁ] 1 J2
26.6. 1) arcsin| ——— |+ arctg —; 2) arccos— + arcctg 0.
) [ 9 g NG ) 2 g

26.7. 1) cos (arcsin (—%D, 2) tg(arccos1).
. 1
26.8. 1) tg(arcsin 0); 2) ctg (arccos(—gn.
3 j 1
26.9. 1) sin [2 arcsin — |; 2) cos| 3arctg — |.
) 2 ) [ g F?J
26.10. 1) cos (2 arcsin lj 2) sin (3 arcctg ij
.10. 5 ) Neos

3HaigiTh 00acTh BU3HAUeHHA PYyHKINI (26.11—26.12):
26.11. 1) y = arcsin(x + 3); 2) y = arccos(2 — x).
26.12. 1) y = arccos(x + 1); 2) y = arcsin(3 — x).

i = 2)arcsin(-1) i arctg(-1).

W |-

26.13. ITopiBuatite: 1) arcsin

i

N | DN

o | ot

26.14. TTopiBuaiite: 1) arccos ;  2)arccosl i arcctgl.

O6uncaits (26.15—26.16):

26.15. 1) tg [arccos (—gj + %arcsin gj,

2) sin (arcsin (— %) + arccos g + arctg J3 j

26.16. 1) ctg (arcsin% + 2arccos (— gD,

2) tg(2arccos1 -2 arctg(—x/g)).
266



3 3HailniTs obnacTs BusHaueHHs (QYHKUIT (26.17—26.18):

26.17. 1) y = arccos 8% - ; 2) y = arcsin (2x + x2).

26.18. 1) y = arcsin 2x3— 5; 2) y = arccos (2x2 + x).
HocaigiTe GyHKIit0o HA napHicTh (26.19—26.20):

26.19. 1) y = 3arcsin§; 2) y = arctg x + 2.
26.20. 1) y = barctg g; 2) y = arcsin x — 3.

3HalIiTh MHOKUHY 3HAUeHb QYHKITI (26.21—26.22):

26.21. 1) y w 2) y = arctg v/x.
26.22. 1) y W 2) y = arcsin Vx.

3HalgiTh HyJai QyHKII (26.23—26.24):
26.23. 1) y = arcsin (x2 — 8x +7); 2) y = arccos (x2 — x + 1).

26.24. 1) y = arctg (2x2 — 3x); 2) y = arccos (x2 + 5x + 7).
OGuwnciaits (26.25—26.26):
26.25. 1) tg (arcsin %), 2) sin (arccos gj,
. 4
3) ctg (arctg (-5)); 4) sin (arcctg (— gjj

24
26.26. 1) cos(arcsin 0,28); 2) ctg (arccos (— %D,

3) sin (arctg 2,4); 4) tg (arcctg 0,2).
IToGynyiiTe rpadik pyunrii (26.27—26.28):
26.27. 1) y = 2arctg x; 2)y= g + arcsin x.
26.28. 1) y = 3arcsin x; 2) y = arccosx — g
OGuwncaites (26.29—-26.30):
26.29. 1) arcsin(sin 6); 2) arctg(tg4);

3) arccos(cos %), 4) arcctg(ctg(—gj}
26.30. 1) arcsin(sin 13); 2) arccos(cos 16);

3) arctg (tg %) 4) arcctg(ctg(lznn
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.Ay 26.31. 1) 3uaiigite tg o, ge o = arctg%— arctg (—gj
2) BUKOpPUCTOBYIOUM OTPUMAaHUU Pe3yJIbTaT, 3HAUIITH Q.
26.32. 1) 3uaiigits tgp, ne P = arctg3 — arctg%.

2) BuUKOpUCTOBYIOUM OTPUMAHUI pe3yJbTar, SHAUIITH [3.
3HalgiTEL 00IacTh BU3HAUCHHA PYHKII (26.33—26.34):

26.33. 1) y = V6 — x — 2x2 + arcsin x;— 1;

1 x
2) y = ———————+ arccos
x2-5x+6

26.34. 1) y = arccos X ; 6 ++2+ 3x — 5x?;

1
2) y = ————+arcsin
) N6x2 + x -1

HoBenits ToToxHiCTh (26.35—26.36):
26.35. 1) sin(arccosx) =1 -x2, ne -1 < x < 1;

2) tg(arcctgx) = %, me x = 0.
26.36. 1) cos(arcsinx) = m, me -1 < x<1;
2) ctg(arctgx) = l, me x = 0.
O0uucaiThH (26.37—26.383;:
26.37. 1) sin (arccos% — arcsin O,Gj; 2) cos(2arcsin0,8).

26.38. 1) cos (arcsin 0,28 + arccos %), 2) cos(2arccos (-0,8)).

IToGynyiiTe rpadik pyunkriii (26.39—26.40):
26.39. 1) y = arccos(x —1) + g; 2) y = arcctg(x + 2) - g

26.40. 1) y = arctg(x — 2) - m; 2) y = arcsin(x + 1) + g
26.41. 3uaiigitTe MHOXKUHY 3HaueHb (yHKUii y = 2arccosx +
+ 4 arcsin x, monepeaHbO CHPOCTUBIIN 1i popMy.Iy.

26.42. 3uayigiTh MHOKWHY B3HaYeHb (QYHKIII y = 2arcsinx +
+ 4 arccos x, onepesHbO CIIPOCTUBINY 11 (popMyIy.

O6uwncaits (26.43—26.44):

26.43. 1) arccos (sin (— g)j ; 2) arcsin [cos (%D ;
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3) arctg (ctg (37ﬁjj 4) arcctg(tg5).
26.44. 1) arccos (sin (—%D, 9) arcsin (cos %j,

3) arctg (ctg 8?“), 4) arcctg (tg 2?%]
,’.‘, O6uuciiTs (26.45—26.46):
26.45. 1) arccos(sin6) + arcsin(cos5);

2) arctg(ctg%) + arcctg(tg%)

26.46. 1) arccos(sin 8) + arcsin(cos 7);
2) arctg(ctg 12) + arcctg(tg 13).
26.47. Cropocrite Bupas arccos(sinm(x2 + x — 3)) 3a ymoBH, IO

J3 -1
S

3HaAWIITP MHOKUHY 3HaUeHb QyHKII (26.48—26.49):

0< x<

26.48. 1) y = arctg(4x — 2x2); 2) y = arcsinx + arctgx + g;

3) y = arccos(sin x); 4) y = arcsin?x + arccos?x.
26.49. 1) y = arcctg(2x — x2); 2) y = arcsinxarccos x.

26.50. B ogHOMY 3 aHIVIIACHhKMX BUJAHb MOYKHA IIPOYUTATH,

mio 3pict Hamoseoma cranoBuB 5 QyTiB 2 mioiimu. Axum
O0yB itoro spict y canTuMerpax? PesyabTaT OKPYIJIiTH A0 IIiJ0TO
YypcJjia CAHTUMETPiB.

26.51. (Hauyionaavua oaimniada Pymynii). Tpu rpynu pu-

O0asok ymitimanu pasom 113 pubun. Koxuuit pubaika mep-
mioi rpynu BuifiMaB 13 pubuH, KOKHUNM pubasika IPyroi rpymnua —
5 pu0, a Tpernoi — 4 pubunu. CKiabKKu pudaaoK OyJI0 B KOMKHIiN
rpyIi, AKII0 BCchoro ix 6ymao 16?7

w PIBHAHHA | HEPIBHOCTI, LLIO MICTATb
0 OBEPHEHI TPUTOHOMETPUYHI ®YHKLIT

Y npomy maparpadi posryisHeMO AesdKi TuIu PiBHAHBL i HepiB-
HOCTeH, 110 MicTATh apK(yHKIiT, Ta MeToqu iX PO3B’A3YBaHHA.

1. Pisnicmiloin YanOByzorm MOHOTOHHICTh apK(PYyHK-
Mill, PiBHAHHSA BUTJIALY

W ' T arcsmf(x) = arcsmg(x)
Ta arccos f(x) = arccos g(x) OyayTh PiBHOCUJILHI cHCTeMi:

{ (x) = g(x), { (x) = g(x),
abo
-1<f(x)<1 -1< g(x) <1
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a piBuamHA BuUraany arctgf(x) = arctgg(x) i arcctg f(x) = arcctg g(x)
OyayTh piBHOCHJIbHI piBHAHHIO f(x) = g(x).
M Posp’sasaTu piBHAHHEA arcsinx = arcsin(x2 — 2x — 4).
x=2x2-2x-4,
PosB’sa3anuda. Maemo cucremy:
-1<x<1.

Orpumaemo, 1o x = —1.
Bigmosigse. —1.

m PosB’sa3aTu piBHAHHA:

arctg(x3 + 1) = arctg(x2 — x +1).
PosB’asamua. Maemo: x3 + 1 =x2 — x + 1, 3Binku x = 0.
Bigomosizngs. 0.

Poariasgaemo piBHAHHA BUTJIALY
arcsinx = a. 3 rpadiunoi iHTepupeTa-
mii (man. 27.1) Gaummo, IO IIpH

2. Pignicmo aprpynryii
wucny

T T .
a <-— abo a > — piBHAHHSA pPO3B’A3KiB He Mae, a IIpH
2 2
o i . . . . ., .
~3 <a< 3 Ma€e eIVUHUN KOpiHb: X = sina. ¥ Toii camuii crmocib
MOXKHA JifiTM BUCHOBKIB MPO PO3B’SA3KW MOAIOHUX PiBHAHDL IJIS

immux apk@yskiii. I{i BucHOBKHM momaMo y BUTJIALL TabJIUIb.

yl
y=a,a>—
L
2 Iy:arcsinx
i
i
!
Isina i
-1 0 1 x
H
i b8 b
i =aq,-——<a<—
Y 2 2
[ _xl
- T
2 =a, a<-——
v 2

Mamn. 27.1
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) ((RILEE)) (LY

PiBnganHg arcsinx = a PiBHaHHgI arccosx = a
3HaYeHHA a Po3B’a3kn 3HaYeHHA a Po3B’a3kn
T
a<-— & a<0 %)
2
n_ T ]
_E\a\E x =sina 0<a<mn X = cosa
T
a>— %) a>T %)
2
PiBuaHHg arctgx = a PiBusaHHA arcctgx = a
3HaUeHH a Po3B’sa3ku 3HaYeHHd a Po3B’a3ku
T
as —E (%) a<0 )
T T
—§<a<§ x =tga O<a<m x =ctga
T
az— %) a>n %)

2
m Posp’a3aTu piBHAHHA:

. 1) 3arcsinx =m;  2) larccosx =0,5; 3) 4arcctg\/; +n=0.
PosB’sa3aHHA4. T

1) arcsinx = g; 2) arccosx = 0,57; 3) 4arcctgx = —
i i T
x =sin_; arccosx = g? arcctgx = K
3 ' :
J3 . _ T, : L 0; Tomy
x——3 ! X =cos—; ! 4
2 : 2 ! KOpeHiB HeMae.
3 x=0.
BiAHOBi/:[b.7. ' BigmoBigs. 0. ' BigmoBigs. &.

PosB’sa3aTu piBHAHHA:
) 6 arcsin/x = n;  2) arccos(x —2) = E; 3) éarctg(3x) =-1.
PosB’sAa3aHH4. 3 T

1) arcsinvx = % 2) x — 2 =cos g; 3) arctg(3x) = ——
— sin %, 3x =-1;

Jx = sin 6 _9 :% i ;

Jx =0,5 | x=2,5. Y

. .x=0,25. Bigomosigs. ——.
BigmoBigs. 0,25. : BignmoBigse. 2,5.: 3
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3. 3amina sminnoi | PiBHAHHSA BUraany F(y(x)) =0, ge F —
y pisHARHAX pamionanpHa (QYHKIiA, a y(x) — apk-
3 aprPYRKYILMU (GyHKIiA, BBOAATH [0 anreGpaivHuX

— || piBHAHP ULIAXOM yBeIEeHHSA HOBOI
3MiHHOI ¢ = y(x). Poss’asasmu piBHAHHA F(¢) = 0 Ta I0BEpHYB-
mIucsA 0 3aMiHM, OTPUMAaEMO ofHe abo KijJibKa HaNIpOCTilInuX pPiB-
HAHb 3 apKPYHKIIAMHU.

m Posp’asaru piBHAHHA: 3arctg?x — 4rarctgx + n2 = 0.
° Posp’sazanua. 3awmina: arctgx = t. Maemo piBHAHHA:

T
3t2 —4nt + n2 =0, 3BigKU ¢t = mabo t = 3 IloBeprarouucs K0

arctgx = m,

3aMiHU, MaTHMEMO: T
arctgx = —.

Ilepirie piBHAHHS PO3B’SA3KiB He Mae.

. T
3 Ipyroro piBHAHHSA OTPUMAEMO, 110 X = tg 3 TOOTO X = \/g .

BigmoBigs. \/g

st po3B’sisyBaHHA PiBHAHL BUTJIAILY
F(arcsiny(x), arccosy(x)) =0
. i
BUKOPHUCTOBYeEMO hopmyJry arccos y(x) + arcsiny(x) = 3 Ta 3BOJU-
MO PiBHAHHA [0 PiBHAHHA, IO MicTUTUMe TiJIbKH arcsiny(x) abo

TinbKku arccosy(x). Haui, 3a HeoOXimHOCTI, YBOAUMO HOBY 3MiHHY
t = arcsiny(x).

Q7 ERRGS  Poss’a3aTu piBHAHHA: 4arcsinx + arccosx = m.

. T .
PosB’asaunuda. OckiIbKu arccos x = i arcsin x, Mmaemo:
. T .
4 arcsin x + (E — arcsin xj =T

. P
darcsinx = —;
2
x =0,5.
Bigmosigs. 0,5.
. . 5
0[5 E: S Posp’asartu piBHAHHA: arcsin? x + arccos? x = an.

N 2

) I T . 5 ,
PosB’as3anuda. Maemo: arcsin“ x + E—arcsmx =Zn.
Poskpuemo ny:KKHu Ta mepeHeceMo BCi TOJaHKU B JIiBY 4YaCTUHY,
piBHSHHSA HalOyae BUTJIALY:

Ly T2 . ., b,
arcsin® x + -~ - marcsinx + aresin® x — =% = 0.
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. 3BemeMoO IOAiOHI MOMAHKM, OTPHMMAEMO KBaJpaTHe PiBHAHHS
BiITHOCHO arcsin x, aHajJoTiuHe OO piBHﬂHHH y mpukJaagi 5:
2arcsin? x — marcsinx — n2 =
PiBuaHHa Mae equHUNA KOpiHb: X = —1 (po3B’ fmcl'rb caMOCTi#iHO).

Bigomosigs. —1.

Pisuanua sBurnany F(arctgy(x), arcctgy(x)) = 0 3BogumoO 10
piBHAHHA, 110 MicTutuMe Jauiie arctgy(x) abo arcctgy(x), 3a mo-

nomoromo ¢gopmysu arctgy(x) + arcctgy(x) = g Hani, 3a HEOOXi-

HOCTi, yBOIMMO HOBY 3MiHHY t = arctg y(x).

I'IpMKnaA )} Poss’A3aTu piBHAHHS:

2arctg(3x — 2) + 3arcctg(3x — 2) =T.
PosB’as3anuada. Ockinbku arcctg(3x — 2) =— — arctg(3x — 2),

piBHAHHA HAOyme BUTJISALY:

2arctg(3x — 2) + 3[% —arctg(3x — 2)) =T

E

ITicnsa cupomrers maemo: arctg(3x — 2) =

L\al:i

-

B T, T . .
OckinbKu 2 & ( 3 EJ’ TO PiBHAHHA Po3B’A3KiBR He Maec.

Bigmosins. Po3p’sa3KiB HeMae.
4. Memod ob6uucnenns
MpPUZOHOMEeMPULHOL
Pynxryii 6id 060x TATH apKPYHKII. ) .
YaCmuK PieHAHHA Armio piBHAHHA MIiCTUTH piBHO-

— ] “imenHi apK@yHKII abo apKGyHKITiI
BiJ pisHUX apryMeHTIiB i JKOOHUM 3 BUIIE3TaJaHUX MeTOIiB PO3B’s-
3aTU PiBHAHHA HEMOKJIWBO, Tpeba OOUUCIUTH JEeAKY TPUTOHOMET-
PUUYHY (PYHKIIiI0O Bif 000X YacTUH pPiBHAHHA. SIKIO IpU IIHOMY
o0sacTh 3HAUeHb JiBOI i mpaBoi YACTHMH He HAJIEKUTH IIPOMIiKKY
MOHOTOHHOCTI ITiel ()yHKIIiI, TO omep:KaHe aJjrebpaiuHe PiBHAHHS
OyZe PiBHAHHAM-HACJIIIKOM, TOMY MOKJMBA IIOABA CTOPOHHIX KO-
penis. IlepeBipka KOpeHiB y IIbOMY BUIIAAKY € 000B’I3KOBOIO.
3ayBaKuMO, IO PO3B’sI3aTHM TakKi PiBHAHHSA iHOAI momomara-
10Th hOpMyJIu, TOoBedeHi y BmpaBax 26.35 i 26.36.

. . . X T
7R PosB’a3aTu piBHAHHSA: arcsinx — arcsmE = 3

o .
PosB’azauuda. O3 piBaauaa: —1 < x < 1.
3HaneM0 KOCUHYC BijJf KOKHOI YaCTUHU DPiBHAHHSA:

ITe =HaiibinbIl yHiBEepcaJbHUN METOH
IJIs1 pO3B’A3yBaHHA PiBHAHD, IO Mic-

3
Cropucraemocsi (QOPMYJI0I0 KOCUHYCA Pi3HUIII, MATHMEMO:

. . X T
CcOos (arcsm X — arcsin E) = COS—.

. . X . . . . X 1
cos(arcsin x) cos| arcsin 5 + sin(arcsin x)sin| arcsin 3 = 5
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2 2
. x 1 x
micjad cIpoleHHA fAKoro orpumaemo: v1—x2-,[1 e = 2 g7

3BigKH; X, , = =1. IlizcTaBUBIIN (J714 IepeBipKHU) OTPUMAaHi Kope-
Hi B piBHSAHHS, JOXOAUMO BHCHOBKY, 1110 —1 — CTOPOHHIlI KOPiHb.
Oroxe, x = 1.

Bigmosigs. 1.
Q7GRS Poss’a3aTu piBHAHHSA: arcsinx + arccos(x — 1) = m.
e« PosB’asaunusda. Ol13: 0 <x <1. Tyt 3pyunimre 3HaliTu Big 000X
vacTuH cuHyc. Marumemo: x(x —1)+ J1- 2. \/1 —-(x-1)2 =0;
J1-22 -\2x - x2 = x(1 - x).
Posp’sasyoun 1ie piBHAHHSA, Ogep:KumMo, 1m0 x = 0 a6o x = 1.

IlepeBipkoi0 IIEPEKOHYEMOCS B TOMY, III0 OOMABA UMCJIA — KOpe-
Hi mMoYyaTKOBOTO PiBHAHHA. BigmoBigs. 0; 1.

3ayBaKuMO, III0 TPUTOHOMETPUUHY (DYHKITiI0, SHAUEHHSA TKOI Bif
000X YaCTUH PiBHAHHSA OyZeMO 3HAXOAWUTH, BUOMPAEMO TaK, II0D
VHUKaATU TPOMiBAKUX mepeTBopeHb. KoprcHo mam’aTaTu, 10 AKIIO
B PIBHAHHAX 3 apKCHHYCOM i apKKocuHycoM (hYHKIIil OgHONMEHHI,
TO Kpallle 3HAXOAUTU KOCUHYC, a AKIINO PiSHOMMEHHI — CUHYC.

SAKmoro Bixg 000X UacTHMH PiBHAHHA 3HAXOAUTU 3HAUYEHHS TaH-
reHca abo KOTaHreHCa, MOKe TPAIUTUCSA BTpaTa KOpeHiB. 3a3BU-
yail Ie 4Yuca, AKi He HajJeKaTb o0JiacTi BUBHAUYEHHS (QYHKITIN
TaHreHca abo xorauresca. Tomy, AKIIO IIig yac pos3B’sA3yBaHHS
piBasauuAa f(x) = g(x) mepexogumo mo piBHaAHHa tgf(x) = tgg(x)
abo ctg f(x) = ctg g(x), ToOTO 3HAXOAMMO Bii 000X UACTHUH TaHTEHC
ab0 KOTaHTeHC, CJil JOTPUMYBATUCA TAKOl ITOCJIiJOBHOCTI Jiii:

1) smaiiT; Bci 3HaueHHA X, Aasa AKuX f(x) = 0,5n + nk um
g(x) = 0,51 + mk, k € Z (AKI0 II€peXomAuMO 10 PiBHAHHA
tg f(x) = tg g(x)), abo smaiiTk BCi 3HAUEHHS X, AJIA AKUX f(x) = + 1k
yn gx)=n + nk, k € Z (AKIIO mOepexoguMO A0 pPiBHAHHSA
ctg f(x) = ctgg(x));

2) mepeBipuTHu, AKi 3i 3HaWgeHUX y 1. 1 3HAUEHb X € KOPEHH-
MU ITOYaTKOBOTO PiBHSIHHS;

3) A Bcix iHImIMX 3HAUYEHb X p03B’ﬁ3aTI/I PiBHAHHA
tgf(x) = tgg(x) (abo ctgf(x) = ctgg(x)) 110 € PiBHAHHAM-HACIiA-
KOM, Ta IlepeBipKoi0 BUOpaTyu 3 HOoro KOpeHiB Ti, 1[0 € KOPeHAMHI
OYaTKOBOTO PiBHAHHS;

4) sanmmcaTyu BifOOBiAb, ypaxoBYIOUMW pPe3yJbTATH, OTPUMAaHI
Bm 21i3.

PosB’sa3aTu piBHAHHA:

. 1 1 e
arctg| x +— |+ arctg| x —— | = —.
2 2 4
PosB’asaunud. Ti sHaueHHsa x, OIpu SKUX JiBa UYacTUHA IO-
piBuioe 0,57+ nk, k€ Z, He OyAyTb KOPEHSIMH I[bOI'0 PiBHIH-

Hs, 60 mpaBa uacTuHa He gopisuHioe 0,57m + ©k, B € Z. Bisbmemo
(GYyHKIIiI0 TaHTeHC Big 000X yacTUH pPiBHAHHA. OIep:KuMO:
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: 1 1 - x+1+x—l
tg arctg(x+—j+arctg(x__) =tg—; 2 2 -1
2 SRS ) C
—lx+=|lx—=
2 2

3Bigcu x2 + 2x — 1,25 =0, sBigku x = 0,5 abo x = —2,5.
IlepeBipka mokasye, IO HmepHINil KOPiHb 3aJ0BOJILHAE PiBHAH-
Hsl, a JPYTUil — He 3aJ0BOJILHSIE.

(arctg(—2,5 +0,5) + arctg(-2,5 — 0,5) < 0 # B

Bigmosigs. 0,5.

5. Haiinpocmiwmi Hepisrocri surasany F(f(x)) <’F(g(x)),
Hepienocmi, uo micmamy 7€ F — apxdyHKIlA, DO3B’A3YIOTH
aprdynKyii 3 ypaxyBaHHSM o00JacTi BH3HAUEHH:

—— miel @pyHKUii Ta BUXOAAYM 3 TOTO, 110
dyurmii y = arcsinx i y = arctgx — B3pocraroui, a QyHKIII

y = arccosx i y = arcctgx — cuaxui. Ik poss’sa3aTu Taki HepiBHO-
CTi IMoZaHo B TAOJIHUIIAX.

arcsin f(x) < arcsin g(x) arccos f(x) < arccos g(x)
-1<flx) <gx)<1 -1 <g(x)<f(x)<1
arctg f(x) < arctg g(x) arcctg f(x) < arcctg g(x)

f(x) < g(x) 8(x) < f(x)

Amnanoriuso pos3B’A3yioTh HepiBHOCTI Buraany F(f(x)) < F(g(x)),
ne F — apkpyHKITid.

w Posp’asatu HepiBHicTh arcsin(l + x) < arcsin(2x).

« PosB’sa3aHHsda. Maemo, ypaxoBymuH, II10 Yy = arcsinx — 3po-
craoua pyskmia: —1 <1 + x < 2x < 1. IIa HepiBHiCTH piBHO-
CHJIbHA CHCTEMi HepiBHOCTeI:

x = -2
1+x> -1, e
x> 1, R .
1+x<2x, crucTeMa po3B’sA3KiB He Mae.
1
2x < 1 x < =,
2

BinmoBigs. HepiBHicTs He Mae po3B’A3KiB.
P Pl

m Posp’sazatu HepiBHicTh arccos(l — x) < arccos(0,5x).

*« PosB’sa3auug. Maemo, ypaxoByIOUH, II[0 Y = arccosx -—
dyuKIig cnagua: —1 < 0,6x <1 — x < 1. 3Bigcu

>_2,
05¢>-1, |©

0,5x<1-x, x<§, xe{O;g} Bigomnosings. [0; %]

_x <1
l-xz<1; x =2 0;
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1[G ENER Poss’asatu HepiBHicTh: arcetg (2x) > arcetg x2.

* PosB’asaHnHa4a. Ockinbku y = arcctg x — QyHKIia cunagua, Mae-
Mo: 2x < x2, Tobro x2 — 2x > 0, omexe, x € (—0; 0) U (2; +0).

Bigmosigs. (—o0; 0) U (2; +0).

m Poss’asaTu HepiBHicTb: arcsin(x? — 2x + 1) > 0.

» Poss’aszanusda. Ockiapku 0 = arcsin0, To maemo:
arcsin(x2 — 2x + 1) > arcsin0, 0 < x2 - 2x + 1< 1,

(x-1)2>0, (x=1,
x2-2x<0; |0<x<2.
Bigmosigs. [0; 1) U (1; 2].

Ocrarouno x € [0; 1) U (1; 2].

6. Pose’azyeania Ginow | LA Hac po3B’ﬂ§yBaHHsg OiIbII CKJIaz-
cknadnux nepisnocmei, HUX HEPiBHOCTEH, 110 MiCTATh obepHeHi
wWo micmamby aprEPyRKUiL TPUTOHOMETPUYHI (YHKILiI, 3aCTOCOBY-

=< * | 10Th IPUHOMU, IKi BUKOPUCTOBYBAJIMCS
mig yac pos3B’sI3yBaHHSA PIBHSAHBb Ta HNPUMOMU PO3B’A3yBaHHS HAaii-
IPOCTIIINX HEPiBHOCTEMH, I1I0 MIiCTATH apKQPYyHKILII.

W7 PosB’a3aTu HEpiBHiCTB: arctg x > arcctg x.
e PosB’asaumusa. IlepenuiiemMo HepiBHiCTP y  BUIIALI:

arctg x >g — arctgx. Toxi 2arctgx > g, TOOTO arctgx > g,
Tomy arctgx > arctgl, omxke, x > 1.
BigmoBigs. (1; +90).

1[4 E A Poss’asatu HepiBHIicTh: 4(arccosx)? — 1 > 0.

* PosB’asanHsda. [TogHauusmm arccosx = t, MATUMEMO KBaAPaTHY

1 1
HepiBHicTs: 412 — 1 > 0, 3BigKM t < ~3 abo t > 3 IloBepnyB-

. . 1 1
IINCSI IO 3MIiHHOI X, OTPMMAEMO: arccosx < _E abo arccosx > 5

Ilepiia 3 oTpuMaHMX HepiBHOCTel PO3B’sI3KiB He Mae, a 3 APYToi

{ 1}
oTpuUMaeMoO: X € | —1; cos— |.
. . 1
Bigmosigse. | -1 COSE'

@ FK pO3B’A3Y0Tb PIBHAHHS, LLO MICTATb PiBHICTb OAHOMMEHHUX apK-
DYHKLIN? @ HAK po3B’sA3yH0Tb PIBHAHHS, O MICTATb PIBHICTb 06epHe-
HOI TPUFOHOMETPUYHOI GOYHKLIT Yncny? @ FAk 3acTOCOBYHOTb METO[,
3aMiHM 3MIHHOT Y PIBHAHHSX 3 apKyHKUiaMU? @ FAK 3aCTOCOBYHOTb
MeTo OBYMCINEHHS TPUFOHOMETPUYHOI COYHKLIT Big 000X YacTuH
PIBHAHHSA B PiBHSIHHSIX 3 apKYHKLIAMN? @ AK po3B’'A3y0Tb HanMnpo-
CTilLi HEPIBHOCTI, L0 MICTATb apKdyHKLii? @ Ak po3B’a3yoTb GinbLu
CKMnaaHi HEPIBHOCTI, LLO MICTATb apKYHKLi?
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§ Fozb sxims 3agaui ma bukonaime bnpabu

‘]_, Yu mae pos3s’sa3Ku piBHAHHA (27.1—27.2):

27.1. 1) arcsinx = —m; 2) arccosx = g; 3) arctgx = g
4) arcctgx = —E; 5) arccosx = —E; 6) arcsinx = %
7) arctgx = 0; 8) arcctgx = 1?
27.2. 1) arccosx = 0; 2) arcsinx = g; 3) arctgx = %;
4) arcctgx = 0; 5) arcsinx = —2; 6) arccosx = 2m;
7) arcctgx = g; 8) arctgx = —n?
9, Posp’saxiTh piBHAHHA (27.3—27.12):
27.3. 1) arcsinx = g; 2) arccosx = ?%;
3) arctgx = m; 4) 2arcctgx = m.
27.4. 1) arcsinx = —g; 2) arccosx = 2T;
3) arctgx = 0; 4) 4arcctgx = 7.
27.5. 1) arcsing = —%; 2) arccos2x = 0;
3) arctg(x + 1) = g; 4) arcctg(x — /3) = %
27.6. 1) arcsin(x — 1) = E; 2) arccos(x + QJ = E,
6 2 4
i x 3n
3) arctg(3x) = ——; 4) arcctg— = —.
) g(3x) 6 ) g, =

3 27.7.1) 2arcsin(bx — 1) = —g; 2) arccos(x? + 0,2) = 2,25;
3) 4arctg(x2 — 4x + 4) = n;  4) 4arcctg(x2 — 7) — 3n = 0.

27.8. 1) 3arccos(2x + 3) = 5775; 2) arcsin(x2 — 4x + 2) = —%;

3) 6arcctg(3x2 + x + \/§) =T
4) 4arctg(x2 - 3x — 3) —n = 0.
27.9. 1) arcsin(8x2 — x + 1) = arcsin(9x —2);
2) arctgx + arcctg3x = g
27.10. 1) arccos(x2 + 3x + 3) = arccos(4 + 3x);
2) arctg(x + 3) + arcctg (4x) = g
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n n2
27.11. 1) arcsin?x — = arcsinx + — = 0;
2 18

51 w2
2) arctg?x — — arctgx + — = 0;
) & 12 & 24

3) 2arcsin?x — 7 arcsinx + 3 = 0;
T 72

4) 2arccosx = — + ——,

9arccos x

2
27.12. 1) arccos2x — % arccosx + % =0;

2
2) arcsinZx — 3—n arcsinx + L— = 0;
4 4
3) 2arcsin?x — arcsinx — 6 = 0;
2
4) arctgx + 3—“ = n—.
4 4darctgx
Posp’s:xkiTh HepiBHicTh (27.13—27.16):
27.13. 1) arctg(2x — 7) < arctg(8 — 3x); 2) arccosx < arccos x2.
27.14. 1) arcctg(2x — 1) < arcctg(3x + 2);
2) arcsinx < arcsin(1 — x).
27.15. 1) arcsinx < 3; 2) arccosx < arccos0,25;
3) —6Garctgx < m; 4) arcctgx > 2.
27.16. 1) arcsinx = —2; 2) arccosx > arccos%;

3) —3arctgx > m; 4) arcctgx < 3.
27.17. Tlpu AaKuX 3HAUEHHAX IIapaMeTpa d Mae€ PO3B’SI3KU PiBHIHHSI:

. v
1) arcsinx = — + a; 2) arcctgx = a — 2n?
2
27.18. Ilpu axux 3HAUYEHHAX IIapaMeTpa ¢ Mae€ PO3B’A3KHU PiBHAHHS:

1) arccosx = a — w; 2) arctgx =a + S?R?
Ay Posp’sokiTh piBHAHHA (27.19—-27.24):

27.19. Zarccos(x - 24% + 8x - 5,5) = tg(_ 6an.
I

1
27.20. garcsin(4,5 — 2x + 15x2 — 6x3) = ——ctg [—@j
T \/§ 3
. 11n
27.21. 1) 2arccosx + arcsinx = ?;

2
2) barctgx + 3arcctgx = 2m; 3) arcsinx - arccosx = I_S
n n2
27.22. 1) arccosx — arcsinx = E; 2) arctgx - arcctgx = 16
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X @
27.23. 1) arcsinx + arcsin— = —;
) 752
2) arctg(l — x) + arctg(l + x) = %;
. 4x T
3) arccosx — arcsm? =T 4) arctg x + arcctg3x = 3
27.24. 1) arccos(\/§x) + arccosx = g;
3n
2) arctg (2x) + arctg(3x) = — I;

3) arcsini + arcsinvl —x = arcsinl;
3Jx 3

4) arctg(x + 1) — arcctgx =

):

cgr-lk|F|

Poss’s:kiTh HepiBHicTD (27.25—27.2

27.25. 1) 6arcsin(1l — x — x2) < m;
2) arctg2x — 4arctgx + 3 > 0;
3) arcctg2x — barctgx + 6 > 0;

. i
4) 3arcsinx — arccosx > 5

27.26. 1) 6arcsin(x2 — 3) > n; 2) arccos2x — 5 arccosx + 4 > 0;
3) arctg?x — 5 arctgx + 6 < 0;
4) arcsinx > arccosx.
st Bcix 3HaUeHb mapamMeTpa a pPo3B’sKiTh piBHAHHSA (27.27—27.28):
27.27. (a — 1)arcsinx = 1 — a.
27.28. (2 + a)arccosx = a + 2.
¢% 27.29. Poss’sxiTh piBHAHHA (27.29—27.34):
1) arcsinx - arccosx = —1; 2) arctg3x + arcctg3x = 3%

27.30. arctgzg + arcctg2§ = n2.

27.31. 1) arcsin:%x + arcsin% = arcsin x;
2) arcsinx — arccosx = arcsin(3x — 2);
3) arctg(x — 1) + arctgx + arctg(x + 1) = arctg(3x).

27.32. 1) arccosx — arcsinx = arccos (v/3x);
2) arccosx + arccos(1l — x) = arccos(—x);
3) arctg x + arctg(2x) + arctg(3x) = m.
27.33. /2 - |y|(5sin? x — 6sin x cos x — 9 cos? x + 3%/33) =
y 9 5m2
= arcsin? x + arccos? x — o
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27.34. \x2 — 4(3sin2 x + 10sin x cos x + 11cos? x — 23/301) =
= 5n2 — 4(arcsin? y + arccos? y).
27.35. IIpu aKuX  B3HAUEHHAX IapaMeTpa @  PiBHAHHS
arctg x - arcctg x = a mae poss’as3Ku?

s Bcix 3HaUeHDb IapaMeTpa a po3B’sHKiTh piBHAHHA (27.36—27.37):

2
a
27.36. 2arccosx =a +———.
arccos x
2a2
27.37. 2arccosx +3a = ——.
arccos x

27.38. [Ina Bcix 3HaUeHb ImapamMeTpa @ PO3B’SAKiTh HEPiBHICTH:

2n
arccos(ax) < 3

Jns Beix sHaueHb Iapamerpa @, Ae a > 0, posB’sKiTh HepiB-

HicTh (27.39—-27.40):
27.39. 4arcsin2 x — 8aarcsinx —a? > 0.

27.40. 2arcctg2x + aarcctg x —a? < 0.

27.41. IIIBuakicTs aBTOMOOiIA, AKUII PO3TaHSAETHCA 3 Mic-
«V 1a crapTy B3AOBK IPAMOJIHIHOTO Bifjpi3ka HLIAXY OB-
SKMHOIO | KM 3 IOCTiHMM IPHCKOPEHHSM @ KM/42, 00UMCIIIOETD-

cda 3a (popmysoo U =+/2la. BusHaute HaliMeHIlle IPUCKOPEHHS, 3
AKUM IIOBUHEH PyXaTHCs aBTOMOOiJb, 11100, IPOiXaBIIM OOUH Ki-
JoMeTp, HaOyTu mBUAKOCTI He MeHIe Hik 100 KM/rox.

27.42. 3HaI/II[1TI:> yci mapu minux uywmcen (x; y), IO 3afo-
BOJIBHAIOTH PiBHAHHA X2 — xy —2y2 = 7.

Tligzomyiimecs g0 bubuenns Hobozo mamepiany

27.43. Yu icHye Take 3HAUYEHHS X, IJA SKOIO CIPaBIKYETLCS

piBHiCTB:
1) sinx = 1,7; 2) cosx = 0,8; 3) sinx = 0,4;
4)tgx = ;; 5) cosx = —2; 6) ctgx = 5?

27.44. Yraxits smauenud Kyta 0° < a < 90°, gsa AKOro cupas-
IXKYEThCA PiBHICTB:

1)sinoc=?2; 2) cosa = 3)tga=

®|H

4) ctgoc:\/g; 5) sina = ; 6) cosa =

N|§' L\.’JI»—l
g
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HAUNPOCTIWI TPUTOHOMETPUYHI
PIBHAHHA

' PiBHAHHA, [0 MiCTHTH 3MIHHY Hil 3HAKOM TPUTOHOMETPUY-
&. Hol (YHKIIil, HA3MBAKOTH MPUZOHOMEMPULHUM DIGHAHHAM.

Taki piBHAHHA MM BiKe po3rjsamanau y BopaBax 17.23-17.26,
Ie ITyKaJu OKpeMi iX posB’sa3Ku. TaKoK TPUTOHOMETPUUYHUMU €
pPiBHAHHA:

T \/5 . X T \/—
cos| x+—|=— sinx—-cos=0; tg|——-——|=+/3 romro.
4 2 2 8
Y unpomy mnaparpadi HaBUMMOCS 3HAXOOUTU MHOMKUHY BCiX
pos3B’A3KiB piBHAHB BUIJIAAY sint = a, cost = a, tgt = a, ctgt = a,
oe a — OyIb-AKe 4Uuca0, ¢ — 3MiHHa abo BUpas 3i 3MiHHOIO, AKi
Ha3WBAIOTh HAUNPOCMIWUMU MPUZOHOMEMPULHUMU DIBHAHHAMU .

1. Piennnnioo e Ao a < —1’ abo a > 1, To piBHAHHA
cost = a Po3B’sABKiB He MAa€, OCKiIbKU
|cos t| < 1 gna Oyab-AKOTO 3HAYEHHJ t.

Hexait —1 < a < 1, Toxi piBHAHHA Mae po3B’aA3Ku. IIpoirro-
CTPYEMO IX HA OJWHWYHOMY KOJi. 3a O3HAUEHHSAM, COSt — IIe
abcuuca Touku P, omuHUYHOrO KoJya. Tomy poss’saskaMu piBHAH-
HA cost = a OyAyTb KyTH, aOCIIMCH TOUYOK AKUX HA OJUHUYHOMY
KoJi mopiBHIOOTEL a. s |a| < 1 Takux KyriB Oyge aBa, iM Ha

KoJuii BigmoBimarors aBi Toukm (Mas. 28.1 1 28.3), a mngza=1 Ta
a = -1 — mo ogHOMYy KyTy (MaJy. 28.2).

y v} y
B, 1

g AR

O\, |? 1 x _ﬂ\fi///l N \:Z

1z

T
2 2

NP

o

Mau. 28.1 Mag. 28.2 Man. 28.3

Ockineru cost; = ait, €[0; n], To ¢; = arccosa. Toxi t, = —t; =
= —arccosa. YpaxoByioul, I110 QYHKIIA J = COSX € IepioguUHOI0
3 HAMEHIIIUM [IOJAaTHUM IepiogmoM 27, MaeMo (opMyJam KOPeHiB
PiBHAHHSA coSt = a:

t, = arccosa + 2nn, n € Z i t, = —arccosa + 2nn, n € Z.

IIi posB’saA3ku piBHAHHA COSt = a MOXKHaA 00’eqHATH B OIHY
Ghopmyry:

Q t = farccosa + 2nk, k € Z. 45
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Agmo a=-1, a=0, a=1, maTumMmeM0o uacmkosi BuUnadku

pieHsaAHHA cost = a, AKi 3pyduHimnie pos3B’aA3yBaTu He 3a GOPMY-
J010 (1), a BUKOPUCTOBYIOUU OAUHUYHE KOJIO:

1) akmio cost = -1, To t = n+ 2nk, k € Z (man. 28.2);
2) akimo cost =0, To t = g +nk, k € Z (man. 28.3);

3) akimo cost =1, To t =21k, k € Z (man. 28.2).
ITogamo po3B’si3KM PiBHAHHSA COSt = @ Y BUTJIAL TaOJIUILi:

PiBuanng cost = a
la| > 1 la| <1
a#0; a++1 a=0 a=1 a=-1
KO- po
peHiB |t = tarccosa +2nk, |t =—+ Tk, |t = 2nk,|t = © + 21k,
HEMAC |\ p c 7 2 keZ |keZ
S kGZ (S S

Posp’sa3aTu piBHAHHA:

NE

1) cosx =——; 2)cosx=£; 3)cosx:l; 4) cos4x = 0.
2 3 7

V3 | V3

PosB’azanua. 1) cosx:—?; —— < 1. 3a dopmy.oio (1):

X = iarccos[—gj + 27k, k € Z;

x=i5?n+2nk, ke Z.

3,14

T . yi , .
2) cosx = 3 OcKinbru 3 ~ > 1, To po3B’sA3KiB HeMae.

< 1. 3a popmymoro (1), maemo:

3) cosx :1;
7
X = iarccos%+2nk, ke Z.

1 .
3HaUeHHA arccos? MOXKHA 3HANTH JINIle HAOJMKeHO (HAIpu-
KJaJ, 3a JOIOMOIOI0 KaJIbKYyJIATOpa). ¥ HPUKIATHUX 3amadax
1 .
3HAXOAATh HAOJIMMKEHO: arccos?z 1,4274 i Tak camo HaOIM-

JKeHO 3alUCyIOTh PO3B’A3KU: X ~ +1,4274 +2nk, k € Z. ¥V ma-
TeMaTHIll K 3aJUIIAIOTE TOUHUHA PO3B’sI30K:

X = iarccos%+2nk, ke Z.

4) cos4x = 0 — e vacTkoBuit Bunamgox. OT:xKe, MaemMo:
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4x=£+nk,k e Z, To0TO x=£+n—k,k e Z.
2 8 4

Bigmosigs. 1) i%+ 2nk, k € Z; 2) posB’A3KiB HeMmae;

3)iarccosl+2nk,keZ; 4)£+n—k,keZ.
7 8 4

Axmoio a < -1 abo a > 1, To piBHAHHA
-~ | sint = a po3B’sI3KiB He Ma€, OCKiJIbKU
lsint| < 1 gns 6yab-AKOrO 3HAYEHHA t.

Hexait —1 < a < 1. Toxi piBHsHHs Mae pos3s’sa3Ku. IIpoiaro-
CTPYEMO IX Ha ONMHUYHOMY KOJIi. 3a O3HAUEHHAM, Sint — me op-
AuHATa Touku P, oquHMYHOTO Kosa. ToMy po3p’a3KaMu piBHAHHA
OyIyTh KYTHU, OPAUHATH TOUOK AKMX HA OJMHUUYHOMY KOJi JOPiB-
HI0IOTH a. [I1s |a| < 1 Takux Kyris 6yge ABa, iM Ha KOJIi BiJIOBi-
naioThb ABi Touku (mais. 28.4 i 28.6), a n1sia =1 abo a = -1 — mo
omHoMy KyTy (Mai. 28.5).

2. Pienannsa sint = a

yh yip, Y
1l =
-sz a Pt1 /»& 1
t
2 1 > Pﬂ/\PO >
© % Q.jl i le *
-1|P .
2
Maux. 28.4 Mag. 28.5 Max. 28.6

. . . T T . .
Ockinpku sint; =a i t € [—E; 5}, To t, = arcsina. Toxi

t, =n—t =mn-arcsina. Ypaxopyouu, mo (PyHKIis y=sinx €
IepioguYHOI0 3 HAMMEHIIIUM NOJaTHUM Iepiogom 27, Mmaemo (op-
MyJu KOPEHiB piBHAHHA Sint = a:

t, = arcsina + 2nn, n € Z,1i t, = n — arcsina + 2nn, n € Z.

IIi posB’sasxku piBHAHHA Sint = a Mo:kHa 006’egHATH B OAHY
tbopmyy:

U’ t = (—1)*arcsina + nk, k € Z. 2)

Cupasni, saximo y dopmyny (2) miazcraButu mapue k, ToOTO
k =2n, n € Z, orpuMaemo, 110 t = arcsina + 2nn. AKIimo K mig-
CTaBUTHU HemapHe k, TodTo Bk =2n + 1, n € Z, oTpuMaemMo, III0
t =7 — arcsina + 2nn.

Arxmio a = -1, a =0, a = 1, maTuMeMO YaCTKOBi BUIIAAKM PiB-
HAHHA sint = a, AKi, AK 1 y BUDagKy PiBHAHHSA COSt = @, 3pYYHIi-
Ire po3B’sI3yBaTH, BUKOPUCTOBYIOUN OSUHUYHE KOJIO:

1) sxmo sint = -1, 10 ¢ = —g+ onk, k € Z (man. 28.5);
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2) akmo sint =0, To t = nk, k € Z (man. 28.6);
3) axmo sint = 1, To ¢ = g+ 2nk, k € Z (mar. 28.5).

ITomamo posB’A3KU PiBHAHHA Sint = @ y BUTJIAAL TaOIAILi:

PiBuaung sint = a
la| > 1 la| <1

a+x0;a+=+1 a=0 a=1 a=-1

KO- = =
peHiB |t = (-1)* arcsina + nk, |t = nk,|t = P 2k, |t = 3 2nk,

HeMae
keZ keZ |, o beZ

W PosB’sa3aTu piBHAHHA:
L]

:1)sinx=—2; 2)sinx:—l; 3) sinx = —m; 4)sin(x+£j=1.
2 2 4

& |2

Poss’asannda. 1) sinx:?; —

2

<1. 3a ¢opmyaow (2):

x =(-1)" arcsin72 +nk, ke Z;

x:(—l)kg+nk, ke Z.

2) sinx = —l;
2

; <1. x = (-1)" arcsin (—%) + 7k, k € Z,

TOOTO X = (—1)k (—%} +7k, B e Z.

Ocximpru (~1)" (—%) = (- . (-1 % = (-t .g, o

kE+1 TC

x=(-1) E+nk, kelZ.

3) sinx = —n. Ockinbku —7m < —1, TO Po3B’A3KiB HEMAE.

4) sin [x + gj = 1. Maemo uacTKoBull Bumagok. Toxmi:
x+2="12nk ke Z spigen x=~-" 121k, k e Z;
4 2 2 4
oTIKe, X :£+2nk, ke Z.
Bigmosins. 1) (—1)k£+nk, keZ 2) (—1)k+1g+nk, ke Z;
3) po3B’A3KiB Hemae; 4) %+ 2nk, k € Z.
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3. Pienanna tgt = a Ockinpku tgt moixe HaOyBaTu OyIb-

= || AKuX OiACHUX 3HAUYeHb, TO PiBHAHHSA
tgt = a mae pos3B’A3KU O OyIOb-AKOro a. 3HaigeMo iX Ha ongu-
HUYHOMY KOJIi.

Ha nimii ranrencis icmye egunua touka D,, y
opauHaTta AKoi gopiBHIOE a (Maa. 28.7). Cmo- a D,
JyuumMo TouKy D, i3 menTpom Kosa O. IIpominb
OD, nepeTuHaec OJUHWYHE KOJIO B Toumli P, / P,

AKa BigmoBimae KyTy t Takomy, Imo tgt=a i

te (—g,g] Toxi t = arctga. Ile i € po3B’a30K \\O x
piBHAHHA tgt = a. /

Ockinmbku QyHKIiA y = tgx mnepiogmuHa 3

HaiMeHIIUM [JOZATHHUM IIePioZoM T, TO MAaEMO Mau. 28.7
opMyy KOPEHiB IILOTO PiBHAHHA:
d’ t = arctga + 1k, k € Z. (3)

m Posps’asatu piBHsuaa: 1) tgx = —\/g; 2) tg2x = 5.

« PosB’asaunuasa. 3a popmysaomn (3) maemo:
1) x = arctg(—\/g) +nk, ke Z; | 2) 2x =arctgb+ nk, k € Z;

x=—§+nk,keZ. x:0,5arctg5+%k,keZ.

Bigomosins. —§+nk, keZ. BigmoBingsn. 0,5arctg5+%k,

'k e Z.
4. Pieniil cth Ocrcim:r;gr ctgt moxke Ha6}7Ba'I“I/I Oy ab-
~ | AKkuUX [JificHUX 3HA4YeHb, TO PiBHAHHS
ctgt = a Mae po3B’A3KU A OYIL-AKOTO d.
3HaiizemMo X Ha OQMHUYHOMY KOJIi.
Mipkyrooun Taxk camo, AK i AJid piBHAHHA
tgt = a (man. 28.8), orpumMaeMo, 10 MHOMKU-

Y
HY po3B’sA3KiB piBHAHHA ctgf = a MoKHaA 3a- QJ ax

3 Ct

natu hopMyJIoio:

Q. t = arcctga + nk, k € Z.  (4)
Posp’sa3aTu piBHAHHS:
: 1
—_ 2) ctg(x + 40°) = 1.
NG g( )

PosB’asaumusda. 1) 3a gpopmyaorw (4) maemo:

Max. 28.8

1) ctgx =

X = arcctgi+nk, k e Z;

NG

x=£+nk,keZ.
3
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. 2) OckinbKHM HeBimoMHE KyT 3aJaHO y rpagycax, To i opMmy-
ay (4) TakoK BUKOPHUCTAEMO y I'pagycax. ¥ paxoByIOUuH, IO

arcctg(-1) = % =135° nk =180°k, maemo:

x + 40° = arcctg(—1) + 180°k, k € Z;
x + 40° = 135° + 180°, k € Z;
x =135° — 40° + 180°k, k € Z;
x =95° + 180°, k € Z.

Bigmosigsn. 1) §+nk, ke Z; 2)95°+ 180°, k € Z.

Posp’sssyBaHHA TPUTOHOMETPUYHUX PiB-
HSHBb, III0 HEe € HAWIIPOCTIilIIMMM, 34 JI0-
TIOMOTOI0 TPUTOHOMETPUYHUX (QOPMYJI

5. Tpuzonomempuuni
PISHAHAHA, WO 3600Ambes
0o rainpocmimux

~— | Ta TOTOXKHUX I[EPETBOPEHb 3BOAATH IO
POBB’I3yBaHHSA HAWIIPOCTIIIINX TPUTOHOMETPUUYHUX DiBHSIHb.

m PosBp’sa3aTu piBHAHHA:

. 1)4tg[—§j+4x/§=0; 2) sin xcos x = -0, 5.
PosB’sa3aHHuA.
1) Ockinpku tg (— g) = —tgﬁ, ' 2) IToMHOXHUMO 06MABi uacTu-

MaTHIMeMO: 3 Hm PiBHAHHA Ha 2, MATHUMEMO:
2sinxcosx = —1.

x
—4tg 3 ~4+/3; YpaxoByiouH, II[o
X ' 2sin xcos x = sin 2x,
tg— = \/§ ; ! OTPUMAaEMO YaCTKOBHUI BHUIIa-
3 ! JTOK HAWITPOCTIIIIOTO PiBHAHHA:

= arctg V3 + ik, k e Z; | sin2x =-1;
2x = —§+2nk, ke Z;

ik ke Z;

W R Wk

x=-" ik ke Z.
x=n+3nk, ke Z. 4

Bignmosings. m+3nk, k € Z.

[ LGENS 3HaiTH KOpeHI piBHAHHS COS2X —sin2x = \/5, 170

BigmosBings. —g+nk, ke Z.

. T
HaJIeXaTh IPOMIMKKY {—5; TEJ-

PosB’sa3auusa. CoouaTky 3HaiifeMo BCi KOpeHi piBHAHHS, a TO-
TiM BOEpPeMO 3 HUX Ti, II[0 HAJIEXKATH JaHOMY IIPOMLMKKY. 3BeIeMO
PiBHAHHS 10 HAWIIPOCTIIIIOT0 METOAOM JomoMiskHoro Kyrta (§ 23,

1. 4). Iloginmo o6uABI YacTUHY PiBHAHHS Ha \/5, MaTHIMEMO:

Lcost —isin2x =1.

V2 V2
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* VpaxoByioun, o L—Q— sin = = cos—, oTpuMaEMo:
b Y » 11 2 2 1 1’ b :

I .,
cos—cos2x —sin—sin2x = 1.
4 4
. s .
CropocTuBIIY JiBYy YaCTUHY, MATAMEMO: COS| 2x + 1 =1, sBig-

T T
KU 2x+Z=2nk, ke Z, oTixe, x = nk—g, keZ.
Temep 3 oTpuMaHOl MHOMKHHUN KOPEHiB BubOepemo Ti, II[0 HaJe-

. s . .
JKaTh MHPOMIMKKY {_E; n]. 3amnuiemMo A5 KOPEeHiB yMoOBy ix

. . T T s
HAJIE’KHOCTI IILOMY IIPOMIMXKKY: Y < k- 3 < m. PosB’asaBiu
OTpUMAaHy HEPiBHICTH, 3HAWAEMO caMe Ti 3HAUeHHA k, IPU AKUX
. . 3 9 .
KOPEHI1 HaJIe:KaTUMYTh JaHOMY IPOMiKKY: "3 S k< ry OcKinb-

Ku k€ Z, poss’askamu HepiBHocTi € =0 i £=1. Orxke, nma-

HOMY IPOMIiKKY HaJIeXKaThb ABa KOPeHi piBHAHHs. 3HalgemMo ix:

I i
1) agmo £=0,170 x=71-0—-—==——;
) AKII 5 o
n Trn
2)akmo E=1,10 x =m-1—-—=—.
) AKII 5" &
n n
BigmoBigs., ——; —.
pis pi )

W7 ERNAS  SHaliTy HAKOIABIIUI Big eMHUI KOPiHD PiBHAHHA

o tg(x —15°)ctg(x +15°) = %

PosB’asauusa. Il[ob6 sHaiiTu HaWOiAbIINUK Bif’eMHUN KOPiHb
piBHAHHA, Tpeba 3HAWUTM MHOMKWHY BCiX KOpPEHiB DPiBHAHHS, a
moTiMm BuOpaTu 3 Hel HaMOiabIle Bix’eMHe UmMCIIO.

ITeperBopumoO niBy yacTuHy piBHAHHA: tg(x —15°)ctg(x +15°) =

1
_sin(x - 15°) cos(x +15%) g (SIn(=30°) +sin2x)

- cos(x —15°) sin(x + 15°) B

_ 2sin2x -1

% (sin 30° + sin 2x) 2sin2x +1

. 2sin2x -1 1 . .
Maemo piBHSAHHA: ——————— = —, AKe PiBHOCHUJIbHE CHUCTEeMi:
2sin2x+1 3
3(2sin 2x — 1) = 2sin 2x + 1, sin2x =1,
. TOOTO . 1
2sin2x +1 # 0; s1n2x;t—§.
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¢ Cucrema piBHOCHUIBHA PiBHAHHIO: sin2x =1, [0 € HaimpocTi-
mumM. Poss’sikemo iioro: 2x = 90° + 360°k, k € Z;

x =45° + 180°, k € Z.
OTprMaaIn MHOMKUHY KOPEHIB II0OUaTKOBOI'O PiBHSIHHS.
Temnep BubGepemo i3 1iel MHOKMHMU HaAI0iJIbIlle Bifg’ €eMHE YMCJIO.
OueBupgHO, 110 pu k£ 2> 0 Bci KopeHi OyAyTh JOOATHUMM, a IIPU
k <0 — Birx’emuumu. OCKiIbKY 3HAUEHHSI KOPEHs 3aJIEXKUTh Bif
3HAUeHHA k, TO HAHOIJIBIIMM KOpeHeM cepel Bix’eMHuX Oyae
TOH, SKUHA OTPUMAHO /s HalOiIbIIOro Big’ eMHOTO 3HAUEHHS &,

ToOTO I k= —1.

Armo k =-1, To 45° + 180°k = 45° + 180°-(-1) = —-135°.
Bigmosigs. —135°.

6. CmoponHi Kopeni
MPUZOHO MEMPUHLHUX
PiéHANRb

AKmoo ob6gacTh HOMyCTHMUX 3HAUEHb
(O13) smimuol y piBHAHHI, AKe He €
HaWOPOCTIIINM, HEe € MHOMKMHOI BCiX
OificHUX dYuceJ, TO IiJ uac pos3B’fA3Y-

BaHHA PiBHAHHSA 3BeJEHHAM HOTO0 MO0 HAWUIIPOCTIIIIOTO MOMKJINBA
mosABa CTOPOHHiIX KopeHiB. Ile MoxamBO i Toxi, Kosu mepeTBO-
PEHHA TPUTOHOMETPUYHUWX BUPAa3iB y PIiBHAHHI TPUBBOAUTH OO0
posutupenHas oro O13.

Y OinbpirocTi BUIAAKIB YHUKHYTU IIOABU CTOPOHHIX KOPEHIB
JIO3BOJISIE Memo0 PIiBHOCUJbHUX NepemeopeHdb MmpPuzoHOMempui-
HUX pPi6HAHb, IIO IIOJIATAE B 3aMiHI MOYATKOBOTO DiBHAHHSA PiB-
HOCUJILHOIO TOMY CHCTEeMOIO PiBHSHBL i HepiBHOCTe#l (I0IaTKOBUX
yMOB, moB’ss3auux 3 O[3 aminzoi y piBHAHHI, AKI JOIMOMOXKYTH
BUABUTY i BUWJIYYNTU CTOPOHHI KOpeHi).

Posrinanemo 3aCTOCYBaHHsA OO MEeTOAYy Ha IIPDUKJIagax.

. cosx
I IGENRRSS Poss’asatu piBHaAHHA: ——— = 0.
1+sinx

L] . .
PosB’sa3auusda. Maemo piBHOCHIbHY PiBHSHHIO CHCTEMY:
cosx =0,

sinx # —1.
PosB’sa3Kku cucTeMU MOKaKeMO Ha OJUHNYHOMY KoJji. JlomoBu-
MOCS, PO3B’A3KM THUX CIIiBBiJHOIIIEHb CUCTEMIH, III0 € PiBHAHHA-
mu (y HAIloMy BUNAAKY — IEPIINN PANOK CUCTEMHU), IO3HAYATU
Ha KOJIi TOUKaMH, a TUX CIIiBBiJHOINIEHb, III0 HE € PiBHAHHIMU,
TOOTO BiAmOBimaioTh 3a BimOip KopeHiB (y HaIIOMy BUIIAOKY —
e OIPyruii psagoK CHUCTEeMHU) IIO3HAUATH HA KOJi «XPEeCTUKaAMU» .
Kopensavu piBuanHa cosx =0 € 3HaueHHA X, AKAM Ha OU-
HUYHOMY KoJIi Bigmosimatore Toukum P i P . Kopenamu piB-

2 2
HAHHA Sinx = —1 e 3HaueHHA X, AKUM Ha OJMHHUYHOMY KOJi
BiAmoBizfae Touka P .

2
YpaxoByioun, 1110 APYTUH PAJOK CUCTEMHU Ma€ BUTJIAL Sin x # —1,
O3HAYUMO TOUKY P _ «xpecturkom» (man. 28.9). Ile osnauae,

2
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10 B TaKW# cmoci6é Mu BuUayumau («BU- Y
Kpecauamn») TOUKY, IO BifIIoBiZae cTOpPOH- 1
HIiM KOpeHsSM, TOOTO BUJIYUYMJIN CTOPOHHIL

KopeHi, AKi 3’aBuiucaA Iicjas poss’A3aHHS

piBHaHHA cosx =0, AKUM MU BaMiHWIN

IIOYaTKOBE PiBHAHHA. 0 1 x
Omxe, MHOMKHHOIO PO3B’A3KiB IIOYATKO-
BOTO PIBHAHHA € Ti 3HAUEHHS X, SAKUM
Ha OIWHWYHOMY KOJi BiZmOBimaioTh TOUY- -1Tp
Ku 0e3 «xpectukiB». Ile KyTum BuUrIALy =

x=g+2nk, ke Z.

M\;U

Bigmosigs. g+2nk, keZ.

IIGENRRE Poss’asatu piBHaAHHA: tgbx = tg3x.

. PosB’asaunusda. [na po3s’A3yBaHHS IILOTO i MOAIOHUX HOMY
PiBHAHB, MOMKHA CKOPHCTATHCA MEPiOAWYHICTIO TPUTOHOME-
TpUYHUX (GYHKIIHA. 3a YMOBOIO, MAaeMO PiBHiCThL 3HAYeHb TaH-
reuciB KyriB 3x i Sx. YpaxoByrouu IepioguuHicTh TaHTeHca,
I[i 3HAUEHHS MOMKYTb OyTH PIiBHUMU JIWIIIE TOMi, KOJIU KYTH
MixK co0Ooro piBHiI abo pisHATHCA Ha UYHCIO, KPaTHE YMNCJIY T.
Tomy, 3 ypaxyBamuam nworo ta O3 TanreHnca, piBHAHHA

Sx=3x+mnk, ke Z,
tgbx = tg3x piBHOCHIBLHE cucTemi: <cosbx =0,
cos3x#= 0.

3 1epIioro piBHAHHSA CHUCTEMU OTPUMAEMO KOPEHi BUIJIALY

nk . . . .
X = 5 k € Z. IlepeBipuMo, uu € cepesl HUX CTOPOHHI, TOOTO Ti, AKi

He 3aJJ0BOJIBHSIOTH Xoua 0 omHy 3 yMoB cosbx # 0 abo cos3x = 0.
n(2n +1)

Armo k=2n+1, n e Z, to6to k — HemapHe, TO X = T,

. I .
OT)Ke, KOpPeH1 MaloTh BUTJIAL X = NN + E’ n € Z. IligcraBumo

i KopeHi, Hampukjgan, y piBHAHHA cos3x = 0. Martumemo:

cos3(nn + g] = cos (3nn + %j = cos?)?rE = 0. Omxe, Iy KOpPeHiB

b
BUTJIALY X = TN + E’ n e Z, ymoBa cos3x # 0 He BUKOHYETBLCS,
TOMY Il€ CTOPOHHI KOpEHi.

n-2n
Axmio £ = 2n, n € Z, To0TO B — mapuHe, TO X = , OTJKe, KO-

DPeHi MarTh BUTIAL x = nn, n € Z. 3HalileMo 3HA4YeHHA BuUpa-
3iB cosbx Ta cos3x madA IuUX 3HaUueHb X. MaTumemo:

cosbx = cosbnn = +1 Ta cos3x = cos3nn = +1.
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¢ Orxe, KOpeHi BUIIALY x = nn, n € Z 33J0BOJBHAITL KOMKHY
3 ymoB cosdx # 0 Ta cos3x = 0.
JoxonuMo BHCHOBKY, IO KOPEHSMM II0UYaTKOBOI'O PiBHSAHHS
€ JIUIlle YUCJa BUTIAALY X =N, n € Z.

BigmoBigs. nn,ne Z.

@ fKe pIBHAHHS Ha3VBalOTb TPUIOHOMETPUYHMM? @ 3anuwwiTe op-

Q Mynu AN po3B’si3yBaHHA PIBHAHHA sint =a y Bunagkax: a =—1;
a=0;a=1ila|] <1, a=0.e3anuwite dopmynu AN po3B’'A3yBaHHS
PiBHAHHA cost =a y Bunagkax: a=-1; a=0;a=11ila|l <1, a # 0.
©® 3anuwite dhopmMyny Ans po3B’s3yBaHHS PiBHAHHA tgt = a. @ 3anu-
WiTb oopmyny ANng po3B’A3yBaHHS PiBHAHHA ctgt = a.

§ Posb’sximo 3agaui ma bukoHaume bnpabu
{1 Ywu mae xopeni piBusuus (28.1—28.2):

28.1. 1) sinx = %; 2) cosx = \/5; 3)tgx=-1;
1 i
4) cosx=—§; 5) s1nx—g 6) ctg x = 47
28.2. 1) cosx = —g; 2)sinx =-0,8;  3)tgx=2;
4) sinx =1,06; 5) cosx = % 6) ctgx = —3?
Posps’sikiTh piBHAHEHA (28.3—28.10):
28.3. 1) sinx = —g; 2) sinx = 0; 3) sinx = %
4) cosx = % 5) cosx = —1; 6) cosx = -1,2;
1
Ntgx=———; 8) ctgx =1.
) NG ) ctg
28.4. 1) sinx = %; 2) sinx = —1; 3) sinx = -1,8;
2
4) cosx = —?; 5) cosx =1,4; 6) cosx = 0;
1
7tx:x/§; 8)ctgx =——.
) tg ) NG
9 285.1)sin2x=1; 2) cos% _ B,

2 b
3) tg4x =0; 4) ctg0,5x = -
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28.6. 1) Sinfz—l; 2) cos 3x :_\/g;
2 2 2
x 1
3)tg—-=1 4) ctg 2x = ——.
' e
. T T
28.7. 1) sm(x+zj =0; 2) Cos(x_gj -1,

T
3) tg (Zx - Zj

28.8. 1) sin (x - B =-1; 2) cos(x + gj - 0.

-1; 4) ctg (4x +

28.9. 1) sinx = %; 2) cosx =-0,2; 3)tgx=4; 4)ctgx=-3.

28.10. 1) sinx = -0,1; 2) cosx = %;

3) tgx=-2; 4) ctgx = 0,01.
3HalifiTh 00sacTh BU3HAUeHHA PyHKINI (28.11—28.12):
3

28.11. 1)) y=——; Ny=———+;
)Y sin4x +1 )Y 200SJC+\/§

1
3y= ; Hhyy=—"—"""—.
tg(x—nj—\/g Sctg2x +5

6
28.12. 1)y = 2 ; 2)y=+.
300s(x+:;j—8 x/gtgg—l

3 Posp’suxite piBrarHa (28.13—28.17):
28.13. 1) cos(2x + 30°) = —1; 2) tg (E - 15°J - 3.

28.14. 1) sin(2x -10°) = 1; 2) ctg (g + 35°j =-1.

28.15. 1) 3sin(2x—£j+3 =0; 2 2cos[§+gJ—J§ = 0.

28.16.1) 3 _3, g5V _ g
T X T
tg|dx+ © tg| X"
g[x 6] Cg(4 6]

28.17. 1) 5cos(f —Ej “5-0;, 92—+ 4
3 6 b
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28.18. CxaaniTe piBHAHHSA, PO3B’A3KaMHU SIKOT'O € UMCJIA:
)k, ke Z; 2)—§+2nk,keZ;

3) 2nk, k € Z; 4)n+2nk, k € Z;
5) J_r£+27tk, keZ  6) (—l)k%+nk, ke Z.

3a TOTOMOroI0 TPUTOHOMETPUUYHUX (POPMYJI 3BEe[iTh PiBHAHHA IO
HaAWITPOCTIIIoro i po3s’sKiTh #toro (28.19—28.20):

28.19. 1) sin4xcos4x = g; 2) sin? (x + g) — cos? (x + gj =1;
3) sin4xcosx —cos4xsinx = l; 4) sin? x_ §
2 3 4

28.20. 1) 4sin§cos§ =1; 2)2cos? (x - %) - 2sin2 (x - Ej =2;

8

3) sinbxcos3x + cosbxsin3x = —g; 4) cos? S?x = l
Posp’sikiTh piBHAHHA (28.21—28.26):
28.21. 1) V3cosx = 2cos(x+%]; 2) sinx = sin(x+%j;

3) 1+ 2cos3xcosx = cos2x;

T T
4)sin| = —x |+ cos| = — x | = /3.
yin{ <)o)
. T . T

28.22. 1) 2s1n(x - gj = sin x; 2) cosx = cos(x - gj,

3) 1+ 2sin xcos4x = sin dx;

. (3m T B
4) SID(I+ xj+cos(z—xj - 2.

28.23. 1) cos Ex + Ej = sin (x - Ej _sin Ex + Z_nj,
4 6 3

2) cos(x — 60°) — cos(x — 30°) = sin(x — 45°).
28.24. 1) sin x+ 5 |=sin| x+ | +sin| x+ = ;
4 3 6

2) cos(x —120°) + cos(x + 30°) = cos(x — 45°).
2

28.25. 1) cos x2 = 1; 2) tg = = —/3.
X

4 1

28.26. 1) sinv/x = 1; 2) ctg— = ——.

) ) gx NG
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28.27. 3HalgiTh HAaMEHIINN HONATHUNA KOPiHb PiBHAHHSI:

1) cos 2x - = =£; 2) sin I =1.
4 2 2 6 2
28.28. 3HalaiThr HAWOLIBININY Bil €eMHUII KOPiHb PiBHAHHS:

x ). _m)__¥8
1) tg(Z_Z)_l’ 2) cos[4x 6} 2"

28.29. 3HaigiTh HaMEHIIINHA SJOLATHUN 1 HAMOLIBININHA Bif eMHUNA

.. . i
KOpeHi piBHAHHA sin [2x + gj =-1.

. . . T . . . D
28.30. Po3B’a:KiTh piBHAHHA Sin (2.’6 —gj =0 i sma#igiTe Ti foro

. . { 51 275}
KOpEeHi, I0 HaJeXXaTh IIPOMIiKKY _F; ? .

28.31. ITpu AKuX 3HaUYEHHAX 4 MAa€ KOPeHi piBHAHHI:
1) sing =Ja+5;  2)(@a-1cosx=a?—-1?

28.32. Ilpu axux 3HaUeHHAX b Mae KOpeHi piBHAHHS:

1)cos%= b-38;  2)(b+2)sinx = b2 —42
4, Posp’sxire piBHAHHA (28.33—28.36):
28.33. 1) L-SIMY _ o, gy _COSX _
cos X 1-sinx
3) tg x = tg3x; 4) ctg3x = ctgbx.
98.34, 1) LECOSE . gy _SIIX
sin x 1+cosx
3) ctg3x = ctgx; 4) tg7x = tg5x.
28.35. 1) (x +0,5)2sinz| +sinx = 0;  2)[cosx| - — > __¢
(x +1,5)2
28.36. 1) cos x = (x — 2)2|cos x| 2) [sinx|+ ——2_ —0
(x — 4)?

SHaUIThL HAWOIIBININE Bil e MHNN KOPiHb piBHAHHA (28.37—28.38):

28.37. cos(x + %j + sin (x + g) +4/3 =0.

28.38. sin (x + %) - cos(x + g) - \/§ =0.

Posp’sokiTes piBuanna (28.39—28.40):
28.39. 2cos(v/x + 1) = 1. 28.40. 2sin (JE + gj = /3.
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sin x

28.41. 3HaiiniTe yci posB’asku piBHAHHA 1-cos2x = |_—, II10
sin x
) n 3%
HAJIeXKATh IPOMIMKKY E; 5 |
. . , . lcosx|
28.42. 3HalgiTey yci posB’A3KHU piBHAHHA —— = sin2x — 1, 1Mo
cosx

HAJIEXKAaTh IPOMIKKY [0; 75].

Posp’sxkiTes piBHAHHA (28.43—28.44):

28.43. (1 - 2sin x) /cos(x + gj - 0.
28.44. (2cosx +1) fsin (x + gj =0.

28.45. Cepen KOpeHiB pPiBHAHHSA

cos 3nx
\/§tg nx+1

10 Ma€e HaiMeHIIy BiJiCTaHb 0 YMCcJIa 2\/5 Ha YMCJIOBi# oci.

L. sin 2nx . .
28.46. Cepen xopeniB piBHsHHa —— = 0 3HalgiTh TOI, 110

nXx
1+tg—
g2

=0 smaiigiTe TOi,

Mae HaWMeHIIly BifcTaub n0 umnciaa 11 Ha umciaosiii oci.
28.47. BusHauTe KiJbKicThb KOpPEeHIiB PiBHAHHSI COSX = a Ha IIPO-

. T 37n .
MIKKY [—g; T} 3aJIeXKHO BiJ 3HaueHb Imapamerpa d.

28.48. BusHauTe KiJbKicTh KOPEHIB PiBHAHHA SinXx = a Ha Ipo-

. T 57 .
MiXKY [Z, ?} 3aJIeXKHO BiJ 3HAUEHDL ImapaMerpa da.

s Bcix 3HaUeHb mapaMeTpa a po3B’sKiTh piBHAHHA (28.49—28.50):

28.49. 1) actgx =1; 2) acosx =0;
3)asinx =1; 4) (a-Dtgx=a-1.

28.50. 1) (a-2)tgx =1; 2) asinx = 0;
3)acosx =1; 4)actgx =a.

Q SHaigiTs yci miai xoperi pisEanna (28.51—28.52):

28.51. cos (g(&c +/9x2 + 224x + 1416)] ~1.

28.52. cos (%(Sx —J9x2 —16x - 80)) -1,
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Posp’sokiTh piBHAHHA (28.53—28.54):

1 j 2 .(13 . j 3
=— 2) sin —Ensmx =—.

2sinx 2 2
1 (11 V2
=—; 2)sin| ——mcosx | = ———.
2 8 2

28.55. 3uaiigiTh yci posB’A3Ku piBHAHHA ctg(3cosx) =1, 1o 3a-
IOBOJIBHAIOTHL YMOBY —27 < X < —T.

28.53. 1) cos(

28.54. 1) cos[ ,1
sin x

28.56. 3uaiimiTh yci poss’sasku piBHAHHA tg(3sinx) =1, mo 3a-

37 e
IOBOJIBHAIOTH YMOBY e <x< s

28.57. KiieHT naaHye opeHIyBaTH aBTOMOOiIb Ha J00Y MJIs

noisaku Ha Biacranb 400 kM. Y Tabauili HaBemeHO Xapak-
TEPUCTUKU TPHOX aBTOMOOiIiB i BapTicTh ix openau. Kpim opeH-
IU, KJieHT 3000B’A3aHUI OILIATUTHU IIAJUBO IJId aBTOMOOLIA Ha
BCIO MOIBAKY. SIKY cymMy 3amjaTuUTh KJI€HT 3a OPeHAYy i IaJuBO,
AKIO Bubepe HaleIleBINUi BapiauT?

Awtowotims | Tammo | DNTPATamammna | Opemina nara
A OusenbHe 7 500
b Bensun 10 400
B Tas 14 450

Ilina pgusenbHoro nmanmsBa — 20 rpH 3a JiTp, OeH3UHY — 22 I'PH
3a JiTp, rasy — 12 rpH 3a JgiTp.
28.58. (Hauionanvua oaimniada Illseyii) Yucaa 1; 2; 3;
%" IepecTaBJI€HO B AEAKOMY MOPANKY dy, dg, ..., G,. JloBeIiTh,

10 KOJIX 1 — HellapHe YMCJIo, TO JoOyToK (a, — 1)(a, — 2) ... (a, — n)
€ IIapHUM YMCJIOM.

PO3B’A3YBAHHA TPUTOHOMETPUYHUX
PIBHAAHb 3A 0OMOMOIOK 3AMIHU 3MIHHOI

Y npomy maparpadi posrisHeMO Ti, BiaMmMimHI Big HaimpocTi-
IINX, TPUTOHOMETPUUHI PiBHAHHS, AKi 3BOAATHCA OO0 ajaredpaiu-
HUX PiBHAHBb BBEJEHHAM HOBOI 3MiHHOI (3aMiHU 3MiHHOI).

SIKmIo TpuUroHOMETpPUUYHE PiBHAHHS
MiCTUTh OOHY U Ty camy _TPUTOHO-

| meTpuuHY (PYHKII[i}0 OJHOTO I TOTO ca-
MOro apryMeHTy (abo 8BOJUTHCH [J0 TAKOTO piBHAHHA), TO, yBiBIIN
3aMicTb 1iel GyHKIIII HOBY 3MiHHY, OTPUMAaEeMO aﬂre6pa1qu piB-
HAHHS BiJHOCHO HOBOI 3MiHHOI.

1. PigHAanHA 3 04e6UOHOIO
3AMIHOI0 3MIHHOT

295



W Posp’asatu piBHarHA: 2c0s?2x —3cosx +1=0.

- PosB’asanua. Hexait cosx =t, Toai |¢t| < 1. Maemo piBHAH-

Ha: 2t2 -3t +1=0, KopeHi sKoro: t, =1, t, = 0,5. ITosepTae-

mocsa mo 3amimm: 1)t =1, Togi cosx =1, omoxe, x =27k, ke Z.

2)t=0,5, Tomi cosx =0,5, oToKe, X = i§+2nn, nelZ.

Bignosins. 2nk, k € Z; ig+2nn, nelZ2.

W Pose’sizaTu piBHsSHHA: /b —4tgx = tg x.

« PosB’sasanusa. Hexaii tgx =t. Toai maemo piBHSHHS:
VO —4t = t, axe piBHOCHIbHE CHCTEMi:

TOOTO

5— 4t = t2,
t =0

{t2+4t—5=0,

sBigxu t =1.

t =0

. T
IToBepTaemocsa mo saminu: tgx =1, oTike, x = Z + 7k, ke Z.

BigmoBigs. £+nk, ke Z.

Posrianemo piBHAHHA, HI0 MiCTATH pPiSHOWMEHHI TPUTOHO-
MeTpuuHi (PYHKIII abo omHy # Ty camMy (YHKI[iI0 Pi3HHUX apry-
MeHTiB. 3a3Buuail micjs BUKOPHCTAHHS BiJIIOBIZHMX TpUTOHOME-
TPpUUYHUX (HOPMYJI YIAAETHCA 3BECTU TaKe PIiBHAHHS A0 PiBHAHHA
BiTHOCHO OJHi€l TPUTOHOMETPUUYHOI (PYHKITII OJHOTO M TOTO caMo-
TO apryMeHTY, ITiCJIs YOr0 3aCTOCOBYIOTH 3aMiHY 3MiHHUX.

2. Pignannsa suznady
F(tgf(x), ctgf(x)) = 0

Y Takmx piBHAHHAX BUKOPUCTOBYEMO
B3aeMHY OOepHEHICTh TaHTeHca i KO-
TaHreHca, THUM CaMUM 3BOJUMO DPiB-

HAHHA 0O PiBHAHHSA, III0 MiCTUTHME TiJIBKU TAHTEHC.

m Posp’asatu piBHamua: tgx + 2ctg x = -38.

. Poss’asamua. O3 piBaanua: cosx =0 i sinx = 0.

1
Ockinbku ctgxzt—, piBasauua Ha O[3 HaOyBae BUTIALY:
gx

2
tgx+——=-3. Hexaii tgx =t. Maemo piBHAHHA: t +% = -3,

tgx

KopeHi akoro t; = -1 i t, = —2. [loBepraemoca no 3aminu:

1)t =-1, romi tgx =-1, ooxe, x = —g+nm, meZ.

2)t=-2, romi tgx =-2, oTixe, x = —arctg2 +nk, ke Z.

BigmoBins. —%+nm,meZ; —arctg2+nk, ke Z.
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3. PignAHnnA 6u2nady
F(cos?"f (x), sinf(x)) = 0
abo

F(sin®*"f (x), cosf(x)) = 0,
neN

Hyca abo KocuHyca.

VYV Takux piBHAHHAX BUKOPHCTOBYEMO
OCHOBHY TPHUTOHOMETPUYHY TOTO-
HicTb sin? a + cos? a = 1, gaka n03BosIAE
BUPA3UTH CHHYC uepe3 KOCHUHYC, abo
HaBIIAKU, Ta 3BECTU PIBHAHHSA [0 PiB-
HAHHSA BiTHOCHO OfHiel 3 QYHKIIIHA cu-

) E S Posp’asaru piBHaAHEHES: 6c0s2 2x + 5sin2x — 2 = 0.

e PossB’aszanuda.

Ockinpku cos?2x =1-sin22x, wmaTumemo

piBHanHA: 6(1 —sin? 2x) + 5sin2x —2 = 0. CopocTuBIIM HOTO
JIiBY YacTHHY, BiJHOCHO Sin 2X OTpMMAEMO PiBHAHHSA BUIJISALY:
—65sin2 2x + 5sin2x + 4 = 0. YBegemo saminy: sin2x = t, [t| < 1.

1
Orpumaemo piBHAHHA: 6t2 — 5t —4 = 0, KOpeHi fKOro t = -3
. 1 1
it, =1—. Yucno 1 He 3a0BOJIbHAE YMOBY It < 1. IToBepTaemocsa
3 3
. 1 . 1 b1 T
I0 3aMiHmU: t = Y ToHi sin2x = Y T06TO 2x = (—1)** E+ nk,
nk

EeZ, omxe, x = (-1 + ¥ ke oz
12 2

Bigmosins. (—1)k+1i+%k, keZ.

12
4. PigHAHHA U210y N |
F(cos2f(x), cosf(x)) =0
i F(cos2f(x), sinf(x)) = 0

3acTocyeMo (opmyay cos2a =1-2sin2a,

HAHHSA BiJHOCHO CHHYCA.

SKIO M0 IepHioro pPiBHAHHSA 3acTo-
cyemo Gopmyay cos2a = 2cosZa -1,
TO OTPUMAEMO PiBHAHHSA BiJJHOCHO KO-
cuHyca. SIKII0 IO APYroro piBHAHHA
TO OTPUMAEMO PiB-

m Posp’sasaTu piBHAHHA: cos2x —5sinx —3 = 0.

» PosB’azauuda. Ockimpku cos2x =1-2sin?x, maemo piB-

aauaa: 1—2sin2 x — 5sinx — 8 = 0. Hexaii sinx = ¢, |t| < 1, mae-
. . 1.
Mo piBHsaHHA: 2t2 + 5t + 2 = 0, KOpeHi AKOTO Lh=—-=1it,=-2,
2
3 AKHUX JIUIIe t; 3aJ0BOJLHSE yMOBY |t| < 1. TIoBepraemocsa o

3aMiHu: sinx = —l, To0OTO X = (—1)*+1 % +nk, ke Z.

BinmoBings. (—1)k+1%+nk, keZ.

5. PiguaHHA 6u2nady
F(sinf(x) £ cosf(x);
sin2f(x)) = 0

Y piBHSHHSAX TAKOTO BUTJISAY AOIiIb-
HOIO € 3amiHa t = sinx + cos x. Toxi

t2 = sin? x + 2sin x cos x + cos? x,
To6TO t2 —1 = +sin 2x,
8BigKM sin 2x = +(¢2 - 1).
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3ayBaxKumo, 1o sinx tcosx = V2 (? sinx + 7cos x

= \/E(sinxcosgi cosxsin%) = \/Esin(x igj

OT:Ke, BUKOPUCTOBYIOUM 3aMiHy ¢ = sinx +cosx, ciaig mam’s-

ratu, mo —/2 < ¢ < /2, To6r0 |t < /2.

QI ENRNGS PosB’a3atu piBHAHHA: sin2x +5(sin x +cosx)+1=0.
* Poss’azannda. 3amina: t =sinx + cosx. Toxi

t2 =sin? x+2sin xcos x + cos? x =1 +sin 2x, omxe, sin2x =12 - 1.
Ilicna samiEu Mmaemo piBHAHHA: t2-1+5t+1=0, 3Bigknu
t,=0it,=-b.

Vpaxosyroun, mo ¢ < \/5, MOBEPTAEMOCSA OO0 3aMiHU TiJbKU
mass t =0. Maemo: sinx +cosx =0. YBemeHHAM LOIOMIisKHOIO

. . \/’ : T .
KyTa 3aIMIIeMO PIBHAHHS y BHUTJIALL: V2sin| x +Z =0, 3Bin-

Ku x+§:nk, k € Z, oTxKe, x:—§+nk, keZ.

Bigmosins. —£+nk, ke Z.

6. Inwi eunadrxu
30CMOCYGAHHA 3AMIRU
3MIHHOL

Posriamemo 111e KinbKa TIPUKJIALIB
pO3B’sI3yBaHHA  TPUTOHOMETPUUYHUX
PiBHAHBL 3a JMOIIOMOTOI0 3aMiHH 3MiH-
HOI.

W Posw’sasatu piBuauHa: tg xctg g +ctg xtg % +2=0.

. . X x
PosB’aszauua.0[03: sinx # 0; cosx = 0; s1n§;t0; cosE;tO.

. x sin x x 1 1 1+cosx
Ockimpru tg—=—"——, a ctg—= =— =—
2 1+cosx 2 ta X sinx sin x
2 1l1l+cosx
. . l+cosx cos x
PiBHAHHSA IIE€PENUIIEeMO y BUTJIAII: + +2=0
cos x 1+cosx
1+cosx . 1
Ta mo3HauuMo t=———#— Maemo piBHAHHA: t+—+2=0,
Ccos X t
. . 1+cosx )
3Bigku t = —1. IloBepraemocsa mo samian: ———— = —1, 3BigKHU
cos x
1
cosx = —5, m1o 3amoBoabHse O13. Orike, MaeMO MHOMKUHY KO-

. . 2n
PEeHiB MIOUYaTKOBOTO PiBHAHHA: X = J_r? +2nk, ke Z.
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BigmoBigs. i%+2nk, ke Z.

I'Ipm(na.q 3} Poss’asaTu piBHAHHS:

5
2sint x + —sin? 2x — cost x = cos 2x.

PosB’as3aunuasa. IleperBopumMo 00uABI YacTUHY PiBHAHHS:

5 .
2(1 — cos? x)2 + 1 (2sin x cos x)2 — (cos? x)2 = 2cos2 x — 1, TOOTO
2(1 - cos? x)2 + 5(1 — cos? x) cos2 x — (cos2 x)2 = 2cos? x — 1.
Bamina: cos2x =t, 0 <t < 1. Maemo piBHAHHS:

. 3 .

2(1—-t)? +5¢(1 —t) — ¢2 = 2t — 1, KopeHi AKoro: t, = 2l t, = -1.
Kopins t, He 3agoBoabHAe ymoBy 0 < ¢ < 1.
IloBepTaemoca [0 3aMiHM, OTPUMAEMO PIBHAHHA: €OS2 X = —.

. . 1+cos2x 3 .
IlepenuimiemMo #Oro y BUIUIAZL: — = E TOAL cos2x = —

3BigKU 2x=ig+2nk, k € Z, oTxe, x=i%+nk, ke Z.

BigomnoBins. J_rE-Htk, ke Z.

=]

145 Poss’a3aTy piBHAHHSA Jacos? x+1++/4sin2 x+3 = 4.
* PosB’a3anHs. 3aMiHOIO 3BefeMO DiBHAHHS /|0 CUCTEMU PiB-

Haeb. Hexait vV4cos2x+1 =u; V4sin2x+3 =v.

Toxi, 3a ymoBoo, u+0v = 4.
Kpim Toro:
u?2 +v2 =4cos?x+1+4sin2x+3 = 4(cos? x +sin?x) +4 =
=4-1+4=8.
. u+v=4,
Maemo cucTeMy pPiBHAHB: 5
u® +v4 =8.

Orpumaemo, mo u =v =2 (po3B’sKiTh CCTEMY CaMOCTiiiHO).
IloBepTaemoca [mo B3aMiHM, HaAOPUKJIAL, MOJd 3MiHHOI u:

\Vdcos? x +1 = 2. Toxi maemo piBHAHHA: 4cos? x +1 = 22,
’ . T
PosB’azaBium e piBHAHHSA, OTPUMAEMO, IO X = J_rg +nk, ke Z.

BigmoBigs. i%+nk, ke Z.

@ HasBiTb BMNazku 3aCTOCOBYBaHHSA 3aMiHW 3MiHHUX Y TPUTOHOMET-
PUYHUX PIBHAHHSAX.
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g Pozb sxims 3agaui ma bukonaime bnpabu

\1,7 Posp’sokiTe piBHAnHA (29.1—29.20):

29.1. 1) 2sin2 x —sinx -1 = 0;
3) 4sin2 x —4sinx +1 = 0;

29.2. 1) 2cos? x + cosx —1 = 0;
3)4cos?2x+4cosx+1=0;

2 29.3.1)cos*x+cos?2x-2=0;

294.
29.5.
29.6.
29.7.

1) sint x + 2sin? x - 3 = 0;
1) 2sin? x + 2cos x = 2,5;
1) 2cos? x — 2sinx = 2,5;
1) cos2x —10cosx —11 = 0;

3) 8sinx = 3 — cos 2x;

29.8.

1) cos2x —6cosx + 5 =0;

3) cos2x = 4cosx +1;

3 29.9.1)3ctgx =2sinx;

3)bcosx +4tgx =0;

29.10.

29.11.

29.12.

29.13.

29.14.
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1) 2cosx = 3tg x;
3) 2ctgx —3sinx = 0;

1) cos2x +3/2sinx - 3 = 0;

3) cos2x = 2cos2g— 1;
1) cos2x ~3J/3cosx+4= 0;
3) lcos 2x = sinfcos f;

2 2 2

1) cos4x + 1 = 3sin 2x;

3) 7sin(2x—gj+gcosx =-1

4) cos (2x + 2—EJ = cos(x + Ej.
3 3

1) 1 + cos6x + 3sin 3x = 0;

3) 3sin(3§+2xj—5sinx =1;

4) cos (2x - 2_ch = sin(x - Ej.
3 3

2)4cos?2x-3=1;

4) tg2x-2tgx -3 =0.

2) 4sin2 x -3 = 0;
4)tg2x+tgx—-2=0.

2) 2tg x + ctgx = 8.

2) tgx + 3ctg x = 4.

2) 2cos?x +5sinx +1 = 0.
2) 2sin2 x —5cosx +1 =0.
2) 8sinx + cos2x — 7 = 0;
4) 5+ cos2x = 8cos x.

2) cos2x +3sinx + 4 = 0;
4) 4sin x + 3 = —cos 2x.

V2

2) 7tgx—cosx =0;

3sin x
4ectgx=———.
) ctg 3cosx —4
2)ctgx+\/§sinx:0;
4)tgx = 5%

3 +sinx

2) 2cos2x + 4 cos x = sin2 x;

4) sin3xsin x = cos 2x — 1.

2) cos2x + 2sin x = 2cos? x;

4) 2cos37xcos§+2cosx=1.

2) 1+ cos2 2x = 5sin2 x;

2) 1+ cos2 2x = 5cos? x;



29.15. 1) 1 + sin2x = sin x + cos x;
2) cosx —sinx =1+ sin x cos x.
29.16. 1) 4 — sin 2x = 4(cos x — sin x);
2)1+sinxcosx = sinx + cosx.

29.17. 1) /37 - 48tg x = 8tg x — 5;

2)36sinx-1=6 /34sinx—§;
36

3) Veosx = 1 - 2cos? x; 4)\2cos? x —1 = \/—sin x.

29.18. 1) /13 -18ctgx = 6ctgx - 3;

2)18cosx —1= 3,/32cosx—%;

3) V1 -2sin2 x = \/sin x; 4)\/2sin2 x -1 = \/—cos x.
29.19. 1) 1 + 3tg2x — 8cos? x = 0; 2) ctg2 x =1+ 8sin? x.
29.20. 1) 9ctg2 x = 6 — 4sin? x; 2) 2tg2x -~ T +4cos?2x =0.

29.21. 3maiifite yci poss’asku piBHAHHA 4 — 2sin? x = 5cos x,
110 3aJ0BOJILHAIOTh HEPiBHiCTH sinx > 0.

29.22. 3maiifite yci posp’asku piBHAHHA 1+ 2cos?x = 5sinx,
1110 3a0BOJIbHAIOTH HepiBHicTs cosx > 0.
. . v
29.23. 3HaigiTh yci posB’A3KK PiBHAHHS O COS 2X + 7 cos (x + 5] =-1,
v 371

110 HAJIEXKATh IIPOMiIKKY {5, 5 I

. T
29.24. 3uHaigiTs yci po3s’asku piBHaAHES 3cos2x =1+5sin (x _Ej’

110 HaJeXaTh IPOMiKKY [m; 2n].

29.25. 3HalaiTh HAMEeHIINN NOJATHUN KOPiHb PiBHAHHS
4sin?4x + 8cosb6xcos2x = 3.

29.26. 3uaigiTh HAUMEHIIUN AOJATHUN KOPiHb PiBHAHHS
1+ 2cos2x +4sin3xsinx = 1.

4, Posp’sxkire piBHAHHA (29.27-29.30):

29.27. 1) cos (Zx - gj + cos(2x + B =2++/2(1 -sinx) — 4sinx;
2)1+cos2x = cos(x + E) + sin(x + Ej.
3 6
29.28. 1) sin (2x + %) —sin (2x - %) = \/g(l +2cosx)—cosx —1;

2)1-cos2x = cos(x—£)+sin(x—£}
3 6
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29.29. 1) V3 +4cos2x =+/2cos x; 2) J1-cos2x = —sin 2x;
3) J2cosx = \/—3\/§sinx —4;
4) 2cos x + J5sin x + cos 2x = 0,

29.30. 1) +/sinx = +/2 — 3cos 2x; 2) V1 + cos2x = —sin2x;

3) —2cosx = ,/\/gsinx—%;

4) 2sinx —v5cosx —cos2x = 0.

29.31. CkinbKu posB’ssKiB, mo Hamemxarb mpomixkky [0; 27],
cos x

Mae piBHAHHA — = 1 + sin x?
—sinx
. . . T 57
29.32. CkinpKu po3B’fA3KiB, IO HAJEXKATb IIPOMIMKKY [E, ?},
. sin x
Mae piBHAHHA — = 1 — cos x?
1+cosx

29.33. 3uaiigite yci kopeni piBusuuas (1+tg2 x)sinx—-tg2x+1=0,
1110 3aJ0BOJIBHAIOTE YMOBY tg x < 0.

29.34. 3uaiigite yci xopeni piBHsaHHA 1+ sinx = (1 - sin x)tg? x,
1110 3a0BOJBHAIOTH YMOBY tg x > 0.

O Po3sB’asxiTe piBEarHA (29.35—29.40):

sin2x — 3v2sinx + 1 + 2sin2 x

29.35. =1.
sin2x -1
_ . . . 2
29.36. 1 s1n2x+3x/§s1nx+2s1n x _ 1
1+ sin2x

29.37. (1+3cos2x)(4dsinx +1++/3 +5cos2x —16sinx) = 0.
29.38. (3+5c0s2x)(2—-4sinx + J3 - 2cos2x + 5sin x)=0.

29.39. 1) cosb x + sinb x = %cos 2x — %;
2) cos? 2x — cos 2x = 2(sin8 x — cos8 x).
29.40. 1) cos® x —sinb x = %cos2 2x;

2) 2cos2 2x + cos 2x = 2(cos® x — sin?8 x).

29.41. Camko i IIaBiao pasoM MOXKYyTh modapOyBaTy mapKaH

3a 9 roguu. ITaBmo Ta Irop pasom mogapOyOTh TOUW camMuii
napka# 3a 12 roguu, a Camrko ta Irop — 3a 18 rogun. 3a cKinbKu
roguH mohapOyoTh IapKaH IIi XJIOIIi, IPAII0I0UYN BTPHOX?

29.42. (Hauionaavha onimniada Yexocnosauuunu, 1952 p.).
¥ JloBemiTh, IO KOJMW AOINATHI palioHaJbHiI umcsaa a, b i ¢ 3a-

IOBOJILHSAIOTE YMOBY ~a +b = ¢, To umcaa va i Jb raxom e
pamioHaJIbHUMU.
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PO3B’A3YBAHHA TPUTOHOMETPUYHUX
PIBHAHb PI3HUMU METOOAMU

¥V nBox momepenHix maparpadax MU PO3TJIAHYJU HAWIPOCTIIITi
TPUTOHOMETPUUHI PiBHAHHA Ta PiBHAHHA, AKiI 3BOAATHCA IO aj-
reb6paiyHUX 3a JOIIOMOTOI0 3aMiHU 3MiHHOI. ¥ mbomy maparpadi
POBTIAHEMO iHINII BUAU TPUTOHOMETPUYHUX PiBHAHBH Ta METOAU
iX po3B’sA3yBaHHII.

1. Memod posxnadanns Hexait maewmo piBaanua F(x) =0, giBy
Ha MHONCHUKL YaCTMHY AKOTO MOYKHA PO3KJIACTH Ha
MHOXHUKY, TOOTO 3BECTU [0 BUIJIALY:

F(x) = fl(x) folx) = oo * F(20).
Toxi piBuaaHa F(x) = 0 6y/1e piBHOCHJIbHE CYKYIIHOCTi PiB-
HAHb BUTJLAALY: f1(x) = 05 fo(x) = 0; ...; f,(x) = 0 3a ymoBU Bpaxy-
BaHHA ¥oro OJ13.

w Posp’asatu piBHauHA: sin2x + 3cosx = 0.

*« PosB’asaumuda. O03: x € R.
VYpaxoBytoumn, 1m0 sin2o = 2sinocoso, pPiBHIHHS HaOyBa€ BUTJIS-
ny: 2sinxcosx + 3cosx = 0.
JIiBy 4YacTWHY OTpUMAaHOTO PIiBHAHHA MOYKHA PO3KJIACTH Ha

cosx =0,
MHOXKHUKH: cosx(2sinx + 3) = 0. Toxi maemo: | | 3
sinx = ——;
o
. x=—+mnk, ke Z, T
3BigKU 2 Orxe, x = E +nk, k € Z.

.
Bigmosins. g+ nk, k € Z.

W Posp’sasatu piBHAHHS: sinbx — sindx = 0.

« PosB’asaumua. O3: x € R. w—p o0t p
Ypaxosyrouu, mo sina — sinf = 2sin 2 cos 5 piBHAH-

bx —3x Bx +3x

Ha Habyme BUIIAAy: 2sin 2 cos 2 = 0. Orxe, Mae-
MO piBHAHHA: 2sinxcos4x = 0, sgKe pPiBHOCUIbHE CYKYIIHOCTL
. . . sinx =0,
IBOX HANMNPOCTIIINX TPUIOHOMETPUUYHUX PiBHAHD:
cos4x = 0;
x=nk, ke Z,
3BiIKU OTPUMAEMO: )
XxX=—+——,mecJZ.
8 4
. . T Tm
BigmosBins. nk, k € Z; g + T, melZ.
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W Posp’asaTu piBHSHHA: cosx — cos2x + cos3x = 0.
« PosB’asaunudg. O3: x € R. YpaxoByouu, I10

X+ 3x x—3x
cosx + cos3x = 2cos 3 cos = 2cosxcos2x,

2
piBHAHHA HaOyme BUraamy: 2cosxcos2x — cos2x = 0.
Poskiamemo siBy #OT0 YacTMHY Ha MHOMKHUKHU, OTPUMAEMO:
cos2x(2cosx — 1) = 0. PiBuAHHA piBHOCMJIbHE CYKYITHOCTI pPiB-

cos2x =0,

HAHDb (PO3B’AXKITH IX caMOCTiHHO): 1
cos X = r

BigmoBins. %4—%’6, keZ;+ g—I— 2ntm, me Z.

. 1
W IGENRRSS PosB’a3aTy piBHAHHA: c0Szcos2zcos4zcos8z = 16

[ ] . . .
« Po3dB’saA3aHH4dg. IKOu siBa yacTuHA PiBHAHHA MiCTMJIa MHOMK-

. 1 .
HUK sinz, To il MoKHa OyJI0O 3BECTH OO0 BUTJISIIY Esmle, 3a-

crocyBaBmu 4 pasu Gopmysay 2sinocosa = sinZ2o. Tomy momuO-
JKMMO O0MIBiI yacTWHUM PiBHAHHA Ha sinz. 3ayBasKuMo, IO Iiei
OIPUAOM 3YMOBUTBH IIOSBY CTOPOHHIX KOPEHIB BUTJIALY 2 = Tk,
k € Z (po3B’a3kiB piBHAHHA sinz = 0), OCKiIbKM MHOMKEHHS 000X
YacTUH Ha BUPA3, IO MOKe MTOPiBHIOBATU HYJIO, HE € PiBHOCUIIL-
HUM TepeTBOpeHHsAM piBHAHHA. Crpasni, Ao sinz = 0, To6To
2 = nk, k € Z, niBa yacTUHA TOYATKOBOTO PiBHIHHS TOPiBHIOE
1 abo — 1 BigmoBimHO Iy mapHUX i HemapHux k, TOOTO He I0-
piBHIOBaTuUMe IIpaBiii yactuHi. TomMy, po3B’a3youn PiBHAHHS 3a-
3HAUEHUM MEeTOIOM, 3 OTPUMAHUX PO3B’SI3KiB Tpeba BUIYUUTU
Ti, Ipu AKUX BUpPas3, HA AKUNA MU JOMHOMKIJIN, TOPiBHIOE HYJIO,
TO00TO umMcaa nwk, B € Z. OmKe, Iicad MHOMKEHHS Ha Sinz o0o0x

. 1 . 1 .
YacTUH PIBHAHHA MaTUMEMO: Esmlﬁz = Esmz. ITepenucasim

#ioro y Bursani: sinl6z — sinz = 0, po3kJiazeMo JIiBy 4acTUHY Ha
16z -z 16z + 2z

MHOMKHUKHU: 2sin 5 cos 2 = 0 i oTrpumaemo:
sinEz:O, Ez:rm,neZ, 2:2n—n,neZ,
2 2 15
cos£2=0; E.2:E+n'n,neZ; 2:l+@,leZ.
2 2 2 17 17

Haji 3 oTpuMaHuX KOPEeHiB BUJIYUYNMO CTOPOHHI.
., 21n 15k .
1) Hexaint 15 # nk, TOOTO N # R k € Z, ane n — 1ine, TomMy

k = 2m — mapHe unucjo i n # 1bm, m € Z.
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9y Hexair -+ 2™ o 2k vodro 12 L7E=L mogij, 16k+E-1
17 17 2 9 -
k-1

To0TO [ # 8K + , Bk € Z. Ockinbku [ — mine, To k =2p + 1 —

Hemapue uuciao. Toxi [ # 8(2p + 1) + p, Tob6To [ # 17p + 8.

OT?Re,21=21Tc—5n,n€Z,n¢15m,mEZ;22=%+%,ZEZ,

l#17p +8,p e Z.

BigmoBigs. 211t_5n’ neZ n#1lbm, m € Z; £+21—T;l, l e Z,

17
l#17p +8,p e Z.

2. Odnopidni TpuronomeTpuuHe PiBHAHHSA BUTIALY
MPUZOHOMEMPULHI asin f(x) + beos f(x) = 0,
PLonAREs ne a i b — uncna, a#0, b#0, Ha-

3UBAIOThL OO0HOPIOHUM MPUZOHOMEM-
puunum pieHanHaAM 1-20 cmenens BigHOCHO sin f(x) i cosf(x),
00 KOKHUI i3 IMX AOJNAHKIB MIiCTHUTBCA B PIBHAHHI B IIEPIIIO-
My cTemneHi. PiBHAHHA B3BOAATH [0 HAUIIPOCTIIIOTO IiJIeHHAM
060ox iioro uvactTuH Ha cosf(x) 3a ymoBu cos f(x) # 0. IIpu 1wo-
My BTpaTU KOPEHiB He Bim0OymeTbcs, OCKiJIbKU 3HAUEHHS X, IIPU
akux cosf(x) =0, He € KopeHamu piBHaHHA. CupaBmgi, AKIIO
cos f(x) = 0, To piBHAHHA Habyme BuraAny asinf(x) = 0. Ockinb-
Ku a # 0, To Tomi sinf(x) =0. Ane He icHye Takux 3HaUYeHb X,
m1o cos f(x) = sin f(x) = 0.
ToKe, AKINO  MmoAijuTh  oOMABI  YacTHUHH  PiBHAHHSA
asin f(x) + bcos f(x) =0 Ha cosf(x), oTpuMaeMo pPiBHOCUJIbHE
iomy piBusauHA: atg f(x)+ b = 0, 110 € HaApocTimUM.

W Poss’sazatu piBuauasa: 2sin3x —5cos3x = 0.

*« PosB’asauusda. Iloginumo o0uaBi uYacTuHM pPIBHAHHA Ha

cos 3x # 0, maTumMeMoO: 2sin3x - 5 cos 3x =0; TobTo 2tg3x—-5=0.
cos 3x cos 3x
nk

Maemo piBuanHA: tg3x =2,5, 3BigKm x = éarctg 2,5+ ?,

ke Z.

BigmoBigs. éarctg2,5+%k, ke Z.

TpuronHoMerpuuHe PiBHAHHS BUTJIALY
asin? f(x) + beos f(x)sin f(x) + ccos? f(x) = 0,
ne a, b, ¢ — unciaa, 3 AKUX xXouya 0 ABa BigMiHHI Big HyJs, Ha3u-
BAIOTHb 00HOPIOHUM MPUZOHOMEMPUYHUM DIBHAHHAM 2-20 cmene-
HAa BigHOCHO sinf(x) i cosf(x). Koxxkuuil nomaHok y piBHAHHI —
IPYTOTO CTEIEeHd.
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Ao a #0, TO pPiBHAHHA PO3B’A3YIOTH, IOMIAMBIIK IIOIIE-
pemHbo 00mABi Horo yactuHM Ha cos? f(x) (3a ymosm cos f(x) # 0)
3 IOJAaJbINoOI0 3aMiHOW0O tg f(x) =%, Opu HbOMY BTpPaTH KOPEHiB
(3a aHaJsOTi€0 3 ONHOPIAHUM PiBHAHHAM 1-TO CTelleHs) He Big0y-
merbesa. Skmo sk a =0, To cosf(x) BUHOCMMO 3a AYKKHU Ta 3a-
CTOCOBYEMO NIPUHOM, BioMuii HaM 3 MONEPEeIHBOr0 MYHKTY.

)7 ERGS  PosB’aA3aTu PiBHAHHA:

o sin? nx — 4 sin tx cos tx — 5cos? nx = 0.
Poss’assaumuqa. Ti smavenua x, npu arkux cosnx =0, He €
KOPeHSAMU pPiBHSAHHSI, TOMY, IONLJIMBINMN OOMABI YACTHUHU PiB-
HAHHA Ha cos? nx # 0, kopeHiB He 3ary6umo. Maemo:

sin? nx  4sinnxcosmx 5cos?nx 0

cos? mx cos? mx cos? mx

Orpumanu piBHAHHA: tg2nx —4tgnx -5 =0.

3amina: tg nx = . Maemo: t2 — 4t -5 = 0, sBigku ¢, = —1; ¢, = 5.
IToBepraemocs mo 3aminm:

1) ¢, = -1, Toxi tg nx = -1, ToOTO TTX = —z + nk, OTiKe,

x=-0,25+Fk, k € Z.
2)t, =5, Tomi tgmx=95, ToOro mx =arctgd+mm, oTxe,

x:M.{.nh m € Z.
e
. . arctgb
Bigmosigs. -0,25+k, ke Z, ——+m, m € Z.
T

Cepen TPUTOHOMETPUUYHUX PIBHAHDL TPAILIAIOTHCS PiBHAHHS, BU-
TJIA AKUX BiIMIHHWE Bif 3ragaHoro BUIIE, ajie 1X MOKHAa 3BeCTH J0
OMHOpigHOTO piBHAHHSA. [ IIOTO YaCTO 3aCTOCOBYIOTH (hopMyJIu
TOABITHOTO KyTa Ta OCHOBHY TPUTOHOMETPUYHY TOTOKHICTh.

Posrisgmemo mpukJiag Takoro piBHAHHS.

1 E WA Posp’asaru piBHAHHES: 5sin? x —3cos? x —sin 2x =2,

« PosB’A3aHH4.
Ockinprm sin2x = 2sinxcosx, a 2 =2-1 = 2(sin? x + cos? x),
piBHAHHA HAOyBa€ BUTJIALY:
5sin2 x — 8cos? x — 2sin x cos x — 2(sin? x + cos2 x) = 0,
a micJiA CIIPOIlleHb MATHUMEMO OJHOPifgHe PiBHAHHS 2-TO CTEIleHs:
3sin2 x — 2sinxcosx —5cos2 x = 0.
Hami posB’sA3yeMoO piBHAHHS, AK y IONEePeJHbOMY NIPUKJIAIi
(Po3B’AKiTH caMOCTiiiHO).

5
BigmoBins. —£+nk, k e Z; arctg§+nm, m e Z.

3. Pienanns euznady Onuu ip CcIIoco0iB PoO3B’sI3yBAHHS Ta-

asinx + bcosx = ¢, de KOro DiBHSHHS, a caMe, METOJ JOIO-

a20, b%0, c=0 Mi’KHOTO KyTa, MU BiKe POITJIAHYJIU
- | B§ 28 (upukiag 6).
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Posrasmemo 1e omuH cioci® po3B’sisyBaHHSA PiBHAHB TAKOTO
Tuny. BiH mojssrae y 3BeleHHI IIbOTO PiBHAHHSA OO OJHOPITHOTO
3a JOIIOMOTO0I0 (POPMYJI IMOABITHOrO KyTa Ta OCHOBHOI TPUTOHOME-
TPUYHOI TOTOKHOCTI.

Posrinsamemo meii cnocib Ha mpuKJIami.

IIGENRRSS Poss’asatu piBHAHHA: 3sinx —4cosx = 3.
. PosB’aszanHda. Ockinbku sinx = 2s1n§cos§;

2x . 2x . zx 2x
COS X = COS E—sm - 1 = sin® — + cos E, MaATHMEMO:

. X x X . .X x
3.-2sin=cos=-4 [cos2 Z —sin? —j 3 (sm2 + cos? j
2 2 2 2 2 2
ITicna copollleHb OTPUMAEMO ONHOPiZHE PiBHAHHSA 2-TO CTelle-
.o X . X x x .
HA: sin? E +6 SmECOSE — 7 cos? E = 0. Posp’asasmiu ioro Ak
onHOpimHe 2-To cremeHsa (3po0iTh Ile CaMOCTITHO), OTPUMAEMO

KOpeHi: x = g+2nk, ke Z;, x=-2arctg7+2mtm, m € Z.

BigmoBigs. g+27tk, ke Z; —2arctg?7+2mm, m € Z.

I'IpMKna,q “8 3HalTH KOpeHi piBHAHHS:

12cos3x — 5sin3x = 13sin x.
P o3B’a3auug. CropucraeMocad MeETOAOM  JOHOMiMKHO-
ro Kyra. Ockinbpku 122 +52 =18, moxinumo obuasi uacTu-

. 12 5 . .
HU piBHAHHA Ha 13. Matumemo: — cos3x — —sin3x = sin x.

OckisbKu mpaBa yacTWHA PiBHAHHA MicTUTh (PYHKI[i0O CHHYyCA,
BUpas y JiBilf vacTHI TaK0XK 3BegeMo no GpyHKIIil cunyca. Hexait

13 = sin o, % = cos ¢. Maewmo: sin@cos3x —cos@sin3x = sin x.
3acTtocyeMo B JIiBi#i uactuHi (GopmMyay momaBaHHS, OTPUMAE-
mo: sin(p — 3x) =sinx. Ile piBHAHHA MOKHa pO3B’sg3aTu abo
pO3KJIafaHHAM Ha MHOKHUKK (aHAJOTIYHO OO WIPHUKJIALY 2
1poro maparpadga), abo sacTocyBaTH YMOBY PiBHOCTi OBOX Ofi-
HOUIMeHHUX (GYHKIiNA (AK y mpukaagi 9 ma c. 289). 3anwumre-
MO IJiI OTPUMAHOIO PiBHAHHS YMOBY PiBHOCTi ABOX CHHYCiB:

x=¢-3x+2nn,n¢c Z, . e
Maemo CyKymHIiCTH [IBOX JIiHiM-
x=n—-(p—38x)+2nk, ke Z.

HUX PiBHAHD 31 3MiHHOIO X (PO3B’AXKiTH X camocTiiiHO).

BigmoBigs. 0,25(p+%, neZz, O,5(p—g—rck, ke Z;

e sin —E' cos —i
A SI® =g €8P =g
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4. Posé’asyeanna Ilig yHiBepcaJlbHOIO TPUTOHOMETPUU-
MPUZOHOMeMPULHUX HOIO ITiZICTAHOBKOIO PO3YMiIOTh 3aIIuc
pienans 3a Jonomo2010 OCHOBHUX TPUTOHOMETPHYHHUX (YHK-
yHiGepcanbroi i Yepes3 TAHT'EHC IIOJOBUHHOTO KyTa:
MPUzZOHOMEMPULHOL 2tg a 1-tg? a
ni0cmanosxu . 2 2
sino = ——= 5 cosa=——"3
1+tg2— 1+tg2—
2 2
a a
2tg — 1-tg2 =
tga = -2 ; ctga = 2
5 O o
1-tg?— 2tg—
2 2

Craig mam’ATaTu, IO 3aCTOCYBaHHA IUX (opMyJa y PiBHAHHIL
3By:Kye toro Ol3 Ha MHOXUHY o = T + 21k, B € Z. Tomy nepen
3acTocyBaHHAM (POPMYJ Tpeba IIepeBipuTH, UM HE € Yucjaa Ifiel
MHOKVHY KOPEHAMU PiBHAHHA.

t
LG EGES PosB’asaTu piBHAHESA 2 (tgg — 1) = cost.

PosB’saszauuda. O3 piBuauusa — yci gificHi yucaa, Kpim uu-
cean + 2nk, k € Z, Tomy IIi unciaa He MOXKYTh OYTHU KOPEHSIMU
JIaHOTO PiBHAHHA.

1-tg? 2
2 . t
3acrocyeMo (hopMysy cost = Ta 3aMiHy: u = tg—.
2t 2
1+tg=—
2
ud -

Maewmo piBuasua: 2(v — 1) +

1
=0, sBigku u = 1.
u? +1 A

. t .
IToBepTaemocsa mo 3aMiHwM: th =1. Tomi t = g + 2nn, n € Z.

. . T
Bigmosigs. §+ 2nn, n € Z.

m Posp’sazatu piBuaaus (ctgz — 1)(1 + sin2z) = 1 + ctgz.

. 2t
Pos3B’ga3anmuada. Ilicaa sacrocyBanusa opmyin sin 2z = o8z
1+tg2z

OJI13 piBHAHHSA 3BYsKyeThcA HA MHOXKUHY 2 = 0,61 + 1k, k € Z,
aJie IIi Yymcjia He € KOPeHsIMU PiBHAHHS (IIepeBipTe caMOCTiHHO).
3acTocoBylouM 3as3HaueHy QopMmyJy i saminy tgz = u, maTtume-

1 2 1
mo: |——1]|/1+ Sl Y —; 8Bigku u = —1. IloBepraemocs
u 1+u? u

mo saminu: tgz = —1. Toxi z = —g + nk, k € Z.

BigmoBins. —g-i- nk, k € Z.
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5. Tpuzonomempuuni
PI6HAHHA 3 nApAMempPany

Pamime Mm BiKe posraamanu Jgedki
TPUTOHOMETPUYHI PIBHAHHA 3 mapa-
MeTpamMu. Po3risgHemMo KijnbKa OijbImn
CKJIaJHUX BIIPaB.

m Iuist Bcix 3HAUeHb mapaMeTpa b po3s’s3aTy PiBHAHHA:

12 sinx + 4\/§cos(rc + x) = b+/3.
PosB’asanuasa. [lepenuniemo piBHAHHA Y BUTJISAMI:
12sinx — 4+/3cosx = by/3.
YBegemo momoMiskHUIT KyT. g I[OTO MOAiINMO OOUIBI YacTH-

HU piBHAHHA Ha 83, ockimpru 122 +(4+/3)2 =192 = 84/3.

3 . 1 b . e . m b
Maemo: —sin x——cosx=—, TOOTO Sin x cos——cos x sin —=—,
2 2 8 6 6 8

. . T b
Orpumainu piBHAHHA: Sin| x —— |=—.
6 8

OcKinpku |sin a| < 1, ro:

1) axmo |b| > 8, To6TO b < —8 abo b > 8, KOpeHiB HeMmac;
2) axmo |b| < 8, To6To —8 < b < 8i -1 < g < 1. Toxi x — %:
= (—l)karcsing + nk, k € Z, orxe,
T . b
x = 6 + (—1)karcs1n§ +nk, ke Z.

BigmoBigs. Axmo b < —8 abo b > 8, To po3B’sA3KiB HeMae;

armo -8 < b < 8,10 x= % + (—1)* arcsin% +nk, ke Z.

WSHaHTH BCi 3HaueHHs IapamMeTpa @, IPU KOXK-

+ HOMY 3 AKuX piBHAHHA (a2 — 6a + 9)(2 + 2sinx — coszx) +

.+ (12a — 18 — 2a?)(1 + sinx) + a + 3 = 0 He Mae pO3B’A3KiB.
PosB’sas3anuasa. IleperBopuMo JIiBy YaCTUHY PiBHAHHS:

(@ — 3)%(2 + 2sinx — (1 — sin2x)) — 2(a? — 6a + 9)(1 + sinx) +
+a+ 3 =(a - 3)2%1 + 2sinx + sin2x) — 2(a — 3)%(1 + sinx) +
+a+ 3=(a - 3)2%1 + 2sinx + sin?x — 2 — 2sinx) + a + 3 =
= (a — 8)*(sin®x — 1) + a + 3,

Orpumanu DiBHAHH: (a - 3)2(sm2x -1)+a+3=0.
Ilepenumiemo iioro y surasazi: (a — 3)2cos?x = a + 3.

1) Axmo a = 3, To maemo piBHAHHA: 0 - cos?x = 6, aKe po3B’a3-
KiB He Mae.

a+3
2) Axmo a # 3, To cosZx = —.
(a-3)?
Ockinpkm 0 < cos?x < 1, To g BUMOT 3amadi HeoOXigHO BU-
- a+3 a+3
KOHaHHSA opfHiei 3 mBox ymoB: —— <0 abo ——— > 1.
(a-3)? (a-3)?
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3 mepioi HepiBHOCTI oTpuMaeMo, Io a < —3, a 3 ApPyroi, Imo
1 <a<3abo3<a< 6 (po3B’axKiTh HEPiBHOCTI caMOCTiiiHO).
OT:ke, OCTaTOYHO OTPHUMAEMO, IO BUMOTY 3ajadi 3aJ0BOJILHSA-
IOTh TaKi 3HaUeHHs mapamerpa: a < —3 abo 1 < a < 6.

Bigmosiges.a <-3abol <a<§6.

YaCTUHY MOXHa PO3KIacTU Ha MHOXHUKN? @ AKi TPUrOHOMETPUYHI
PIBHAHHSA Ha3MBalTb OOQHOPIOHUMM | SK iX PO3B’A3Yy0Tb? @ AKMMU
cnocobamy MOXHa pPoO3B’A3yBaTU PIiBHAHHSA asinx +bcosx = ¢?
©® K MOXHa po3B’A3aTv TPUTOHOMETPUYHI PIBHAHHSA 32 4OMOMOIOH
yHiBEpCcanbHOI TPMrOHOMETPUYHOIT MiACTAHOBKN?

Q @ Ak po3r’sa3ytoTh piBHSAHHA F(x) = 0 y Bunaaky, konu #oro nisy

§ Fosb’sximb 3aga4i ma buxoHadme bnpabu

{1 Posp’sxiTs piBuanaa (30.1-30.2):

30.1. 1) sinx(1 — tgx) = 0; 2) ctgx(cosx + 2) = 0;
3) cosx + 2cosxsinx = 0; 4) tgxsinx — tgx = 0.
30.2. 1) cosx(ctgx + 1) = 0; 2) tgx(3 — sinx) = 0;
3) sinx — 2sinxcosx = 0; 4) ctgxcosx + ctgx = 0.

9, Posp’axiTh pDiBHAHHA PO3KJIAZAHHAM HA MHOXKHUKN HOTO
aisoi uactuau (30.3—30.4):

30.3. 1) sinbx —sinx = 0; 2) cosbx + cos3x = 0.

30.4. 1) sin7x + sinx = 0; 2) cos7x —cosbx = 0.

Posp’sikiTh omuopinue piBHaHHA (30.5—30.6):

30.5. 1) sinx—\/gcosx:O; 2) 2sinx + 3cosx = 0.

30.6. 1) sinx + cosx = 0; 2) sinx —4cosx =0.

Posp’skiTes piBuanHa (30.7—30.10):

30.7. 1) 2sin? x = /3 sin x; 2) 2cos§sin 3x = cosg;
3) sin2x + cosx = 0; 4) 2sin2 x — sin 2x = 0;
5) cos8x = cos? x —sin2 x;  6) cosx + cos3x = cos 2x.

30.8. 1) cosx = V2 cos? x; 2) 2cosbx sin% = sinz;
3) sin 2x — /3 sinx = 0; 4) cos? x — 0,5sin 2x = 0;
5) sin10x = 2sin x cos x; 6) sin x + sin 5x = sin 3x.

30.9. 1) sin? x + 11cos xsin x + 10 cos? x = 0;
2) cos?4x +5cos4xsindx —6sin24x = 0.

30.10. 1) 6sin? x + 7sin x cos x + cos? x = 0;
2) cos? 2x + 2cos 2x sin 2x — 3sin? 2x = 0.

Posp’stokiTh piBHAHHSA, BUKOPUCTOBYIOUM METOJ HTOIIOMiKHOTO
kyra (30.11-30.12):

30.11. 1) sinx +cosx =1; 2) J3sinx —cosx = 2,
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30.12. 1) sinx —cosx =1; 2)sinx— V3cosx =2,
3 Posp’suxite piBEArHA (30.13—30.14):

30.13. 1) cosx —cos3x = J7 sin 2x; 2)6cosTx =sin8x — sin6x;
3) sin3x =1 — cos 6x; 4) sinbx = sin x + sin 2x;

3 .
5) cosg - cosS—x = 3sin? g; 6) cos (Zx - ?ch = sin(m + 4x);
7) sin x cos x = sin 2x cos 2x;

8) cos4xcosx = sin (% - xj cos (g - 2xj;

9) sin 3x cos x = sin 2x; 10) cos xcos 3x = cos 2x cos4x.
30.14. 1) sin3x +sinx = J6 cos x; 2) 5sin4x = cos9x — cos x;
3) cos4x =1+ cos 8x; 4) cosx = 2sin 2x + cos 3x;

5) sin 2x + sin 6x = 3 cos? 2x;

6) sin (3x - g] = sin(6x — 5m);

7) sin 2x cos 2x = /3 sin x cos x;

8) sin [g - 2x) cos [% - 3xj = cos x cos 6x;

9) cos4xcosx = cos 3x; 10) sin xsin 2x = sin 3x sin 4x.
30.15. 3uatinite HaibinbIuit Big’eMHME KOpPiHbL pPIBHAHHS

sin 2x — sin (g - 2xj =0.
30.16. 3naiigiTe HaWMEHIINUN [OOJZATHUHA KOPiHb pPiBHAHHA

cos 2x + cos (g - 2xj =0.

Posp’sxiTe piBHAnua (30.17—30.20):

30.17. 1) 1 + 2sin 2x = 6 cos? x; 2) sin? x —sinxcosx = 0,5;
3) cos2x —2sin2x =1; 4) 4sinx + 5cos x = 4.
30.18. 1)1 -2sin2x +2cos2x =0; 2) sin? x + 2,5sin2x + 2 = 0;
3) sin2x + 2cos2x = —-1; 4) 3cosx + 5sinx = 3.

30.19. 1) sin (x + g) + 2sin (Zx + 5?7[) = cos(m + 3x);
2) sinb5x + sin 3x + sin x = 0;
3) cos x + cos 2x + cos3x + cos4x = 0;
4)cos2x—1= /3 sin 2x — 2sin x,

30.20. 1) sin (Sx - %) + sin (x + %] = /3 cos (g - xj;

2) cos3x + cos 2x + cos x = 0;
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3) cos3x —cosx + sin3x — sinx = 0;
4)1+cos2x = sin 2x — v/2 cos .

30.21. [Ipu AKMX  B3HAUEHHAX T[apaMeTrpa a  pPIiBHAHHSA
4sinx —3cosx = a mae po3B’sA3Ku?

30.22. Ilpu  saAKUX  3HAUYEHHAX IapamMerpa b  piBHAHHA
5cosx +12sinx = b mae pos3s’asKu?

BukopucToByoun MeTO VBeIEeHHS OOIMOMIKHOTO KyTa,
po3B’saxKiTh piBHAHHA (30.23—30.24):

30.23. 1) sin3x + gsin 5x + %cos x = 0;

2) cos3x —sinx = \/§(COS x — sin 3x).

30.24. 1) sin2x + cos2x = J2sin 3x;
2) cos3x —sinbx = \/§(cos 5x — sin 3x).
Posp’skiTe piBHAnuA (30.25—30.26):
30.25. 1) cos2 2x + cos? 6x = 1;
2) cos7x + cos x = 2cos 3x(sin 2x — 1);
3) 4(sin 6x + sin 4x) = cos x(4sin? 5x — 5);
4) sin x + sin 2x + cos x(1 + 2cos x) = 0;
5) 3cosx + sin 2x(2sin x + 4) = 0;

6) 2cos? x + 3 sin2x =1 - 2cos x.
30.26. 1) sin2 x + sin? 2x = 1;
2) sin x + sin 9x = 3sin 5x(2cos 2x — 1);
3) 4(cos5x — cos7x) = sin x(4 sin2 6x — 5);
4) sin 2x + cos x — sin x(1 + 2sin x) = 0;
5) 3sinx — 2sin2x(cosx — 1) = 0;
6) 2sin2 x + /3 sin2x = 1 — 2sin x.
30.27. BHaiixiTe yci KopeHi piBHAHHS 2C0SX — 3sinx = —[sin x|,

. T
[0 HAJIEKATh IIPOMIMKKY (—5; —j.
30.28. BHaiigiTe yci KopeHi piBHAHHA 3COSX —2sinx = |cos x|,
10 HaJexaTh IPoMikKy (0; ).

BukopucroByioun yHiBepcaJbHY TPUTOHOMETPUUHY IIiICTAHOBKY,

posB’skiTh piBHaAnEA (30.29—-30.30):

30.29. 1) 2tg X — cos x = 2; gyltsin2x o l+tex 4
2 1-sin2x 1-tgx

3) cos?2x —1 = ctg? x;

4) 1+ cosx) tg§—2+sinx = 2cos x.
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30.30. 1) 2(1 + sin 2x) = tg & + xj; 2) 3tgx — 3 = cos 2x.

Posp’sokiTes piBaanua (30.31—30.32):

30.31. \/l +sinx = \/1 —sin3x.
2 2

30.32. \/§ —cos3x = \/§ —cosx.
4 4

30.33. 3uaiigite yci KopeHi piBHaAHHA 2cos8x — 2 —sinl2x

T T
110 HaJIEXKATh IPOMIKKY (_E; —].
30.34. 3uatigite yci Kopeni piBHSHHS cos9x — 2 — 2cosbx

0 HAJIeXKATh IIPOMIiKK _7_7c. T
" P Y{"18° 18/

30.35. BnaiigiTe yci poss’sas3ku piBHAHHA 2cos? x = 1 —sin4x,

3a/I0BOJILHAIOTH YMOBY |x| < 1.

30.36. 3uaiinite yci posB’Asku piBHAHHA 2sin2 x + cos4x
1110 3aJ0BOJIBHAIOTH YMOBY |x| < 1.

Q PosB’soxiTe pisEaaHS (30.37—30.38):

30.37. 1) cos? 2%+ X |+ cos?| x— = | = 0;
3 12

2) cosb6x + sin% =2

3) (5 +— j(Z —sinb x) = 7 + cos 2y;
sin2 x
4) (cos2 x+ 12 j(l +tg22y)(38 +sin 3z) = 4.
cos? x
30.38. 1) sin? 3?36 +sin2 x = 0; 2) sin6x — sin 2x = 2;
3) (2+ j(4—2cos4x):1+5sin3y;
cos? x

4) (sin2x+ - ! )(2—cosy) =2.
sin2 x

=0,

=0,

110

:O’

30.39. 3uaiiniTe HaliMeHIIWE OOAATHWUIN KOPiHb pPIBHAHHS

cosx? = cos(m(x2 + 2x + 1)).

30.40. 3uaiigiTe HaWMeHIINN OOJZATHUH KOPiHb pPiBHAHHSA

sin tx? = sin(n(x2 + 2x)).
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30.41. 3HaligiTe yci 3HaueHHsA IapaMeTpa d, IPU KOXKHO-
My 3 AKux piBHaHHA (a2 — 4a + 4)(4 + 4sin?x + 8sinx) +
+ 2(16a — 16 — 4a?)(1 + sinx) + 28 — 8a = 0 mae npuHaKMHL
OIUH PO3B’SA30K.

30.42. 3HangiTh yc1 3HAUeHHA IIapaMeTpa a, IIpA KOXKHO-
My 3 AKux piBHauHA (a2 + 8a + 16)(2 — 2008 — 51n2x) +
+ (82 + 2a2 + 16a)(cosx — 1) + 3a +10 = 0 He Mae Po3B’A3KiB.

3HalAiTy HaliMeHIIe AONATHE 3HAUEHHSA IIapamMerpa o, IPU AKO-
My Ma€ equHUN po3B’A30K piBHAHHA (30.43—30.44):

6x N 9\/5
Jsina cosa

3044, x2+- 2% 1 om0

Jsina cosa

3HaAiTh yci Iiai 3HaueHHA mapaMeTpa @, IPU KOKHOMY 3 AKHX
PiBHAHHA Mae Po3B’ABKU (30 45-30.46):

30.45. 5 —4sin2x — 8cos22—3a

30.43. x2 + +36 = 0.

30.46. 2—-2cos2x —4sinx = 3a

30.47. Ilorar Xapkis—Yxropon Bigmpasiserbea o 10:35, a
+V mnpubyBae 00 11:48 mactynmHoro mua. CKiJIbKH Yacy IOTAT
nepe6yBa€ B J0po3i?

30.48. (Hauionanvha onimniada Benveii, 1979 p.). Posramryii-
Te 4Umcaa X, Y, 2, e x = (@ + b)(c + d), y = (@ + ¢)(b + d),
z=(a + d)(b + ¢), y TOpsAAKYy 3pOCTaHHs, AKINO a < b < ¢ < d.

Tligzomyiimecs g0 bubuenns Hobozo mamepiany

30.49. YKaxiTh cepen HepiBHOCTEH Ti, IO CIPaBAMKYIOTHCA IJIS
OyIb-sIKOTO X, Ta Ti, IO IIPU »KOJHOMY 3HAUEHHi X He MalOTh
po3B’A3KiB:

1) sinx < - 2; 2) cosx > —1,8; 3) sin x> —-5;
4) cos x < 3; 5) cosx < —4; 6) sinx > -1,7.

30.50. VxakiTh KinbKa 3HaUYeHb KyTa O, OJA AKUX CIPABIKY-

€ThCS HEPiBHICTH:

1) sina>l; 2) cosa<—l;
2 2
3)sina<—§; 4)cosa>g.
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@ﬂ TPUTOHOMETPUYHI
0 HEPIBHOCTI

' ‘ HepiBHicTH, IO MiCTMTH 3MiHHY I 3HAKOM TPUTOHOMETPUY-
&, HOI (PYHKIIiI, HA3MBAIOTE MPUZOHOMEMPULHOIO HEPIGHICMIO.

TpUTOHOMETPUUHUMMU €, HAIPUKJIAJ, HEPiBHOCTI:
. 1 3
51nx<5, cosx = \/2_ 4tg(x—§j>— 3 Torro.

Haitnpocrinmvy Ha3uBaOTh HEPiBHOCTI
Buraany sint > a, cost >a, tgt>a,
ctgt > a ra Ti, AKi oTpUMaemMo, AKIIO
B HHUX 3HAK > 3aMiHMMO Ha OAUH i3
3HaKiB >, < abo <. 3arajgbHi (popMyJaH I PO3B’A3yBaHHA IIUX
HeplBHOCTeI/I € JIOCUThb I‘pOMlBI];KI/IMI/I Tomy po3risiHeMO MeTOoau
pO3B’sI3yBaHHs HepiBHOCTEI Ha npukJIagax. [lasa HaouHocTi 6ysemo
BUKOPHCTOBYBATH OAWHUYHE KOJIO, JiHiI TaHTeHca i KoTaHTeHca.

2
-

1. Haiinpocmiuii
MpPU2ZOHOMEMPULHI
HepigHoCcMI

W PosB’sasaTu HepiBHiCTH sint > —

PosB’a3auHdA. sint — 1e opaumHaATA TOYKU OIWHUYHO-
ro KoJa, mio Biamosimae Kyty t. IlosHaummMo Ha OAMHUYHOMY

L . . 2
KOJIi BCi TOUKH, OpAWHATU AKUX Oinbri 3a > BOHHU JIEXKATh

2
BUINle IIPAMOI Y :? (man. 31.1). MHoXuHa BCiX TaKHX TO-

YOK yTBOpPIOoE ayry [l. SIKImo pyxatuca B3MOBXK I[i€l IyrW IIPO-
T PYXy TOOUHHUKOBOI CTPiJIKM, TOOTO B MOJZATHOMY HAIIPAMi
BigKkJIagaHHSA KYTiB, TO IIepilla ToukKa Ayru [ Bigmosimae KyTy

t —arcsin—z—E a OCTaHHA — KYTYy _n_£_3_7c
! 2 4 2 4 4
y/
P3n l - Pn
7/\1
V2 _ 2
2 Y=
0 x

Mau. 31.1

315



. Komunii i3 mux KyTiB € po3B’A3KOM HEPiBHOCTI, OCKiJIBKY HEPiB-

HicTL HecTpororo 3HakKRy. HepiBHicTb sint > Y 3a/T0BOJIbHSA -

. . T 3n
IOTh yCi 3HaUeHHA f, TOUKM SKUX HaJeXKaTb ny3i [: Z <t < —.

4
DyHKIA cuHyca € MOepioguuYHOI 3 HAWMEHIINM IOZATHUM
nepiogom 27, TOMY MHOMKHHA BCiX pPO3B’sI3KiB HepiBHOCTI Mae

BUTJIAL: §+ 21k <t < %+ 2nk, k € Z.

BinmoBins. §+2nk <t <‘%”+2nk, ke Z.

Bigmosins MoskHa 3amucaTu ¥ y BUTJIALL IPOMIiMKKA:

Ty 2nk; 3—TE+ 2nk |, k € Z.
4 4

— . 1
W Poasp’sa3aTu HepiBHiCTB: sin2x < 5

L]
. PosB’asaunusa. Hexaii 2x = t. Maemo HepiBHiCTB: sint < 5

ITosmaunMo Ha OOUHMYHOMY KOJIi Iyror [ BCi TOUKHU, OpAUHATH

AKUX MeHIi 3a —0,5, 1me Touku gyru [, AKi JexaTh HIKUe IPAMOiL

y =-0,5 (man. 31.2). SfIkmo pyxaruca B3ZOBX Ayru [ y mo-

JaTHOMY HaIpsMi, TO Ieplla TOYKa Ayru [ BiAmoBizmae KyTy
T Tn n 1ln

.1
t, =m+arcsin—=m+—=—, a OCTAaHHA — KYTy f, =270 —— = .
! 6 6 2 6 6

yﬂ

SN
-/

Maur. 31.2

Kiami gyru OyayThb «IIOPOKHIMU», OCKiJIBKM HEpPiBHICTH CTpO-
roro 3Haky. Po3B’aA3Ku HepiBHOCTI — yci KyTu ¢, AKUM Bigmo-

. . . . 11z
BiaiOTh TOYKH, IO JIEKATh Ha Ay3i [ MisK ToukamMu i i—.

6

YpaxoByooun NepioguUHICTh CUHYyCA, MAaEMO:
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7—+2 k< t<&+2nk,k e Z.
6 6

IToBepTaemocsa mo 3MiHHOIL X: % +2nk < 2x < % +2nk, k € Z.

ITominuMo Bci YacTMHU OTPHMMAHOI HepiBHOCTI Ha 2, MaTHMeEMO:
n 11x
—+nk<x<§+nk, keZ.

12
BigomoBings. 7—n+nk 11n+7tk , ke Z.
12 12

W PosB’a3aTu HepiBHiCTL: cost < 2

: PosB’asaumusda. cost — 1me abciuca TOYKH OJMHUYHOTO KOJa,
. 110 BimmoBimae kyTy t. IlosHaumMo Ha ONMHWYHOMY KOJII BCi

. 3 .
TOUKM, a0CIMCH SAKUX MeEHIIi 3a - IIi Touku JsexkaTh Ha

. . . .. 3
Iy3i | ofMHUYHOrO KOJa 3JIiBa Bim mpamoi x = Y (man. 31.3).

y/
l . |x=

ST

o

oA

R
@
S~ —
Ky

=

a

Mau. 31.3

. . 3 7

Ilepma Ttourka pmyru [ Bigmosizae KyTy # = arccos? = E,
n 1lrn

a OCTaHHA — KyTy 1, = 21 — r = ' PosB’si3kaMu HepiBHOCTI €

BCi KyTHu, AKUM BiIIOBiJalOTh TOUKM ITi€el Ayru, yKJIOUYAIOUN il
KiHIi. YpaxoByouu nepioguuHicTh KOCUHYCa, MaEMO:

Tomk<t< Mo ke z.
6 6

11n

BigmoBings. [g+2 k; +2nk} k e Z.
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S T 1
WG ERESS PosB’a3aTy HEPiBHICTB: COS| X + 3 > 5

. L . 1
Poss’a3anua. Hexail x+§ =t, MaeMoO HepiBHiCTBL: cost> 3
ITosHaumMO Ha OAMHMYHOMY KOJi BCi TOUKHM, abCIucu AKUX

. . 1 . .
OiyipIIi 3a E’ To0TO 3a 0,5. Yci BoHM JekaTh Ha nysi [, mepima

.. . 1 e
TOYKa AKOI BiAmomimae KyTy t; = —arccosE = oy a OCTaHHA —

T . .
KyTy 1, = g (man. 31.4). Yci KyTu, 1110 JeKaTh MiK IIUMHU IBO-

Ma KyTaMu, € po3B’siBKaMu HepiBHocTi. OTiKe, MaeMo:

T onk<t<Zi2nk ke Z. y x=0,5

3 3 P
IToBepTaemocsa mo 3MiHHOL X: TG
ok <x+ < lEionk ke 2, l

3 3 3

(0] X
OTPUMAEMO: —2?75 +2nk < x < 2nk, k € Z. 0’5/
BigmoBins. —23—n+21tk<x<2nk, /P_g
ke Z.
Maun. 31.4

W Po3B’asaru HepiBHicTH tgt < /3.

c Posp’asannsa. Ilepiox QyHKUil TaHreHC JOPIiBHIOE T, TOMY
. CIIOYATKY B3HaWgeMO PO3B’A3KM HEpPiBHOCTI Ha IIPOMIMKKY

T T . .
(—E; Ej’ a IIOTiM BUKOPHUCTAEMO IIepioamy- 3 y
HiCcTBb.

w3

IIpoBenemo mimito TanrenciB. tgt — 1me op-
AUHaATa TOYKM Ha JiHil TaHTeHCiB, MIO Bif-
noBimae Kyty t. IlodHaummo Ha JiHiI TaH-
TeHCiB TOUYKYy, OpAMHaATa AKOI JOpPiBHIOE

J3 (mag. 31.5). I Touka BimmoBimae KyTy

T R .
t = arctgx/_ = g, a TOuKM Jimil TaHTeHCciB,

y AKUX OPAMHATH MEHII 3a \/§, BigmoBi-

IAloTh KyTaM Bif —g o g 3ayBaKuMO, Mau. 31.5

T . . .
0 KyT 3 Oyae pos3B’A3KOM HEPiBHOCTi, OCKiJIbKH BOHA € He-

T
CTPOroio, a KyT —g — He Oyme, OCKiIbKH tg(—gj He icHye.
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L]
’ . T T . .
OT:xke, Ha IPOMIKKY [_E; E] MaeMO DPO3B’A3KU HEPiBHOCTI:
T I . .
——<t< 3 YpaxoByouu IIepioguYHICTh, OCTATOYHO OTPUMAE-
MO: ——+ T

k<t<§+nk,keZ.

BigmoBigs. —g+nk<t <g+nk, ke Z.

NI ENRRGS PosB’A3aTu HEPiBHICTB: tgt > J3.

- PosB’asauusa. Bukopucrosyioun ManaioHOK 31.5 Ta mepio-
OUYHICTH, MAaeMo:

T ink<t<Zink keZz.
3 2

. . T I
BigmoBings. §+Ttk< t<§+nk, ke Z.

1
NG ENRNES PosB’a3aTu HepiBHiCTh ctgi > _ﬁ°

° .
- PosB’asauusa. BukopucroByouu Jri-
Hil0 KOTaHTEeHCiB, OTPUMAEMO PO3B’A3-
KM HepiBHocTi Ha mpomixkkKy (0; m):

0<t< %E (man. 31.6). [lani BuUKOpUC-

TaeMO IEPIOAUUHICTD:

Tck<t<2?n+nk,keZ.

2
BigmoBinb. mh<t<Xink, ke Z.
3 Max. 31.6

2. Tpuzonomempuuni HepiBuocri, Bimminui Bix maiimpocTi-
Hepisnocmi, wo 3600ampes | 11X, MOXKHA 3BECTH [0 HAHIPOCTi-
do natinpocmimux X 3a JOIIOMOIOI0 TPUTOHOMETPUY-

— | HUX QopMy.JI.

N7 ERRSS  PosB’asaTu HepiBHiCTB: sindx + cos4xctg2x > 1.
* PosB’asanusa. CopocTuMo JIiBy YacTUHY HEPiBHOCTI:
cos2x

sin4x + cos4x ctg 2x = sin4x + cos 4x —
sin 2x

_ cos4xcos2x +sin4xsin2x  cos(4x — 2x)

- - = ctg 2x.

sin 2x sin 2x
Maemo mepiBuicTh ctg2x > 1, axa s3amiHol 2x = { 3BOAUTHCA
IO HAUITPOCTIIIIOi:

ctgt > 1.
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* Toxi nk<t<§+nk, ke Z (mar 31.7). 1

IToBepTatouncs m0 3MiHHOI X, MATUMEMO: \

nk<2x<£+nk,keZ. % 0
4 0

Or:xe, n—k<x<£+n—k,keZ.

2 8 2
. . nk n nk
BigmoBins. (7,§ 7] ke Z. Maur. 31.7

SAK i TpUuroHoMeTpuUUHi PiBHAHHA, Ne-

3. Posé’asyeanns : : . .
fAK1i  TpPUTOHOMETPUUYHI  HepiBHOCTI

MPUZOHO MEMPUHLHUX

nepienocmet MO:KHa PO3B’A3aTHU 3a JOIIOMOI0OIO BBe-
30 DONOMOZOIO 3AMIHU IeHHs HOBOI 3MiHHOI.
3MIHHOL

I'Ipvu(na,q ) PosB’asaTu HepiBHicTb: 2sin? x —sinx +sin3x < 1.

o P 03B ’A3aHHA. [lepeHeceMo BCi MOJaHKMW y TpPaBy YACTUHY
. HepiBHOCTI i CIIPOCTMMO OTPUMAHUI BUPa3:
1-2sin? x + (sinx — sin3x) = cos2x + 2sin(-x) cos 2x =

=cos2x(1 -2sinx) = (1 - 2sin2 x)(1 - 2sin x).
Maewmo nepiBHicTh: (1-2sin2 x)(1-2sin x) > 0. 3amina: sinx = ¢.

Maewmo: (1 - 2t2)(1 - 2t) > 0, To6TO [t - gj [t + QJ (t - lj > 0.

2 2
g TN St
— 2 IN"Af5 ¢
2 2 2
Mau. 31.8

Posp’a3youn OCTAaHHIO HEpPiBHICTH MeToAOM iHTepBaJiB
(maj. 31.8), oTpUMaEMO CYKyNIHICTb:

2

2 . 1
——<t< =, —-—<sinx < —,

2 2 . 2
TOOTO OJISI X

V2 o2

t>—-, sinx > —.
2 2

IToxaxxemMo Ha OAMHWUYHOMY KOJIi MHOMKUHY TOUOK I[i€l CYKyI-
vHOCTi (Mas. 31.9). 3 ypaxyBaHHAM NHePiOAWYHOCTI MaTHUMEMO:

X e —£+2nk;£+2nk U E+2ﬂfk;3—n+2ﬁk U
4 6 4 4
(5—n+2nk 5n+2nkj,keZ.
6 4
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A N

Mau. 31.9

Bigmosings. f£+27tk;ﬁ+2nk ] E+2nk;3—n+2nk U
4 6 4 4
u(feran;Eeranj,keZ.
6 4

s | Poss’asyroun mepiBuicts f(x) > 0 (abo
4. Posé’s3ysanns f(x) < 0, f(x) >0, f(x) < 0), e f(x) —

MPUZOHOMEMPULHUX J
nepisrnocmetl Memodom TPUTOHOMETPUYHUI BIPAa3, He 3aBXKIU
inmepeanie MOKHAa 3BecTH iI 0 OJHOTO 3 BuIlle-

| gragaHUX BUOIB HepiBHocTeil. ¥ Ta-
KOMY pasi posB’s3aTu HepPiBHICTh MOJKHA YHiBepPCAJbHUM METO-
JIOM — METOJOM iHTepBaJiB.

‘ AJNTOpUTM 3aCTOCYBAHHA METOAY IHTEPBANIB AdA PO3B’A3Yy-
ko BAaHHA TPUTOHOMETPHYHUX HepiBHOCTEH MoOXe OyTH TAKUM:
1) nogaTu BuMpas f(x) y BUrasgi cyMH TPUTOHOMETPMYHHUX
(GYHKII y IepIIOMY CTeleHi;
2) sHanmu T — mepiox f(x), HUM Oyae HalMeHIIE CIIiJIEHE
KpaTHe MePpiofiB KOMKHOTO 3 TOTAHKIB;
3) posr’asaTu piBHAHHA f(x) = 0 Ha TPOMIKKY 3aBIOBKKHN T
(Halikpamie, KOJHM KiHIAMHM IbOTO MNPOMIXKRKY OyayTh HYyIi
dyuruii f(x), mo Hagaxi JacTh 3MOry KOMIIAKTHilIE 3ammca-
TH BiIOBiH);
4) po36outu mnpomi:kok T o006IacTIO BU3HAUEHHA i HyIAMU
¢dyHKLil f(x) Ha CKIHYeHHY KilBbKiCTh IIPOMIKKIB Ta 3HANUTHU
3HAK f(x) Ha KOKHOMY 3 HHUX;
5) 3aNeskHO Bi 3HAWIeHUX 3HAKIB 3 ypaXyBaHHAM Iepio-
muuHOcTi f(x) 3amucaTH BigmOBigb.

o7 PosB’a3aT HEPIBHICTD:

sin 2xsin3x — cos2xcos3x > sin10x.

PosB’s3aunuda. IleperBopuMo JIiBy 4UacTHHY HEpPiBHOCTI:
—cos(3x + 2x) > sin10x. OT:xe, MaecMO HEPiBHICTE:

sin10x + cosbx < 0.
Haiimenmum nomaTHuM mepiogmoM (QyHKINI @, (x) =sinl10x €
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eI = 2n = E, a QyHKIII @,(x) = cosbx € T, = ﬁ Tomy HaliMeH-
10 5 5 5
T

UM gogaTHUM mepiomom QyHKIT f(x) = sin10x + cosbx € e

.. . 2n
PosrassHemMo 110 HEepiBHICTH HA IPOMIMKY 3aBJOBMKKN - s

TOro 1100 BUOpATU «3PYUHUII» IPOMilKOK, CIIOUATKY 3HAKAEMO
HyJi GyHKIIil, po3s’a3aBiu piBHAHHA sinl10x + cosbx =0 cmo-
co00OM pPO3KJIafaHHA HAa MHOKHUKMN. Maemo:

2sinbxcosbx + cosbx = 0; To6TO0 cosbHx(2sinbx+1) =0
OTrpuMane PiBHAHHS PiBHOCUJIbHE CYKYIIHOCTI PiBHSAHB:

5x:g+nk,keZ,
cosbx =0,

1 B3BigKm 5x=—£+2nn,neZ,
s1n5x——§, 6

bx = —%+2nm, me Z;

OoTiKe, MAaeEMO MHOMKUHY HYJiB QYHKII f(x):

=y hey

10 5’ ’ N\ JEAY
T 2nn EUL \_/775 3Tc X

X=-30" 5 "% 10 30 10 30 10
2
PO Tfm, me 7. Mamn. 31.10
6
. n . 3n 2n .
PosrasgaeMo MPOMiKOK | ———; — | 3aBAOBKKU —. Momy HaJe-
10 10 5
skaTh 4 HyJi QyHKIIi: x; = T X, = L X - T, X _7_n
"Th 10077 300 7 100 Tt 30

ITosHaumMo iX Ha YMCJIOBiH oci.

Busnaunmo 3HaK (YHKIII HAa KOXKHOMY 3 OTPUMAHUX ITPOMIiXK-
KiB, migcraBasoun B f(xX) IO OOHOMY 3HAUEHHIO X 3 KOXXHOI'O
mpomikka (maj. 31.10).

2

Honmaouu 1o oxepsKaHUX IIPOMIKKIB Iepion %n, MaTHMeMO
MHOKUHY PO3B’sI3KiB HEpPiBHOCTI:

T 271n T 27n n 2nn Tn 27n
xe|l-——+—3 ——+—|U|—+—; —+——|,neZ.

10 5 30 5 10 5 30 5
BigomosBizns.
( n 2nn n 2nnj ( n  2nn Tn Znnj

- ; U + ; + ,neZ,

_+_’__+_ _ s ——
10 5 30 5 10 5 30 5
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@ LLlo Take HanmnpocTiLla TPUroHOMETPUYHA HEPIBHICTb i SK i po3B’sa-
3aTn? @ lNosCHITb, ki OyBalOTb TPUFOHOMETPUYHI HEPIBHOCTI i K X
po3B’sa3aTn? @ Ak po3B’d3aTn TPUrOHOMETPUYHY HEPIBHICTE METO4OM

iHTepBanis?

§ Fosb’axims 3agaui ma bukonaime bnpabu

‘]_, 31.1. Ha sxomy 3 manioHKiB 31.11-31.14 300paskeH0 po3B’I3-

. . 2 .
KM HEePiBHOCTiI cosx = — > a Ha AKOMY — sinx < —7?

s

NG

-—T

»,
™
>

/ 2
2.
Prx

me P571
4 4 T 4
Man. 31.11 Mau. 31.12
P31'r
Nz
2
o| V2 / o
2
P51[ Prr P_ﬁ
0 " -
Mau. 31.13 Maun. 31.14

31.2. Ha axomy 3 maaoHKIB 31.11-31.14 300pakeHo pos3B’s3KH

. . 2 .
HepiBHOCTiI cosx < 5 a Ha AKOMYy — sinx > — —7?

V2

2. Posp’suxire HepiBHicTs (31.3—31.4):

31.3. 1) sinx > %;
3)tgx>1;

31.4. 1)sinx < -

3)tgx < ~3;

-

“|%

V3

2)cosx < ——;
4) ctg x < /3.
2) cosx > 0;

4) ctgx > i

NG
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31.5. (¥Ycno.) YpaxoByouu

MHOMXUWHU

3HAUYEHb PYHKILINT

y=sinx i y = cosx, po3B’aXKiTh HEPiBHICTH:

1) sinx > 1,8;
4) cosx < —-3;

2) sinx < 1,5;
5)sinx < -1,5;

3) cosx > -1,9;
6) cosx = —1.

Posp’s:xkiTs HepiBHicTh (31.6—31.9):

31.6. 1) sin2x < 0;

1

to v Fls L

3) g(x J %
31.7. 1) sm(x+ 3) 3,

2
3) tg2x < 0;

31.8. 1) 2sin(x + g) -3 <o;

31.9. 1) 6cos(x +§J ~3<0;

2) cos > > =
2

la NL=

4) ctg (x +

j<1.

2) cos(x - —j —2,
2

X
4) ctg— > 1.
) g3

=]

N

2)4tg(x+%]+4>0.

2) 3ctg(x+ )+f

31.10. KyT o mpu ocHOBI piBHOGEAPEHOTO TPUKYTHUKA 3aT0BOJIHHIE

. 2 . .
yMOBY sina < 5 HoBeniTh, M0 TPUKYTHUK TYIOKYTHUH.

1
31.11. Kyt B TpUKYTHHUKA B3aJ0BOJILHAE YMOBY cosB<§. Yu

MOJKe Iefl TPUKYTHUK OyTH PiBHOCTOPOHHIM?

3 3acrocoByroun GopmyIu TpI/II‘OHOMeTpll, 3BeIiThL HepiBHiCTH
o HaumpocTimioi Ta poss’ kit ii (31.12—31.13):

31.12. 1) sin2xcos 2x > i;

3) sin5x cos 3x + sin 3xcos5x > 0

V3,
29

31.13. 1) 2sin3xcos3x < —

. . 1
3) sin4xcos x —sin xcos4x > E;

2) cos? X _sinz¥ < —ﬂ;
4 4 2
1

4) cos?2x > —.

N

g X x
2) sin? = — cos? 5 > 0;

4) sin?4x < l

Posp’sokiTs mHepiBaicTs (31.14—31.25):

2 B

31.14. 1)— cosx<7

a

31.15. 1)—<s1nx 7
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2) —l<s1nx < 1
2 3

2)—£ cosx<g
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31.16. 1) [tg x| < V3

31.17. 1) [tg x| > 1;

31.18. 1) J3sinx - cosx > 1;
31.19. 1) sinx + /3 cosx < 1;

@ 31.20.1)2cos?x +3cosx —2 <

31.21. 1) 2sin2 x -~ 7sinx + 3 > 0;

2) |ctg x| > 1.
2) etg x| < /3

2) sinx +cosx < 0.
2) sinx —cosx > 0.

0; 2) ctg2x +ctgx > 0.
2) tg2x -tgx <O.

31.22. 1) tgx V3 0, 2)-2* <o
2+cosx 1-sinx

31.23. 1) M <0; 92X o
3 +sinx 1-cosx

31.24. 1) 2cos?2 x + 5sinx — 4 > 0;
3) sinx +cos2x > 1;
1) 83sin2 x + Tcosx — 3 > 0;

3) 2cos2x +cosx —1 < 0;

31.25.

2)2cosx +3cos2x -5 >
4) 3ctg x < tg x.

2) cos2x +sinx -1 > 0;
4) tgx < ctg x.

0;

¢% 31.26. 3uaiifiTe MHOKUHY PO3B’A3KiB HepiBHOCTI:

1) 2sint 2x >
3) 4|cosx| +2cos2x > 1;

sin? 2x;

2) 2cos? x —

4) |cos x| < [sin x|.

8sinxcosx < 5;

Posp’s:kiTh HepiBHicTh MeTOmoM iHTepBasiB (31.27—31.28):
31.27. 1) sin2x + sinx < 0; 2) sin3x —sin2x > 0.
31.28. 1) sin 2x — cos x >0;

31.29. 3naiifiTe yci 3HaYeHHA NOapaMeTpa a, IPU KOXKHOMY
3 AKMUX HepiBHicTL a2 +2a —sin2 x —2acosx > 2 cupaBmxy-
eThbCcd g OyAb-IKOTO 3HAUEHHS X.

2) cos3x —cosx < 0.

31.30. 3maiigiTe yci 3HaYeHHs mapamerpa d,
3 AKHUX HepiBHicTL cos2 x + 2asinx — 2a < a?
€TbCs A OyAb-IKOTO 3HAUEHHS X.

opu  KOXKHOMY
—4 cupaBmKy-

31.31. BpaT i3 cecTpoio BI/IpiU_II/IJII/I BIITKY TPOXU AOTIOMOT'-
«V TH cBoiM OaTbKaM MaTepiajbHO. BoHH npn,uﬁann B cCyci-
,ua ca,zuBHnRa "Ha 1000 IpH A0JIYK, IIepepoomaIn ix Ha CYXO(QPYK-
TH Ta Bifgmanau B TOPTiBeJbHY MepeXKy Ha peajisaiirmo, 3a IIo
orpumasu 3000 rpu. ComatuBiiu 3 orpuManoi cymu 18 % moxart-
Ky Ha joXoan (QisuvHuX ocib, Opar i3 cecTpoio mipaxyBasi YUC-
TUH IPUOYTOK Bij 1€l cmpaBu Ta Iepeiaiu LI CyMy 0aTbKaM.
Sy cymy komrtiB BoHE nepejanu GaTbKaM, SIKIO BUTDATH Ha
cyurinaa a6ayk ckaaau 500 rpH, a Ha ix peasizarito — 300 rpu?

31.32. JIBoe rpaBIiB IO UYep3i pO3JaMyIOTh IIOKOJIATHY

mINTKY 6x8. 3a ofMH XiZl T03BOJIAETHCA 3POOUTH IIPAMOJII-
HiiHUN posjioM OYAb-sIKOTr0O 3i IIIMATOUKiB Y340BXK 3arJuOJIeHHs.
IIporpae Toii, XTO He 3MOKe 3POOUTH HACTYIHOI'O XOxay. XTO 3
TPaBIliB epeMOosKe MPU NPaBUJIbHiN I'Pi 000X CymepHUKiIB?
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rPAHULSA TA
HEMEPEPBHICTb
®YHKUIT. NTOXIAHA

TA 11 BACTOCYBAHHH4

Y UbOMY PO3411I MU...
(@) 03HallOMUMOCS 3 MOHAMMSAMU 2paHuyi nocnidogHocmi ma epaHuui
yHKUIT 8 moyui, noxiOHOI ¢hyHKUI; npasunamu OugepeHyito8aHHs;
dizHaemMocs po 2eo0MempuyHUl i i3uyHUl 3micm MOXIOHOI, mab-
JIUUKO MOXIOHUX;

@ Hasyumocs 3acmocosysamu roxioHy Ons OOCHIOKEeHHS YHKUG
i mobydosu ix epacgpikie; po3e’sa3ysamu npuknadHi 3adadi.

©

m FrPAHUUA NOCNIAOBHOCTI.

OCHOBHI TEOPEMU NPO rPAHULI
nocniAoOBHOCTI. MOHATTA rPAHULI
®YHKUII HA HECKIHYEHHOCTI

Y 9 kijaci Bu BiKe O3HAMOMUJINCS i3
YHCJOBUMHU IIOCJIiZOBHOCTAMHU. Ywuc-
~ | 0By NOCJiJOBHICTh MOJKHA 3alUCY-
BaTU y BUTJIAAL PAOY YMCEJ:

Aps Qgy Qgy voey Apy one

1. lTonammas 2panuyi
nocnidoerocmi

abo sa momomoroio 3aranabHOI Qopmynu a, = f(n), me a, — n-i
YJIeH MOCJIiJOBHOCTi, n € Z.

IlpuknagamMu YMCIOBUX IIOCJIOBHOCTEH € apudmMeTHUYHA
mporpecis, n-i 4jieH AKoi 3amaiTb Gopmysow a, = a, + d(n — 1),
ne a, — IepIIuii 4jeH mocaifoBHOcTi, d — ii pisHMIA, Ta reo-
MeTPUYHA IIpOrpecisg, n-i uYjJeH AKOI 3amaioTb (HOpPMYJI00
b, = blqn‘l, Je b, — meplui 4jaeH IOCIiJJOBHOCTI, ¢ — I 3HAMEHHUK.

W PosrasgaeMo 1mocailoBHICTD, AKY 3amaHo (hOPMYJIOIO

1
a,=—, pen € Z. Toni:
n

a,=1,a,==, a3 =—, ..., = Uy = ...
1 275 B a100 100° 191 7707



OueBUAHO, M0 AJA OYAb-AKOTO N CIPABIKYETHCA HEPiBHICTH
a,., <a, is3i30inbplIeHHAM YNC/Ia N 3HAUYeHHS @, IPAMYIOTH 10 HyJId.

Y rakoMy pasi KaxKyTh, II0 2PAHUUEI HUCL080I NOCLi008HO-
cmi a, =— € umuciyo 0. [Ina sanucy 1nporo axkTy BUKOPHUCTOBYIOTh
n
MMOHATTS TPAHUIN Ta Mo3HaUeHHs lim, a came:

o1
lim —=
n—wn

- 1 .
(uuTaioTh: «JiMiT (rpaHUIA) — NIPHU 71, IO IPAMYE OO0 HECKiH-
n

YeHHOCTi, HOpiBHIOE HYJ0»). [lodHauenusa lim mpuiiniiao B maTe-
MaTHUKY BiJ JIATUHCBKOTO cJI0OBa limes, 1110 03HAYae I'PAHUILA.

VY saragpHOMYy BUmamky samuc lima, = A osmauae, 110 rpaHu-

n—oo
IIe10 YMCJIOBOI MOCTIiJOBHOCTI @, € uucyuo A.
2. Osnauenns zpanuyi Cr{panRy posrasgsHeMO (GYHKI[iIO ITi-
nocnidoo JIOI YaCcTUHU YHCJA.
L | Ifina wacmuna 0iilcHO20 Yucaa x —

e HaiOiJbIlle ITiJie YKMCJIo, SKe He mepeBuinye x. 1[iny wactuny
YyucJja X MO3Ha4YalTh CUMBOJIOM [x].
Hanpukaan, [2,5] = 2; [n] = 3; [0,17] = 0; [-2,17] = —
ITosepuemocss mo mpuraany 1. PosrisHemo [eske OOBijbHe
ypcso € > 0 i mokaxkemo, II10 3Ha1‘71/1e'1‘1>ca Take 3HaueHHA N = N(g),
mio AJjsg Bcix n > N MOAYJIb pisHHUIII MiK 3HaUeHHAM a, i TpaHU-
IIeI0 YKCJIOBOI MOCJIiZOBHOCTI Oy/e MEHIIINM 34 €.

Maewmo: |a, — 0| < ¢ a6o —~|<e. Bpaxosyrwoun,

n

l—0 <€, TOOTO
n

1 1 . .
mo n > 0, orpumaemo n>—. IlosHauumo N =[—]. Toxi mis Becix
€ €

n > N cupaBIKyBaTUMEThCA HEPiBHICTH \an -0 <e.

1
Tak, manpuriaazn, axmo ¢ = 0,001, to N=|——[=1000.
DU, A [0 001}
Tomy ans Beix sHauens n > 1000 maTumemo: - 0| < 0,001,

TOOTO BCi UJIeHHI l'IOCJIl/IOBHOCTl @1001> %1002 a1003, ... JIEIKATUMYTh
Ha Bigcrani, meHmri# 3a 0,001 Big rpaHuIli YMCJIOBOI MTOCJIiTOBHO-
cti — umcaa 0.

ITpuxoamMo 10 O3HAUEHHS I'PAHUIIL YMCJIOBOI IIOCJIiTOBHOCTI.

‘ Huero A HA3HBAIOTE 2PAHUYEI0 YUCLO60L Nocaidoerocml a,,
L, AKIO A GyAb-AKOTO € >  SHAWIETHCH TaKe HATYpAJbHe

yucao N = N(g), mo s Beix n > N COpPaBKYEThCST Hepig-
HicTb [, — A| < e.

ITe zanucyroTs Tak: lima, = A.
n—seo
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f m Ilosectn, 110 llmi—O neo e N, a>1.

n—e p%
HoBenenns. JloBememo, 1110 A Oyab-AKoro € > 0 3HalgeTh-
cdA Take HaTypaabHe umcao N = N(g), 1m0 aasa Bcix n > N cmpas-

1,
n

N 1 1
MKYETHCA HEPiBHICTD: <e. Maemo: n* >=, To6To n>Y—.
€

€

. 1 .
Ot:xe, icaye unucao N =| ¢— |, 1110 AJisg BCcix n > N CIOpaBIKYyETh-
€

1
n

cA HePiBHICTH: <eg. m

3ayBajKuUMO, IO B TOM camMmuii cmocib MOKHA HJOBECTH, IO

lim —— =0, ge K i | — geaki uucia.
n—o no* + [

) 1
¢ GITTTETED Moseomn, mo lim o= =0, ze < N, B> 1.
i . n—oo n
HoBenenuasd. [losegemo, 110 ajs Oyab-axoro € > 0 3HalgeTsb-

ca take ymcyao N = N(g), mo ajad Bcix n > N cOpaBIKyeThCA

1 1 1Y
HepiBHicTb |z—= — 0| < €. Maemo: % > —, To0TO N > (—j . Otrxe,
€ €

%

. 1 .
icaye umcao N = [—B}, 10 [JisI BCiX n > N cHpaBIKyeEThCSA He-
€

- 1
piBHicTE: == —-0|<e. m
n

3ayBaKMMO, IO B TOM caMuii cIoci6 MOKHaA JOBECTH, IO

lim ——==0, ne K i | — geaki uucia.

ne Nfn 41

3. OcHO6HI meopemu npo
2paruui nocnidoerocmetl

Posrisamemo mpaBumiaa 00YMCIIEHHS
TPAHUIB TOCJiTOBHOCTE.

TO iCHY¥OTH TPAHMII IX CYMHU, PISHUIIL Ta 1[06y'1'1cy, IPUIOMY

lim(a, +b,) = lima, + lim b ; lim(a, -b,) = lima, - lim b,.
n—o0 n—oo n—co n—o0 n—co n—o

G,‘ TeopeM a 1. chmo nocmnonnoc'm a, i b, MalOTh rpaHuUI,

Teopema 2. dxmo nocni,nosnoc-ri a, i b, MalOTh rpaHMIIL],
npudomy lim b, # 0, TO ICHy€ TpaHUII 1X qac'rlcn, IPUIOMY

n—>co
lim a,
lim 2 = =2
nseo b lim b,
n—o0
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(E Teopema 3.limC=C, ne C — dyab-ake unemxo.

n—oo

Teopema 4. jkmo mocmaigoBHICTH @, Mac TPAHUINO, TO MA€
IPaHUINo i IOCHiTOBHICTD ka,, e B — unciao, k # 0, mpudaony

lim(ka,)=klima,.
n—eo n—oo

ITpuiimemo 11i Teopemu 6e3 mOoBegEeHHA.

4n® -
O6amcnnta lim 2% ~37

X noe 2n% +1

« PosB’asauusda. [loginumMo unceIbHUK i 3HAMEHHUK OIpPOOY
Ha n y HaWBUINOMY IJd IIbOrO ApoOy creleHi, To6To Ha n2.
Martuwmenmo:

4n% -3n 4n? 3n 3
n2 2 2 4- n
lim—2%— =lim-22—17 —1lim .
n—oo 2n2 +1 n—oo 2n2 1 n—seo 1
ar T2 ar - 2+ —
n? n® n? n

3a TeopemMaMu IIPO IpPaHuIli Ta 3 mpuKgagiB 1 i 2 orpuMmaemo:

4—§ lim4—311m1

lim— R 2= nown 4730 4
" 9+ L lim2+lim L 2¥0 2
n n—yoco n—e

BigmosBigs. 2.

w o o — lim 1+3+5+3...+(2n—1)'

. n—see n°—-n
*« PosB’aA3aHHA. ¥ UNCEIbHUKY APO0Y MAEMO CYMy 711 IIEPIITUX

wieHiB apudmernunoi nmporpecii. Tomy

1+(2n-1

1+3+45+...+(2n-1)= %-n:nz.
. 1+3+45+...+(2n-1) .. n?
Oraxe, maeMo: lim = lim

n—eo nd-n n—en®—n
IMomisnMo YuceNbHUK i 3HAMEHHHUK APo0y Ha n® Ta BUKOPUCTAE-
MO TeopeMH ITPO I'PaHMITi:
2

n 1 .1
2 3 — lim — 0
lim =lim —-*—=1lim A =—"=2=1 _ - =0.
R -n meen nonerto o liml—limi 1-0
nd nd n2  noe  noeep?

BigomoBings. O.
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O6uucautu lim (\Vn+5 — \/;).
n—oo

° PosaB’sa3auHusda. [leperBopuMo BUpasd y AYKKax, JOMHOMKUB-
Y 1 DTOAIJIMBIIN MOTO Ha COPSKEeHUUN oMYy BUPAas:

ni5on o Wnt5—Nn)n+5+Vn)  n+5-n

Jn+5+n Jn+b5+dn

5
5 7

5 5
Jn

__n
" Jn+b+dn Jn+b \/_ n+b \/1+5+1
n

o

5
Toxi: lim (Vn +5 —/n) = lim Jn o _ 0

n—oo

Bigmosigs. O.

4. ITonammas

epanuyi pyHryil
HQ HeCKiHWeHHOCcmi

n%\/1+5+1 V140 +1
n

Kpim rpamumi mocaimoBHOCTI Ha He-
CKiHUEHHOCTI B MaTeMaTHI[l TaKOX
poOsTIIAMAIOTh T'paHUIllo GYHKIHI f(x)

Ha HeCcKiHYeHHOCTi, ToOTO lim f(x).
Xx—>o0

Yucno B nasuBaloTh zpanuyero GyHryii f(x) na Heckinuerno-

&, cmi, axmo GbyHEIiA f(x) BUBHAYEHA I BCiX TOCHTH BeIMKUX
3a MOAYJIeM 3Ha4eHb X i anga Oyab-arkoro £ > 0 3HalimeTbes
rtaxe uucao M > 0, mo axg Beix x, IO 33AOBOJIBHIKTE YMOBY
|| > M, ecnpaBmxyerhea mepipmicTs: [f(x) — B| < .

Ile samucyrors Tak: lim f(x)=B.

x—>o0

IIpaBuna o6uncaeHHS IPaHUIb QYHKITIN Ha HECKIHUEHHOCTI Taki
cami, K i 11 rpaHUIlb MOCJIiJOBHOCTEMH.

11
Mpuknag 7. limﬂ
X—oo X
11
lim4+lim ——
e am x 440
lim 2 2

X—>00

4x 10% 10!
=y 44—
=lim* %X —lim—% -
X—>oo i X—oo
X

=2.

@ HaBepgiTb npyvknaam ynMcnoBux nocnigosHocten. @ Lo HasnBatoTb
Linot YactmHot Yncna? @ CopmMyntonTe 03HAYEHHS rpaHuLi Ymc-
noBoi nocnigoBHoOcCTi. @ CcopmMyntonTe OCHOBHI TEOpPeMU Mpo rpa-
HUUi nocnigoBHocTen. ® CchopmynioniTe 03HAYEHHS rpaHmLi dyHKLi

Ha HECKIHYEeHHOCTI.
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§ Fozb sxims 3agaui ma bukonaime bnpabu
1> OGumcuire rpanumio (32.1-32.2):

32.1. 1) lim 3; 2) lim[—l}
n—oeo n—e| 2
32.2. 1) lim(-2); 2) liml.
n—>oco n—w b
32.3. Bigowmo, mio lima, =6, limb, = 2. 3uaiigiTs:
n—eo n—soo
.. a
1) lim(a, +b,); 2) lim(a, -b,); 3) lim(a,-b,); 4) lim-—*.
n—c0 N0 n—oo n—eo bn
32.4. Bigomo, mro lim x, =10, lim y, = 5. 3HaimiTs:
n—oo n—oo
1) lim(x, +y,); 2) lim(x,-y,); 3) lim(x,-y,); 4) lim 2.
n—oo n—oo n—eo n—eo Yy
92, O6uucaite rpanumio (32.5—32.8):
32.5. 1) lim 32 ; 2) lim (1+2}
n—eon® 4+1 n—«|\ n
32.6. 1) lim 4 ; 2) lim[S—l).
n—eo n5 -2 n—oo n
32.7. 1) lim(%—5); 2) lim 3 .
x—eo| x x—eo % 4 x
. 1 .
32.8. 1) lim|—+2}; 2) lim
x| X2 x—e 63 + 2

Kopucryrounch o3HaUeHHAM I'PAHUIIL IIOCJIiJOBHOCTI, JOBEIiTh,

o (32.9—32.10):

32.9. lim =3 -9, 32.10. lim =5 _3.
n—e 2n+2 n—e n+2
O6uucaits rpanunio (32.11-32.22):
2 3
32.11. 1) lim 4;’—3”; 2) lim Ly
n—en”+n+1 noen” +2n
32.12. 1) lim —*2 . 2) lim 972
noen?_n+3 n—e 2n —
- . 8x—x?
32.13. 1) lim =¥~ 1, 2) lim ——
x—o 2+ 8x x—00 xx% + 2 —T7
4x3 + 2x . x?
. , |
3)}11_1}010 1-x3 "~ 4)351—13"1"363—7
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Tx+1 . x2—3x+5.

32.14. 1) lim ; 2) lim *o,
x> 1 - 14x i 9x—x
1- 6x3 X
3) lim ———— 4) li
)naw2x3+x )xl_r>£lcx2_4
@ 3215, 1 ZEEEOLHI  gp g gy LF2EB b
: 8
32.17. 1) lim Jn . 2) lim n _
””"O\/n+1+\/9n+1 ””"O\/n2+1+\/n2+7
32.18. 1) lim " *L 2) lim n

n>o \fn +n+3 noe \On2 +1 +n2 + 2
32.19. 1) lim (Vn -2 —Jn); 2) lim (V4n2 + n — 2n).

n—oo n—o
32.20. 1) lim (Wn+3 —+/n); 2) lim (vn2 —n —n).
n—oo n—oo
2+4 e+ 2
32.21. lim 1723 F -t 3229, lim 27 4+6+...+2n
n—oo 9n4+1 n—o \/1+25n4

> 32.23. 3apobiTHa mIaTa MeHeIKepa CylepMapKeTy eJIeKTpo-

-V mikm y 2017 pomi cranoBmia 8000 rpu. Ilomicamna i3 3apn-
Jatu yrpumyBasiocsi 18 % momaTKy Ha moxomu (ismuHmX oci6 i
1,5 % sBilicbkoBoro 360py. Ha mouaTKy pPoKy MeHeI:Kep BUPIIIUB
Ha NpuA0aHHs HOBOro cMapTdoua momicand Bigkaagaru 10 % Bin
OTPHMAHOI «HA PYKH» 3apILIaTH. Posnpibua mina mporo cmaprdo-
Ha B cynepMapKeTl e mIpaifoe MeHemkep, ckiaagae 4000 rpa. Ye-
pes CKiIbKU MiCAIIB MeHeZKep IpuAGaB CMapTQOH, SKIIO Cylep-
MapKeT HaJaB oMy 3HIKKY v 15 % Bix posapibHol minm?

32.24. (Hauionanvna onimniada CIIIA). Hexait a, b i ¢ —

TPHU PiBHUX IiIUX uuca, P(x) — MHOTOUJIEH i3 IiJIuMu Koe-
dimienramu. HoBexmits, mo piBHocti P(a) = b, P(b) = ¢, P(c) = a
He MOYKYTb CIIPABAMKYBATHCA OLHOUYACHO.

Tligzomyimecs g0 bubuenns Hobozo mamepiany

x2 -4
x -2

32.25. 1) 3maiixite obsacTh BuBHaUeHHA QYHKINL f(x) =

Ta mooyxayire ii rpagik.

2) Yu moxxkHa 3HauTH f(2)?

3) BmaiimiTe 3a gomomororm kKaabkyiaaropa f(1,9), £(1,99),
7(1,999) ra f(2,001), f(2,01), f(2,1). [lo AKOT0 3HAUEHHS Ha-
OJMM)KAIOThCA 3HAUEHHA (PYHKII] y BKasaHUX TOUYKAX?
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32.26. [Ina axkux 3 QYyHKI[iN MoxkHA 3HauTu f(1), a Iida aKux — Hi:

D f0=2+T 2) fx) =
+ 1
x+1
3 = 4 =
) FG) =20 ) fx)= =
-1
5)f()— 6)f(x)=\/;?
1 X+
FPAHULSA TA HENEPEPBHICTb ®YHKLII
B TOMLI
1. Monammas zpanuyi w Posrasnemo  pyHKIi0
PYHKYIT 6 mouyi f(x) = x — 1. 3Haligemo 3HaUeHHA ITiel
— (QyHKIII B TouIi x = 3, MaEMo:
f8)=3-1=2.

Cruagemo Tabauifo 3HaYeHb PyHKIil f(x) = x — 1 y Toukax, ki
Ha YUCJIOBiMl MpAMIili JiesKaTh HJOCUTH OJIM3BLKO IO Yuca 3.

x 292,992,999 |2,9999 | 3,0001 | 3,001 | 3,01 3,1
f(x) | 1,9 | 1,99 | 1,999 | 1,9999 | 2,0001 | 2,001 | 2,01 | 2,1

3 Tabauili moMmiuaemo, 1[0 UMM OJMMKUEe apryMeHT X OO0 YMCJa

3, TuM OamiKue 3HaueHHS QyHKINI f(x) = x — 1 g0 uucaa 2.
KaxyTts, 1m0 AKI0 apzymenm npamye 0o uucaa 3 (mosHa-
YaoTh Tak: X — 3), TO 3HAYEHHA QYHKUIl npamye 0o yucra 2
(mosnauatoTh Tak: f(x) — 2). [Iaa sanucy mboro (GaxTy BHUKO-
PHCTOBYIOTH IIO3HauYeHHA lim, a cawme: lirr;(x—l)=2 (uuTaroTh:
xX—>

«aimvir (rparunsa) x — 1 upu x, 110 OpAMye A0 3, TOPiBHIOE 2»).
Yucsio 2 mpu IIbOMY HasWBAIOTh 2paHuyero Gyuryil f(x) =x — 1
y TouIli 3.

¥ saranpHOMYy BUIaaky 3ammc lim f(x) = A o3Hauae, 1110 rpa-
XX,

Huner QyHKnii y = f(x) y Touni x, € uncao A.

3ayBaKuMo, 110 y mpukjani 1 rpanunsa pyHkoii f(x) = x — 1
y Tourti 3 mopiBHIOE 3HAUEHHIO (PYHKINI B 1iit TouIri 3. ¥ Takomy
BUTIAAKY KaKyTh, 110 GyHKIA f(x) = x — 1 HenepepsHa B Touti 3.

, ‘ DyHKIiI0 y = f(x) HA3UMBAIOTH HenepepsHoI0 B TOUI X, AKINO
L (PYHKIiA Mae 3HaAYeHHsA B Il TOYIi i cIpaBaKyeThCs PiB-

Hiets lim f(x) = f(x)-

3ayBayKUMO, IO 6¢Ci 6i0oMi Ham paHiule PYHKUIL € Henepeps-
HUMU 8 KOMCHIIL moului c80€l obsacmi BU3HAYEHHSL.
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Hanpukinazn, ysxmis f(x) = 3x7 — 5x2 + 4x — 11 Hemepeps-
Ha AJId BCixX 3HaueHb X (KaKyTh, IO TaKa (PDYHKIIiA HelepepBHA
2

. X .
Ha R), a pyHKIiT g(x) = HeIlepepBHA [AJsd BCiX 3HAUEeHb X,

3a BUHATKOM 3HAUYeHHA X = 2. ¥ TAKOMY BUIIAAKY Ka’KyTb, IIIO
dyHuKIia g(x) HemepepBHa Ha KOMKHOMY 3 IPOMIiXKKIB (—20; 2) i
(2; +00), a B Touti x = 2 mae po3pus. Touka x = 2 € moukow pos-

x2 -4
x—-2°
‘ Dyuruio Yy = f(X) HABUBAIOTH HenepepsrHold Ha Oeaxomy

nPoOMiNKY, SAKIIO BOHA HENlepepPBHA B KOKHIM TOYI[l IHOTO
TIPOMIKKY.

pusy QyHKHii g(x) =

2

. X .
Hessaxxaroun Ha Te, mo QyHKIia g(x) = y Touli x = 2

Ma€e po3puUB, I'PAHUII0 QYHKII B IIifl TOUIlli 3HANTH MOKHA.

2

. x“ -4 .

m Posrasimemo dyuKIio g(x) = 7 3HaueHHsA IIiel
x —

dyukmii B Tourii x = 2 He icaye. CriuamemMo TabJUII0 3HAUEHD

x2—

dbyaRIIT g(x) = Yy TOYKaxX, AKi Ha YMCJIOBi# mpAMili posTa-

IIOBaHi JOCUTH OJIMBBKO IO YMCaa 2.

X 1,9 | 1,99 | 1,999 | 1,9999 | 2,0001 | 2,001 | 2,01 | 2,1
gx) | 3,9 | 3,99 | 3,999 | 3,9999 | 4,0001 | 4,001 | 4,01 | 4,1

Or:xe, 110 OJMIKUE apryMeHT X OO Ymcja 2, To OJm:Kue 3HA-

. x? -4
uyeHHSA QYHKINI g(x) mo umcaa 4, romy lim = =
x—2 x—-2
IIsoro BUCHOBKY MOMKHA JilTH, PO3TIAHYBIIHN rpadik GhyHKITIT

x% -4

g(x) = . ObsacTio BusHAUeHHsS (PYHKIIII € BCi 3HAUEHHS X, 34
x —

BUHATKOM uuciaa 2. Ha obsacri BusHaueHHS

Hew-2-2 2, 2)(x +2
== - - +
x-2 X = (x=2)(x+2) =x+2. Tomy rpadi-
L x—-2 x—2
4 / 2
! KoM (QyHKII g(x) = 2 empamMa y =x + 2
1 X =
| 3 «IIOPOKHBOIO» TOUKOMO (2; 4) (man. 33.1).
ol 12 =x 3 rpadika BUIHO, IO IpU HAOIUIKEHHI ap-
TYMEHTY OO0 umcja 2 3HaueHHA (QYHKILI Ha-
Mau. 33.1 OIMKAEThCA OO umcea 4.



ITosepuemocs mo mpukaany 1. 3amuc
X — 3 os3Havae, II0 TOYKaA X 3HAXO-
| muTthcA Big TOUYKM 3 Ha He3HAUHIN
BimcTawHi, HAapUKJAaA Ha BicTaHi, MEHIIIiN 3a AKEeCh JOJaTHE ULC-
10 8. Ile MoxxHa 3amucaTu Tak: |x — 8| < §, BpaxoByroun, 10 Bij-
CTaHb Mi’K TOUKAMU X i 3 Ha KOOpAMHATHIN HpAMill 3amKUCYIOTH
aK |x — 3|. BayBakumo, 10 3amuc X —> 3 03HAYAE, IO X IPAMYE
Io umciaa 3, aje He 000B’sIBKOBO JOCSATAE [ILOT0 3HAUEHHS, TOMY B
O3HAUeHHi rpaHuIli (PYHKIII B TOUIi He PO3IIANAOTh 3HAUEHHS
GyHKII y it TouIri.

3amnmc f(x) — 2 o3Hauae, 1110 3HAUeHHA QYHKINT y = f(x) 3a ymo-
BU, III0 X — 3, 3HAXOAUTHCA Ha He3HAUHil Bimcrami Bim umcia 2,
HaIIpUKJIaA Ha BifcTaHi, MeHIIi# 3a JedKe moJaTHE YMUCJO €, TOO-
To |f(x) — 2| < e.

Hnsa oynab-axkoro € > 0 MoskHA 3HAWTH Take 3HaueHHA O > 0,
IO /IS BCiX X TaKWX, mo X # 3 i |x — 8| < §, cpaBmKyBaTUMETD-
cs HepiBHicTh: |f(x) — 2| < &.

Crmpaspi, Hexait, Hanpukiag, € = 0,02, Toxi [f(x) — 2| < 0,02.
Ockinbku f(x) = x — 1, maemo: |x — 1 — 2| < 0,02, To6T0 |x — 3| < 0,02.
Orxe, 6 = 0,02.

Maemo o3rauenna epanuyi Qynryii 6 mouyi:

2. O3Ha4enHA 2PAHUYL
DYHKYIL 6 mouyi

‘ uKCclio A Ha3MBAIOTE 2paHuyern GYHKYIL y = f(x) mpu x — x,,

L AKIO aas 6yab-Axoro £ > 0 sHaigeTbhed Take yueao o > 0,
[0 NpH BeiX X # X, TAKAX, IO |x — x| < 5, cnpaBamyeThC
HepiBHicTE: [f(x) — A| < =.

m HosecTu 3a o3HAUEeHHAM, 1o lim(5x —1) = 4.
x—1

PosB’azauna. Posrmaremo € > 0 rake, mpo [(5x — 1) — 4] < ¢.

Maewmo: [5x — 5| < g, To6TO 5lx — 1] < ¢, oTsxE, | X —1|< g Hexait

€ . .
5 =34, Toxi |x — 1| < 8. Orxke, ans 6yab-axoro € > 0 sHaiimrocs

€ . . .
Take 0 = —, IIIO0 OJId BC1X 3HaUYeHb X TaKUX, IO X # 1 i aki sa-

IOBOJBHATL YMOBY |x — 1| < §, copaBmKyeTbcs HepiBHIiCTb:
|(5x — 1) — 4| < &. OTsxe, 3a o3HAYEHHAM, lirri(5x—1) =4,
X—>

3ayBasKuUMO, IO OCKinbKu (QyHKIIS f(x) = 5x — 1 € Heme-
pepBHOIO Ha R, i 30KpemMa B Touli 1, TO 3HAUEHHS TI'PAHU-
mi MoykHa Oyme 3HaliTH 0e3 BHUKOPHUCTAHHS O3HAUYEHHS, TakK:

lin}(5x—1)=f(1)=5-1—1=4.

3. Mpasuna o6uucnenns Posrnsmemo ocHOBHiI npasuna ob6uuc-

zpanuyi GyHKyii NIeHHA ZDAHUYL QYHKYIL Yy mouyi, AKi
6 mouwui npuiimeMo 6e3 MOBeIEeHH.

(1‘ Teopema 1. lim x = x,,.

xX—X(0)
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TeopeMa 2. Axmo (pymfcml f(x) i g(x) MAalTh T'PAHUIN B
(I TOUNi x,, TO iCHYIOTH IpaHuui ix cymu, pisuuui i mo6yrky B
il TOYI[, IPUIOMY

lim (f(x) + g(x)) = lim f(x) £ lim g(x);
x—xq x—>x() x2X0
xll)l;lo (f(x) - 8(x)) = xll)l;lo f(x)- xll)l;lo g(x).

(I‘ Teopema 3. lim C =C, ge C — noBinbHe yncxo.

xX—Xx(0)

Teopema 4. dAxmo icHye rpaHunA HYHRIIL f(x) y Toumi x),
(E TO B I[iil Toumi icHye rpammiga ¢yHruUii kf(x), me £ — mesake
uncao, k # 0, npuuomy lim Ef(x) = k lim f(x).

xX—Xx(0) xX—X(0

Teopema 5. Sddrmo dyHrmii f(x) i g(x) MarwTs rpaHMIi
@ B TOUIi X, NpUYOMy rpaHMud GyHxmii g(x) BigMiEHaA Bif
f(x)

HYJd, TO iCHye IpaHUIA YACTKU (DYHKILIT 2@’ NPUIOMY
g(x

f) _ oy T

@ lim g()
—>x0

IIi TeopeMu BUKOPUCTOBYIOTh IJIA OOUMCIIEHHS I'PAHUIID.

IGENRESS O0UnCAUTA TPAHUITIO:

2
1) lim(x? — 2x +7); 2) lim ¥ =8
x—b5 x—>-2 X + 1

PosB’asaund.

1) I1-it cnocio. lim(x? - 2x+7) = hrnx —lim2x+1im7 =
x—5 -5 x—5 x—5

=limx- -limx - 2limx +7=5 - 5—2 5+ 7=22.

x—5 x—5 x—5
2-i1 cnoci6. Ockinbku QyHKOIA f(x) = x2 — 2x + 7 HemepepBHA
nna x € R, i soxkpeMa B TouIi 5, To lim(x2 -2x+7)=f(5) =
-5

2

2) Buauvenns GyHKIil f(x) = B Toumi —2 icHye,

x+1
(-2°-8_—4 : o .
f(=2) = = =4, ToMy (YHKIIid B I[ifi TOUIll HETIePEePB-
-2+1 -1
2 —
na. Orse, lim >0 = f(—2) = 4

x—>-2 x+1

Bigmosigs. 1) 22; 2) 4.

3i sragaHux BUIIE TEOPEM Ta IMPUKJIALIB MOXKHA OifiTH BUCHOBKY:
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‘ AKIMO icHye sHavennsa Qynkdil y = f(x) y Touni x, i pynxnia
&o B 1iii Touni nenepepena, To lim f(x) = f(x).
x—>x0

. x*+2x-3
@I Osucmmn lim =225,
x—1 x“ -1
, x*+2x-3
PosB’s3anuda. 3HaueHHA BuUpasdy —————— npu x = 1

. x? -1
He icHye.
PoskiazeMo Ha MHOMKHUKHN YHCEJIbHUK i 3HAMEHHUK APO0y:

x*+2x-8  (x—-1)(x+3)
2 1 (x-1)(x+1)°
Ockinpkm x — 1, ane x # 1, To oTpuManuii Apid MOKHa CKOPO-

. . X +
TATU HA X — 1, micas doro orpumMaeMo Apid w1 IS SAKOTO
X +

3HaueHHA B TOouIli X = 1 icHye.
Oroxe, MmaeMo:

. x*+2x-3 . (x-1)(x+3) . x+3 1+3
lim =lim = lim = =
-1 x? 1 sl (x—1(x+1) xo1x+1 1+1

Bigomosings. 2.

3 TeopeM i mpUKJIAmiB, AKi MU POSTIAHYJIW, MOKHA TiATH BHUC-
HOBKY, II[0

‘ AKINO PYHKIIT f(x) i g(x) HenmepepBHi B TOUIi Xg, TO CyMa,
no0yTOK i wacTka (yHKIiH Tako:k HelepepBHI B Touli X,
(Ana yacTKN aunre 3a yMOBM g(x,) = 0).

4. Hecxinien Mu BiKe pPOIIIAHYJIN CKiHUeHHI TIpa-
avs 1 oo
2panuys GyrKyii Humi GyHKI f(x) mpu x — abo
| x > a, ne a — uucjyo. IIpore B maTema-
TUIl PO3TVIANAIOTH TAKOXK 1 MIOHATTA HECKIHYEeHHOL ZPaAHUUL.

. 1 .
Hanpurknaan, ¢QyHkiia f(x):—4, rpadik uA
x
AKOI 300parkeHO Ha MaJOHKY 33.2, BHU3HA-
uyeHa nasa Bcix x # 0. Ajse sakmo x — 0, To
(pyuKIia HabyBae AKUX 3aBIOSHO BEIHUKUX

1
3HaUeHb. KayKyTh, M0 QYHKIIiA f(x)z—4 B
x

Tourri x = 0 Mae HeCcKiHUeHHY I'PaHUIIIO, i 3a- 0

.1
MHCYIOTH 1€ TaK: hm—4 =00, Mau. 33.2
x—0 ¢

ChopmyrroeMO O3HAUEHHS HeCKiHueHHOI rpaHUIl QPYyHKILII.
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d Braskatumemo, mo lim f(x) = oo, axmo aaga goBiasHOTO YKCIa
x—a

] . .
M > 0 icuye Tarke umeno 8 > 0, mo AXA BCiX X TAKUX, LI

|x — a| < 8, x # a, cnpaBaKyeThea HepiBHicTD: |f(x)| > M.

) .1 .
? IIGERRGS TToBecTH, 1110 lim—= o0, me o > 0 — parmionaabue

o
. x—=0 x

YHCJIO.

HoBenmeunns. [loBememo, 110 A moBiibHOTO umcsa M > 0 ic-
Hye Take umucio & > 0, Mo AJA Beix x Takux, mio |x| < §, crpas-

> M. Maemo: x* <i, TOOTO X < 1 ’,
M M

IKY€EThCA HEPIBHICTD: -
x

. . 1)a
Ot:xe, s poBiibHOrO umcaa M > 0 icHye Take § = M , 10 IJIA

BCiX X Takmx, o |x| < §, cpaBasKyeThCA HepiBHiCTB: |—| > M.
x
. cC . c
Tak camo MOKHA TOBECTH, IO lim — = 00; lim ———— = oo,
x—0 x* x>0 (x — a)*

Ie ¢ i a — 0yab-aki uuciaa, ¢ # 0, o > 0 — pamioHajabHe YKCJIO.
Y MaTeMaTHIIl TaKOMK PO3TJIANAIOTH MOHATTS HECKiHUEHHOI rpa-

HUIII Ha HeCKiHUYeHHOCTi, TOOTO rpaHuili BumIAny lim f(x) = co.
Xx—yo0
d’ Bynemo BBa:katu, mo lim f(x)=co, axmo nma moBiasHOrO
xX—yo0
unciaa M > 0 icHye Take uncao N > 0, mo qiudg Beix x, Takux,

mo |x| > N, cnpaBaskyeThesa HepiBHicTh: [f(x)| > M.

Hanpukaaz, lim(2x —3) = oo; lim(x2 +3x+1) =oo.
X—o0 X—>oo

L 22 4+7x
QLG ENRNAS BualiTu rpaHumpo lim ———.
x> 3x—1

Posp’azanmuda. Ockinbku lim(Zx2 +7x)=00ilim(8x-1) = oo,
X—>00 X—>o0

. (e.e]
TO KaXyThb, IIIO MAa€EMO HEBU3HAYEHICTh TUILY > I I_[JIH oburc-

JIeHHA I1iel rpaHuIli MOAiIMMO UHCEJIbHUK 1 3HAMEHHUK Ha X Yy
HaliBUIIIOMY CTelleHi — Ha x2:

2x% Tx 7
724'72 2+;
lim % — X —1j )
e Br_1 o8 1
22 x? x  x?
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Aune lim(2+zj=2+0=2 i lim(é—izj:O—O:O, TOMY
x

X—>00 X\ X X
7
2+—
lim ——% — co. BigmosBigs. 0.
x—00 3 1
x  x2

. Y cusy 0a6HURY, NO6’A30HE 3i 3HAX00HEHHM
nJaow, KpueosinillHux izyp i o0’emie min, o0-
MeHCeHUX KPUBUMU NOBEPXHAMU.

ITepwe meopemuyne y3azaavHeHHs i 00T PYHMYEAHHA Memodié
004 UCNLeHHA NAOW, i 00°€EMIE, Y AKUX HEABHO BUKOPUCMOBYEALUCA
2paHuyHi nepexodu, 0as HABUOAMHIWUL zpeubKUll MAMeMAMUK
IV c¢m. 0o H. e. Egdoxc Kuidcvrkuii. Memod Eedokca 6 XVII cm.
0YJ10 HA36AHO Memo0oM BULEPNAHHAL.

Tax, ranpukaad, 3a donomozoi ceozo memody Eedorxc dosis, ujo
00’em nipamiou 0opiéHI0oe mpemuri 00’ €MY NPUIMU 3 MIEI H OCHO-
8010 i Mi€I0 JH 6UCOMOI0, @ 00’ EM KOHYCA OOPIBHIOE MPEeMUHU 00 EMY
8i0n08i0H020 YuLiHOpA.

Hinocmpam, cyvacuuk it yuensv Egdokxca, 3acmocosyiovu memodu

sina

L. Iloaga nonamms 2panuyi, W0 Cs2a€ KOPIHHAM
fA we paﬂtm
N

C8020 8uuUmMeNs, 3HAUUW 08, W0 lim
a—>0

MmepMiHoL02il «nepulorw 4ydo80 ZPAHULECI0».

Hacmynnumu yeeaunamu ¢pynoamenmy meopii epanuyb caid 66a-
aamu npayi «I'eomempis HenodinvHux 6e3nepepsHux» (1635 p.)
Kasaavepi i «'eomempuuna npays» I'peecyapa de Cen-Berncana.

Benuye3nuii 6Hecokx 00 meopii epaHulb 3poouULd NOLEMIKA | KOH-
KYperuis Mmin 080mMa HAUOILbWUMU MAMEMAMULHUMU UWKOLAMU
XVII ¢cm. O0ny 3 Hux ouonts8yeas JleilbHiy, a ii yuHamu i nped-
cmasHukamu 6yau Jlonimanv, 6pamu Bepryani, Eiinep, a inwy
wrony ovontosas Hviomow, a o0Hum 3 ii npedcmasnukie 6ys Ma-
Kaoper. O6ud6i WKOLU CMEOPULU NOMYNHCHI aLz0pummu, sKi npu-
36eau, no cymi, 00 00HUX i MUX CAMUX Pe3YLbmami6 — CMEOPeHH s
Jugeperyianbrozo it iHmezpanbrozo wucienns. O0num i3 yux anzo-
pummis i 0ye memod zparuyb.

= 1, Has3sanuil 6 cyuacHiil

® Konu dyHKUilo y = f(x) Ha3nBaTb HEMNepepBHOK B TOu-
u x,? @ Ccopmyntonite O3HaYeHHA rpaHuli YHKUiT B Touuj.
) chopmymome OCHOBHi TEOpeEMW MpPO rpaHuLi OYHKLIT B TOYL.
@ CdopmynionTte BNacTuBIiCTb HeEMEpPEepBHUX (PYHKLiIA. ® Y sKkomy

BMMaAKy BBaxatoTb, Wo lim f(x) = ©? @ Y akoMy BunagKy BBaxa-
x—a

toTb, Wo lim f(x) = «?
X—>0
§ Fosb’sximo 3agaui ma bukonadme bnpabu
{1> 3Bmaiigite rpanumio pyuruii (33.1-33.2):

33.1. 1) limx; 2)lim(2x-1). 33.2. 1) lim x; 2) lim(3x + 2).
x—2 x—0 1 x—0

x——
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33.3. HUu O6yne pyHKIiA f(xX) HemepepBHOIO B TOUI 3, AKIIO:

1
1) f(x) = 3x — 5; 2)f(x)=x_
33.4. Yu O6yne GpyHKIiA g(X) HeIepepPBHOIO B TOYIIL 2, AKIIO:
1) g(x) =2x + T; 2)g(x)=21 ?
(2, Ob6uucraits rpanumio (33.5—33.8):
33.5. 1) lim © 7, 2) lim (x* - 8x +5);
x—0 x — x—>
3)lim5x_5; 4)1m4 %"
x>l x—1 x—2 2 — x
3
33.6. 1) lim > 2) lim (3x2 — 4x +7);
x—=0 14+ x x—-1
2
3 1im 22 710%, g im =L
=2 2-—-x x—l x —
33.7. 1) 1im L; 2) lim 10 . 33.8. 1) lim é; 2) lim
0 x8 x>l X — x>0 X X2 X —

33.9. Bigomo, 110 llmf(x) 5. BmaiigiTh rpaHuIio B Touli 1 mas

byHKITII:
1) y = 2f(x); 2) y = f(x) + 4
10 x
3)y = 1yy=T9
f(x) ) f(x)-4
33.10. Bigomo, 1110 hmt(x) 4. 3HaHAIiTH IPAHUIIO B TOUIl 2 md
byHKIII: x=2
12 t(x)
1) y = Ti(x); 2) y = t(x) — 3; y=——; 4)y= .
)y = TH(x) )y = tx) )y 1) )y 1) -3
33.11. O6uucaits: 1) lirr(l) sin x; 2) lim cos x.
x> x—>£
6
33.12. O6umcaite: 1) lirr(l) cosx; 2) lim sinx.
x> x—>E

3
3HalIiTh TPOMiKKY HemepepBHOCTI QyHKIT (33.13—33.14):

33.13. 1) f(x)=3x-T; 2) f(x) =4x3 -9x +11;
3) g(x) = 10 —3 4) g(x) = sin2x.
x+7
33.14. 1) g(x) =4 -9x; 2) g(x)=x%2+2x-3;
3) f(x) = L; 4) f(x) = cos4x.
x—-5
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3HaAUAITh TOUYKU POo3puBy PyHKILI (33.15—33.16):

33.15. 1) g(x) = 11 EE—
x-"7
33.16. 1) f(x) = i;
x+1

10 1
12
2) fla)=——2+.

Kopucryounch o3HaUeHHAM T'PAHUIL, JOBeAiTh, 110 (33.17—

33.18):
33.17. lim1(2x +3)=1

33.19. 3uaiigiTe:
33.20. 3uaigiTe:

33.21. Bimowmo, 110 hmf(x)

B TouIli 3 misa q)yHKuu
1) y = f(x) + g(x);

3) y = g4(x) — f(x);

33.22. Bigomo, 1110 llmf(x) 9i hmg(x)

B Touri 1 mima (byHRun
1) y = f(x) — &(x);

1) lim(3x —7);
1) lim(2x + 5);
5i lirr;g(x) =

33.18. lim(8x - 5) = 1.
x—2

2) lim(x2 +2x - 7).
X—>0

2) lim(x2 + x).
X—>0

7. 3HANUAITL I'PAHUIIO

2) y = 3f(x) — 58(x);
4)y=

flx)+1
g(x)-1

4. 3HafgiThL IPaHUIIO

2) y = 4f(x) + 3g(x);

x)+1
8y =20 + gy 4y=lHTL
g(x)-2
O6uwncaits rpaunuitio (33.23—33.24):
-2 . x2+2x-3
33.23. 1) lim———; 2) lim —————;
x>2 x2 + 2x -8’ -1 x® -1
3) lim © 1 4) lim 8-z
x—-1 x+1 x—9 9— x
2 _ -1
33.24. 1) lim *—*—6, 2) lim x—
x=>-2 x4+2 xalx +5x+4
23—
li lim
3) xlig X — 2 ) x—=1] — \/7
Q Kopucryounch o3HaUeHHAM I'PaHUIN, JOBeAiTh, 110 (33.25—
33.26):
x%-9 x% -4
33.25. lim =6. 33.26. lim =4,
x—3x—3 x—-2 x+2

O0uucaiTh rpaHnqu (33.27—33.32):

3 _9x
33.27. 1) hm—
x>-3x2 +2x -8

2)11m( 2 __8 )
x—=2|l x =2 x_4
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dx — 3
33.28. 1) lim —~ 2)11m(i— 6 )

x>-22x2 +3x -2’ 1|lx—-1 x2-1
33.29. lim Y32 33.30. lim Y7238,
x—1 x—1 x—0 x
2 _ _
€y 3331 1) lim = X0, gy gy, 1ocOSEX
x—>2x2 —4x+4 x>0 sind x
33.32. 1) li w; 2) limM-
-1 x2 - 2x+1 x—n  sintx

33.33. V Bepecri 1 kr Busorpapy xomrysas 20 rpH, y

V  )KOBTHI BHHOTDa/ MOZOPOXKYAB Ha 25 %, a B aucromai e
Ha 20 % (1m0 BiZHOIIEHHIO /0 IiHW KOBTH:). CKIJIbKU KOIITYBAB
1 Kr BUHOT'PAAY MHicCJis IOJOPOKUYAHHS B JUCTOIIAMi?

33.34. Po3B’sKiTh piBHAHHA
(x2 —10x + 24)(x2 —12x + 35) = 24.

Tligzomyimecs g0 bubuenns Hobozo mamepiany

33.35. Copocrits Bupas y(a + b) — y(a), aKiio:

1) y(x) =5; 2) y(x) = x; 3) y(x) = x%
1
4) y(x) = x% 5) y(x) = — 6) y(x) = Jx.
NOoXIOHA CDVHKLI,I'I'.
noxXigHi HAUMNPOCTILLUX CDVHKLI,II?I

1. Mpupicm apzyW Ha HpaRTI/II_Ii“HaC 4acTo HiHaBETL He
i npupicm Qynruii 3HAUEHHA SKOICh BEJWYWHU, a i mpu-
| picr. IIpupicT BeImunHN TO3HAYAIOTH
BEJINKOIO JIITEPOI0 rpellbKoro aiadasity A (meabta). Posrismemo
TMOHATTS MPUPOCTY AJIA PYHKILII.
CnouaTKy pOSIrJIAHEMO MOHATTA npupocmy apeymenmy. Hexai
— nesike (pikcoBaHe 3HAUEHHS apryMeHTY, a X — OesKe MOBiJb-
He HOT0 3HAUYEHHI.

' Pisaumio x — x, HA3WBAIOTH NPUPOCMOM Ap2YMenmny (Heza-
&9 JeKHOL 3MIHHOI) y TOUNi X, i MO3HAYAIOTH Ax (YUTAIOTE:
«IeNbTa iKC»).
Orxe, Ax = x — x, 3Bigcu x = x, + Ax.
3ayBasKVUMO, IO 3HAUeHHA Ax MOXKe OyTH AK JOJATHUM, TaK
i Big’emrum. 3posymino, mo Koimu Ax > 0, To X > X,, a KOJIH
Ax <0, To x < x, (man. 34.1).
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y

Axﬂé_» f(xo+ Ax) AR .
X x flx)b-------- . E
Ax | !
M : Ax;
* o 0l Xg Xg+Ax X
Maux. 34.1 Man. 34.2

Posrnanemo sHauenHa QyHKHIL f(x) y TOuKax x Ta x,,, T00TO f(xX)
ta f(x,). 3HaueHHa (QYHKIII f(x) 3MiHMIOCA IpU IepexoAi Bix
TOUKM X, IO TOYKK X Ha 3HaueHHA Af = f(x) — f(x,).

' ‘ Pizaumo f(x) — f(x,) HasuBaIOTL npupocmom GYHKYii B TOU-
ko Ii x, i mosHAYalOTH Af (UMTAIOTE: «JeabTa ed»).

Ockinpku x = x;, + Ax, 10 Af = f(x) — f(xy) = (x4 + Ax) — f(x),
3BigKu f(x, + Ax) = f(x,) + Af (mamn. 34.2).

W Suaritu npupict @yl f(x) = 3x — 2 B TouIi
» xo = 1, mo BiAmoBizae mpupocty aprymenty Ax = 0,1.
Poss’asanmua. f(x)) = f(1) = 3 - 1 — 2 = 1. OckinbKn
xo+Ax=1+0,1=1,1, 10 f(x, + Ax) =f(1,1)=3-1,1 - 2=1,3.
Tomi Af = f(xy + Ax) — f(xy) = 1,8 —1=0,3.
Bigmosigs. 0,3.

Hnsa ¢yarmii mouarrs noxidnoi € of-
7 || HUM 3 HaWBaXKJUBINIUX ITOHATL MaTe-
MaTHYHOTO aHaai3y. 3a JOIMOMOI'0I0 MOXiZHOI MOMKHA MOCIiIMKY-
BaTU BJIACTUBOCTI (PDYHKI[iM, 3HAXOAUTHU iX HalbOiabIIe i HaliMeHIIIe
3HAaUYeHHA Ha IPOMIiKKY ToIrno. IloxigHy 3acTocoByIOTh y (pismiri,
€KOHOMIIli, IHIMNX HayKax.

2. Iloxiona gpynruii

‘ I'pamumio BigHOmMEHHA NMpMpocTy (YHKIII Af y Toumi x, K0
&, MPUPOCTYy apryMeHTy Ax, komu Ax — 0, Ha3UBAKWTH nOxio-
1O PYHKEYIT Yy = f(x) y mouyi x,,.

IToxizny mosHavaroTh Tak: f'(x,) (UUTAIOTH: «f MITPUX y TOUIL
x,») abo Tak: y'(x,) (YUUTAIOTE: «y MITPUX y TOUMi X;»). O3HaAUeH-
HSA TMOXiAHOI Yy BUTIAAAL (OPMyIM MOXKHA 3alUCATH TaK:

Af(x
f'(xy) = lim M_
Ax—0  Ax

SIxkmro Bpaxysatu, mo Af(x,) = f(x, + Ax) — f(x,), To

f(xg + Ax) = f(x)
Ax

®DynKmio y = f(x), 110 Mae TOXifHY B TOUII X, HA3UBAIOTb JU-
@epenuyiitosnoio B 1iti Touri. SKmo @yHKIia y = f(x) mae moxiz-
HY B KOKHIN TOUIli IEeAKOrO IIPOMiKKY, TO KaKyTh, IO (PYHKIIid
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nudepeHnItiioBHa Ha IIbOMY OPOMiKKY. [ir0o 3HAXOMKEeHHA ITOXif-
HOI Ha3UBAIOTh OUDEPeHUiII0EAHHAM PYHKUYIL.

3HaiiTu moxigry GyHKIII f(x) y ToUIi X, 3a O3HAUEHHAM MOXK-
Ha 3a TAKUM aJITOPUTMOM:

1) snatimu npupicm @yuruii Af(x,) = f(x, + Ax) — f(xy), wo
sidnosidae npupocmy apeymenmy Ax;
Af(xy)

2) 3naiimu 8i0HOULEHHS N
x

ma cnpocmumu llozo;

3) snaitmu zpanuyio lim Af(xo) _ f'(x)-
Ax—0  Ax

3uaiitu noxigHy @yHkuii f(x) = x2 y rouni x, = 7.
« Poss’asanmua. 1) Af(xy) = flxg + Ax) — f(xg) = (7 + Ax)? — 72 =
=49 + 14Ax + (Ax)2 — 49 = 14Ax + (Ax)2.
Af(xg)  14Ax +(Ax)®  Ax(14 + Ax)

2) =14 + Ax.
Ax Ax Ax
3) (7)) = lim (14 + Ax) = 14. Bigmosigs. f'(7) = 14.
Ax—0
x2 -3, x <1,
W Yu mae pyurmia f(x)= RO HoXigHy
. 2x—4, axio x> 1

y Touni x, =1? ¥V pasi mosurusHOi Bignosixi, suaittu f'(1).
Posp’aszamnma. Maemo: f(x,)=/f(1) =12 -3 =-2. Ockineku
dyurmito f(x) aas pisHMX 3HAYEHBb aPryMEHTY 3a/laH0 Pi3HUMU
dopmysmamu: g x S 1 — opmiero gopmynoo, a gaa x >1 —
iHImoro, i gaTm BigmOBiAbL PO iCHYBAaHHA IIOXiZHOI HOTPiIOHO
came B Toulli X, =1, To mif Yac pos3B’A3yBaHHA 3amadi Tpeda
posriaayTu aBa Bumasku Ax <0 i Ax > 0.

Armo Ax <0, 1o Af(x,)=1(x,+Ax)—f(xy) =(1+Ax)2 -3—(-2) =
- =14+ 2Ax + (Ax)2 =3+ 2 = 2Ax + (Ax)2,

2 Y

A 2
Toxi f(xg) _ 2Ax +(Ax)? _ Ax(2+Ax) _ 94 Ar.
Ax Ax Ax
fxmo Ax >0, ro Af(xy)=1(xy+Ax)—f(xy)) =2(1+Ax)-4—-(-2)=
A
24 9Ax—4+2 = 2Ax. Togi S0) _2Ax
Ax Ax

Af(x
Or:¢e, B 000X BHIaAKax lim M

Ax—>0  Ax
if@=2
Bigmosigs. Mae; f'(1) = 2.

=2, mooro f'(1) icmye

3. IMoxidni nasinpocmimux OCKimpKHM 1)1 KOMKHOTO 3HAUYEHHS X,
dynryii sHaueHHA ['(x,) abo exuHe, abo B3ara-

| mi He icHye, OyZeMO POSTIAAAATU IIO-
xigay f'(x) ax QyHKIiO Big x.
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g nedakux (QYHKIIA MOKHA 3HAUTU QOpMYJM iX TOXiTHUX.
ITe mo3BosMTh 3HAXOAWUTHM MOXiAHY (DYHKIII B TOUIl He 3a O3HA-
YeHHAM, a 3a (JOpMYJIOIO.

3HaiizeMo QOpPMyJU MOXiAHUX NEeAKUX HAUIPOCTIINNX (PYHK-
i 3a O3HAUYEHHAM, 3aMiHUBIIIMA B 3aIIPOIIOHOBAHOMY BHUIIlE aJIr'0-
puTmi X, Ha X.

e Hexaii f(x) = C, e C — unciao. Toxi sa amropurmom:
: Af(x) _ 0 , . Af(x)
DA =C-C=0; 2 =—=0; 3 = lim ——==0.
) Af(x) ) Ar Az ) F(x) ddm =

Otsxe, C' = 0.
Hexait f(x) = x. Toxi:
° 1) Af(x) = f(x + Ax) — f(x) = x + Ax — x = Ax;
Af(x) _Ax _

2) 1 3) f(x)=1lim1=1. Omxe, x' = 1.
Ax Ax Ax—0

Hexaii f(x) = x2. Togi:
° 1) Af(x) = f(x + Ax) — f(x) = (x + Ax)2 — x2 =
=x2 + 2xAx + (Ax)2 — x2 = 2xAx + (Ax)?;
Af(x)  2xAx+(Ax)?  Ax(2x+Ax)
Ax Ax N Ax
3) f(x)=lim (2x+Ax)=2x.  Omxe, (x2) = 2x.
Ax—0

2) =2x+Ax;

Amnanoriuno MoKHA 3HAUTHU MOXimHi ¥ iHIMUX QYHKIHE IMTKiIbL-
HOT'0 KypCy MaTeMaTHuKMH.

Pagumo samam’srTatu moximHi GyHKIi#, axi Haiiuacrimie Bu-
KOPHUCTOBYIOTh Y Kypci anredpu i mouaTKiB aHaIidy:

f =0 ¥=1 () = 2x
d :

(% = 32 (1) -5 (B -5

X

3BepHITH yBary, mio moxigHa (pyHkKIil — 1e Tako:X (QYHKIIid, a
noxigHa (pyHKII B Touni — 1e unucao. OTike, Temnep, 3HaOUU Pop-
My DOXITHUX, MOXimHi (PYHKIIiHI B TOUKax MOKHA OOUYMCIIIOBA-
TH 3HAYHO IPOCTillle, HiK 3a o3HaueHHAM. [[JIs IIbOTO JOCTATHBO
y opmysy moximHol (GyHKIII mifcTaBUTH JaHy TOUYKY i BUKOHATH
0o0UMCIeHHS.

SGER WA [Taro GyHEINO f(x) = x3. 3maitu f(—1), f(2).
*PosB’aszaHHA. Bimomo, mo mnoxigHono ¢QyHKIii f(x) = x3
e @pyHKIiA f'(x) = 3x2. Toni
f-1)=3-(-1)2=81i f(2)=3-22=12.
BigmoBings. f'(-1)=3; f(2) = 12.
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aﬂjmt}... Po30in mamemamuru, y AKOMY 6UBLAIOMD
A t&:\?i/‘/ noxidni ma ix 3acmocyéamnHs, HA3UBAIOMDb

N Jugpepenyianvhum  qucrennam. Jugpepen-

yianbHe YUCNEHHs CMB0PeHO He makx 0a6HO,

y kinyi XVII cm., 3a80axu Hviomony i Jleitb6niyy. Boru mailsce

00HOYacHO npuillwau 00 nornammasa noxionoi. Hetomon npuiluios 0o

Y020, p0321a0aI0YU NUMAHHA MeXAHIKU, 30KDeMa NUMAHHA MUM-

meeoi weudrxocmi. PYnKYio 6iH HA3UBAE «PJIOEHMOI», A NOXi0-

HY — «QaI0KCi€0», QYHKUIL no3HA1a6 aimepamu X; y; 2; u; v; W, a

TXHi NOXIOHI — MUMU CAMUMU AIMEPAMU i3 KPANKAMU 820pi: X3 U
mouyo.

JletibHiy npuilutos 00 noHamms noxiOHoL, BUX00A4U 3 ze0MempPuY-
Hux 3a0day, a came, po3zasdaniu 3a0avy npo npogedeHHs 00mMmuLHOL
0o Kpusoi. 3amicmb 8i00M020 HAM AX, 8iH BUKOPUCMOBYBAE NO3HA-
yennsa dx (aimepa d — nepwa Jimepa JAAMUHCLKOZO CJL08Q
differentia — pisnuus).

I. Herorou I1.®. JleiibHin M.B. OcTtpo- M.II. KpaBuyk
(1643-1727) (1646-1716) rpajicbKuit (1892-1942)
(1801-1862)

ITodanvwiuil 6HecOK Y PO3BUMOK MAMEMAMULH020 AHANLIZY 63a-
zani ma OugeperuyiarvbHoz0 YucLeHHs 30Kkpema 3podunu A. Jloni-
maanv (1661-1704 ), JI. Eiinep (1707—1783), O. Rowi (1789—-1857 ),
K.®. T'ayc (1777-1855), a makxox YKpPATHCOKLI MAMEMAMUKU
M.B. Ocmpoepadcorkuii i M.I1. KEpasuyk.

© Lo HasuBalTb NPUPOCTOM aprymeHTty B Touui x,? @ Lo Hasu-
Q BalOTb NMPUPOCTOM (YHKLIT y Touli x,? @ Lo HasnBaloTb NoXiaHOW
dyHKUiT y = f(x) y Touui x,? @ AKy dyHKLil0 HasnBalTb AudepeH-
LiloBHOIO B TouLi x,? ® CopmyrnonTe anroputM 3HaxomKEHHS no-
XiAHOI 32 O3Ha4YeHHAM. @ 3anam’aTante noxigHi yHKuin f(x) = C,

Fx) = x, f(x) = 2% flx) = 23, (&) = i f(x) = x.

§ Posb’sxims sagaui ma bukonaime bnpabu

{1> 3maiigiTe npupict aprymenty Ax, axiio (34.1—34.2):
34.1. 1) x, = 2, x = 2,001; 2) xy =3, x=2,9.
34.2. 1) x, = 5, x = 5,01; 2) x, =0, x =-0,001.
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Axi moximHi sHalimeHo mpaBUJIbHO, a AKi — Hi (34.3—34.4):

r— 0 r_ . l ,—i' \/ ,_L
34.3.1)5'=0; 2) (x?) = 3x? 3)(x) -2 4)( x) T /—x?
344.1) 7 =17; 2)(x%) =3x% 3)(x?) =2x; 4’(”)’: /—1 !

X

2 3maiigite npupict QyHKNii f(x) y Toumli X, Aa4 JaHOTO IIpHU-
pocty aprymenTty (34.5—34.6):
34.5. 1) f(x) =38x — 4, xy = 5, Ax = 0,1;
2) flx)=x2+1, x,=2,Ax = -0,2.
34.6. 1) f(x) = 2x + 3, xy = 1, Ax = -0,1;
2) f(x) = x2 - 5, x, = -1, Ax = 0,2.
34.7. 3naiiniTe npupict GyHKIii g(x) = sinx y Toumi x, = 0, AKmIO:

1) Ax =5, 2) Ax = - %,
6 4
34.8. 3uaiigiTe mpupict QyHKITI f(x) = cosx y Touri x, = g, AKIIO0:
1) Ax="1; 2) Ax = - %,
4 6

BukopucroByroun Ta0IHII0 MOXITHWX, 3HANAITH MOXiZHY (PYHK-
ii (34.9—34.10):

34.9. 1) f(x) = x2 y Tourax —5; —2; 0; 1;
2) g(x) = Jx y TOUKax i; 9; 25.
34.10. 1) f(x) = x® y Tourax —1; 0; 1; 4;

2) g(x) = 1 y Toukax —0,1; 0,2; 5.
x
3 34.11. 1) 3anumiTte npupict QysKIii f(x) = 2x — 3 B TouUmi X,
uepes x, i Ax.
2) 3maiigite Af(x,), axkmo x, = 1, Ax = 0,5.
3) Hakpecuaits rpadik Gyukrmii f(x) = 2x — 3.
4) ITpoinfocTpyiiTe 3po0ieHEe MaJTIOHKOM.
34.12. 1) 3anumite npupict GyHKmii g(x) = 2 — 3x y Toumi X,
uepes x; i Ax.
2) 3maiinite Ag(x,), axkmo x, = 2, Ax = 0,5.
3) Hakpecaits rpadixk ¢pyuriii g(x) = 2 — 3x.
4) IlpointocTpyiiTe 3po0JieHEe MaJTIOHKOM.

Kopucryouncs o3HaueHHAM IIOXigHOI, 3HAWAITHL MOXimHY (DYyHK-
mii g(x) y roumi x, (34.13— 34.14):

34.13. 1) g(x) = 3x? — x, xy = 1; 2) 8(x) = E+5, Xo = 2.
X

34.14. 1) g(x) = bx% + «x, xo=-1; 2) g(x) =1—@, Xy = 2.
x
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34.15. Ilopisnaiite Af(x,) i Ag(xy) y Touni x, = 1 mra GyHKOik
f(x) __2 ig(x)=x2-1, axmo Ax = 0,1.
x
Cxaamits i po3B’sKiTh piBHaAHHSA (34.16—34.17):
34.16. 1) f'(x) = f(x), axmo f(x) = x3;
1

2) g'(x) = -4, axmpo g(x) = -

34.17. 1) f(x) = f'(x), axmo f(x) = x2;
1
2) g(x) = 5, smo g(x) = V.

34.18. Crkuaazmites i posB’skite HepiBaicTs f'(x) = 3f(x), AKImMO
f(x) = x2.
34.19. Ilopisaaiite f'(3) i f'(—3), axmo f(x) = x3.

9

Kopucryouncs oO3HaueHHSIM IIOXiZHOI, 3HAWIITL 3HAUYECHHS
noximuoi pyHKHii #(x) y Touni x, (34.21—34.22):

1 1
34.20. TTopiBHsaiiTe g’(zj ig [—), Axmo g(x) = V.

34.21. 1) t(x) = é—x, Xy = 2; 2) t(x) =Nx+3, x,=1.
x

34.22. 1) t(x) = x+g, Xy = 3; 2) t(x) =Vx -2, x,=6.
x

Kopucryouncs o3HaueHHAM, 3HAUIITL moxiguy GyHKIil (34.23—
34.24):

34.23. 1) f(x) =4 — Tx; 2) g(x) = 3x + x2.
34.24. 1) f(x) = 2x + b5; 2) f(x) = x2 — bx.
34.25. Cxaanits i poss’sakiTs HepiBuicTs f(x) + g'(x) — 5 > 0,
akmo f(x) = x2, g(x) = x3.
34.26. Cxianits i poss’sukiTh piBHAHHA |f/(x)| = f(x), axmo f(x) = x2.
. 2x, AKIIO x < 1,
¢ 34.27. Yu mae pymrnia f(x) = moxigey
1+ x2, axkmo x >1
y Touni x, =1? fIkmo Tak, To 3Ha#AITE f'(1).
34.28. oBeniTh, KOPUCTYIOUNCH O3HAUEHHAM ITOXiHOI, IO B TOY-
. . . x? -1, axmpo x < 2,
i x, = 2 icaye moxigHa QyHKIIil f(x) =
4x — 5, AKII0 X > 2.
SHaigite f'(2).
34.29. Bucora Haj 3eMJel0 MiIKUHYTOTO Bropy M’ sua 3MiHIO-
eThbca 3a 3aKoHOM h(t) = 1,6 + 8t — 5t2, me h — BuCOTa B MeT-
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pax, ¢ — 4ac y CeKyHfax, II[0 MUHYB 3 MOMEHTY miaKugaHusa. CKiab-
KU CeKyHI M 4 Oyae mepeOyBaTH Ha BHCOTI, II[0 HE MEHIIA 3a TPU
meTpu?

34.30. I[o/:[aTHl yyucjaa X 1 Yy BaJOBOJNBHAITH YMOBY
x—y = x3+y5. Iosexmits, mo x2 +y2 < 1.

Tligzomyimecs go bubuenns Hobozo mamepiany

34.31. 3ualigiTe KyTOBUH KoedillieHT mpsamMoi:
1) y=4x-5; 2)y=—§x+6; 3 y=";

4) y=0,17x; 5) 12x + 2y = 5; 6) 7Ty =-14.

34.32. 3anuIlriTh PiBHAHHS OPAMOI, III0 NPOXOAUTH UEpe3 TOUKY
K(—1; 4) i mapasenpHa oci aberuc.

34.33. 3anuiiiTh piBHAHHA OPAMOI, III0 ITPOXOAUTH UEpPE3 TOUKY
M(2; —1) i mae KyTOBUU KoedillieHT:

1) 3; 2) -7; 3) 0; 4) 0,5.
34.34. fAxuit KyT yTBOpIOE 3 MOJATHUM HAMIPAMOM OCi abcIiiuc
npsaMa:

1) y=x+2 2 y=T-x  3)y=5  4) y=-/3x?

34.35. CkiafiTh piBHAHHA OPAMOIi, IO MPOXOAUTH Uepe3 TOUKY
L(2; —3) i yTBOpIOE 3 OAATHUM HAIIPSAMOM OCi abcIiuc KyT:
1) 45°; 2) 120°.

34.36. YraxKiTh mapu mapajelbHUX IPAMUX cepell IPAMUX, AKi
3a1aHO PiBHAHHSIMU:

1) y=5-2x; 2) y=0,5x-7; 3) y+2x-7=0;

4) y=-2 5)y=%x; 6) y=2.

% ®I3NYHUN | TEOMETPUYHUIA
3MICT NOXIAHOI

Posrisuemo geaki 3amaui, 1110 IPUBOAATE OO IOHATTS MOXiTHOI.

1. Cepedna ma mummesa Hexait Touka DPYyXaeThCA BBOBIK IIPA-

weudxocmi pyxy mowku Moi, i Bimomo ii koopauHATy X(f) ¥ MO-
630069 NPAMOL MeHT 4acy ¢. 3a inrepBau 4acy Bif ¢, 1o

1t = t, + At Touka Hozoae BizcTaHb
x(t, + At) — x(t,). Toxi cepednio uwuc?mcmb PYyxy sa 1el yac MOXKHA
BUBHAUUTHU 32 (POPMYJIOIO

v, (At) =

x(ty + At) — x(ty) Ax
At At
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3ayBaKuMO, 110 AKI0 At < 0, TO PO3rIALaloTh iHTEPBAJ Yacy
Bif t, + At po t), a BiAmoBigHA BificTaHb y IILOMY pasi AOpiBHIOE
x(ty) = x(ty + AD. Togi

x(ty) —x(ty +At) _ x(ty +At) — x(ty) _ Ax

v, (At) =
¢ —At At At
Omxe, B 000X BHUIIaAKaX CepemHs IMIBUIKICTh TOUKHU, IO pyXa-
€ThCsA B3JOBYK IIPSIMOI, JOPiBHIOBATHME &
At

Y KOKHUI MOMEHT 4Yacy TOYKA PYXAEThCA 3 MEBHOIO IIIBUJ-
KicTio. 3’acyeMo, AK 3HAUTU MUMMESY WEUOKiCMb pYyxy B MO-
MeHT 4acy t. ITpupoguo mpunycrutu, 1o Ko At TOCUTH MaJie,
TO 3a IeH iHTepBaJ Yacy IIBHUAKICTHL IMPAKTUYHO He 3MiHUTBLCH,
TOOTO cepemHs IIBUAKICTh 3a Ileli MOMEHT Yacy IPaKTHUYHO He
Bi,Z[RiE’,HHTI/IMeTBCH BiZl MHUTTEBOI I_LIBI/II[KOCT} Vyue(to). Tomy, 1106
3HAWTU MUTTEBY IIBUAKICTDH, CIIOUATKY 3HAUAEMO CEPEIHIO IIBUJ-
KicTb v (At), a mami — IpaHUIO CepeaHbOI IMBUAKOCTI 32 yMOBH,
o At — 0. Orixe,

. Ax
Unurr (tO) = i}LT%)E.

IlpaBa wactmHa 1iei piBHOCTI €, 3a O3HAUEHHAM, MOXiTHOIO

. , . Ax
GyHKIii x(¢) y Toumni ¢,, T06T0 X'()) = lim —. Maewmo:
At—0 At

y ‘ MHUTTEBA IBUAKICTH v(l) BUSHAYEeHA AJIA OydAb-iIK0l mudepeH-
L, uinosHol pyHKUii (1) i mpu uLomMy

u(t) = x'(t)
ab0 KOPOTKO:
Q MOXiHA Bil KOOPIMHATH 3a YAaCOM € IMBUIKICTIO,
)

Y uvomy moxasarae @isuuHuil 3micm noxionoi.
Mipkyroun aHajgoriuuo, MoKHa MOKal3aTH, IO

U’ MOXiTHA BiJl MIBUAKOCTI 32 YACOM € MIPHCKOPEHHIM.

W Tigo pyxaeTbcsa IPAMOJIHINHO 3a 3aKOHOM X(t) = t2
(x BUMipIO€ETBCA B MeTpax, ¢ — y CeKyHAax). 3HATU MIBUIKICTH
TOUKK B MOMEHT 4dacy t = 5 c.

Poss’asarmnrda. Ockinekm v(t) = x'(t) = (t3) =2t it = 5, 10O
v(8)=2-5=10 (m/c).
Bigmosigs. 10 m/c.

2. Jomuuna do Posrasauemo rpadik dysKIii y = f(x).
2pagixa GynKuii IIpsamy ¢, mo npoxoauTs uepesd Gyab-

| axi aBi Touku rpadika pyurIiii f(x),
Ha3WBAalOTh CiYHOW0 [0 Iboro rpadixka (maa. 35.1). 3 Kypcy
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reoMmeTpii Bimomo, 110 KyTOBUH KoedillieHT k£ mpAMOi, IO IPOXO-
IuTh uepe3 Touku A(x; Y,) 1 B(x; y) i yTBOpPIOE 3 HOJATHUM HaIps-
Yo

MOM oOci abeIuc KyT o, JOPiBHIOE . BuxkopucroByrouu moHAT-

0
TS MPUPOCTIB (PYyHKITII Ta apryMeHTy, Iie 3pyYHO 3alIUCcaTh TaK:

b tgo = AT
Ax Ax

‘ Homuunorw 6 mouyi (x,; y,) 0o 2padira pynryii y = f(x)
HA3WBAKOTH TPAHUYHE MOMOKEHHA CiYHOI, M0 MPOXOTUTH Ue-
pes Lo TOuKy, Koau Ax — 0.

Y
f(xo+Ax)

Mau. 35.1

Ha maaonky 35.1 mpama m — moTmuHa A0 rpadika (QyHK-

mii y = f(x), sky mpoBemeHo B Touii A. asa mpsamoi m maemo:
. A . . A

kE=tgo=lim —f Ockiapru lim A = f'(x), To k = f'(x,). Orxe,
Ax—0 Ax Ax—0 Ax

d. rKymosui koegiuienm dJdomuinoi po rpadika dyHRIET

y = f(x), mo mposejeHa B Toulli 3 aGCHUCOI0 X, JOPIBHIOE
noxigmiil dynxnil y = f(x) y uiit Toui: k = f'(x,).

YV npomy moJiArae zeomempuyHuil amicm noxioHot.
Ockinbru f'(x,) = k= tg9, ne ¢ — KyT, AKUI yTBOPIOE TOTUIHA
3 OJaTHUM HampaMoM oci abcmuc, To Koau f'(x,) > 0, KyT ¢ —
rocTpuii; KoJu f’(xo) =0, To ¢ = 0° TOOTO HOTHMUHA TapajieJbHa
oci abcruc (abo 3b6iraeTbca 3 Hewo), a y Bumaaky ['(xy) < 0 Kyr
(¢ — Tynui.
3HalTu KyToBuil KoedilieHT JOTUUYHOI, IPOBEmeHOI
- 10 rpadika QyHKIII f(x) = x3, y TouImi 3 abcmucoio Xy =—2.
Poss’asanu4dg. f(x)=(x3) = 3x2.
Ockinbru k = f'(x)) i xy= -2, 10 k= (-2)=3 * (—2)2 =12.
Bigmosigse. Bk =12.
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3HaiiT TaHTeHC KyTa HAaXWJIy OO Oci abciuc moThd-
. HOI 1o rpadika QyHKII f(x) = \/;, 1110 TIpoBefieHa B Toulri A(4; 2).

, 1 .,
PosB’si3aHH4. (\/;) ZF. Hexait ¢ — KyT HaXuUJIy AOTUY-
x

HOI 1o oci abcuc.
Ockineru tgo = f'(x,) i x, = 4, T0 tg0 = ['(4) = 1 =—=0,25.

2.J4 4

| =t

Bigmosigs. 0,25.

QI IGENRESS Ha wmanoHKy 35.2 300paskeHo rpadik QyHKINI
cy= f(x), ska BusHaueHa Ha MPOMiKKY [—5; 5]. IIpama m — mo-
« TUYHA 0 rpadika GyHKIII.

1) BukopucroBytouu rpadik, 3HaumiTe ['(2).

2) YKaxiTh TOUKHU X, A41d axux f'(x,) = 0.

PosB’azanuda. 1) [Ipama m y Touri 3 abciucoo x = 2 yTBO-
pioe 3 pmomaTHHMM HampaAMoM oci abemme Kyt 45°. Towmy
'(2) = tg45° =1.

Yy Yy
4 4 —
=J(x
5 5] y =1x)
2 2
/i i 1
q-2 450 : 1
-5-4 -19 -5-4-3 —2:9/ 12345%
T T
-2
Maz. 35.2 Maux. 35.3

2) Ockineknu f'(xy)) =0, To x, — abcmuca TUX TOYOK Trpadika
dyurmii f(x), y AKUX moTHUUYHA mapaJjiejibHa oci abciuc (abo 36i-
raetbes 3 Hero). Ile Touknm x, = -4 Ta x, = -1 (man. 35.3).

Bigmosigs. 1) f(2)=1; 2) —4; —1.

3. Pienanns doney Hexait y = kx + | — piBHAHHA HoTUY-
90 2padin s Hoi 1o rpadika GyHKIl y = f(x) y TOU-
pagiea QYU | i A(xy; f(x,)). Ockinbiu k = F/(x,),

TO PiBHAHHSA JOTUYHOI HaOyBae BUTJIALY:
y=1(xg) x+1L
OcKinbKM JOTHYHA IPOXOAUTH Yepes TOuKy A(x,; f(x,)), TO Ko-
OpAWHATHU IIiel TOUKY 3aJ0BOJILHAIOTH PiBHAHHA HOTHUYHOI, TOOTO
f(xg) = '(xy) = xy + 1, sBimkm L = f(x;) — f'(xq) * xq-
Oroxe, 3HaOuUu £ i | MoKeMO 3ammcaTu pi6HAHHA 00MUYHOL 00
epadira Qynryii y = f(x) y mouuyi 3 abcyucoin x,:
y=1"(xg) - x + flxg) — ['(xg) * x5, TOOTO

Q Y = f(xg) + [lx)(x — x0)
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w CkjacTu piBHAHHS OOTHYHOI gm0 rpadika (PyHKIIiI

1
f(x) = . y Touri 3 abcnmcoro x, = —4.

Poss’aszanmua. Maemo: f(x,) 5

1 1, 1
fC4) = — =-5 1) = .

1 . . .
f(-4) = 16" IlircTaBuMo oTpmMaHi 3HAYEHHA B PiBHAHHA J0-

. 1 1
TUYHOI, OTPUMAEMO: Y = _Z_E(x+4)' CopoctuBmiu BuUpas y
1 1

IbOMY PiBHAHHi, MaTUMEMO: Y = —Ex - E
1 1

Bigmosins. yz—Ex—E.

. 17 =
Awge PRI i posenndarout numars sesan
— )
N KU, 30Kkpema, mummesol weudxocmi, a Jleiio-
Hiy — 6eux0daiu 3 zeoMmempuiHux 3adai, a
came 3a0aui Ha nobydosy domuiHoi 00 KPUBOL.

O0nakx numanha nodydosu domuiHux 00 KPUBUX UIKABUJLO Ma-
memamukis 3ado8zo do Jleubniua. Tar, nanpukxkaad, Eerknid &
«Hauanax» 0as cnoci6 nobydosu domuyroi 00 Koaa, Apximed no-
oydysas domuyrny 0o cnipasi, sKYy HA36aHO HA 1020 Yecmb, AnoJo-
Hill — 0o eainca, zinep6oau i napaboau. IIpome cmapodashi 6ueHi
He p036’a3aau Y 3a0aiy 6 3a2aibHOMY 6UzaAldi: He 6KA3AAU, AK
nobydysamu domuyrny 00 008inbHOI KPUBOL 8 0YOb-aKiil iT mouyi.

I3 camozo novamrxy XVII cmoaimma 6azamo 64eHUX HAMA2A-
aucs poss’asamu yio 3adavy, 3okpema: Toppivenni, Bisiani, Pobep-
eaav, Bappoy, odnax 3azanvHuii memod nobydosu OOMUYHUX
nepuwium 3anpononyeas Jleiiorniy y 1684 poui.

© FAK 3HaNTM MUTTEBY LUBUAKICTb TOYKM, LLIO PYXAETbCH 3a 3aKOHOM
x(t)? @ Y yomy nondrae gianyHui 3MicT noxigHoi? @ LLlo HasuBatoTb
ci4yHo0 [0 rpadika dyHKuUil y = f(x)? @ LLlo HasmBaloTb AOTUYHO [0
rpagika yHkuii y = f(x)? @ Y Yomy nonsira€ reoMeTpu4HUA 3MicT
noxigHoi? @ 3anam’atanTe PiBHSAHHA OOTUYHOI 0 rpadika yHKLii
y = f(x) y Touui 3 abcuycoto x,.

§ Fosb’axims 3agaui ma bukonadme bnpabu

{1 35.1. (Vcno). Bimomo, 110 KyToBuil KoedilieHT ZOTHUYHOI IO
rpadika QyHKENi y = f(x) y Touni 3 abcmucorm X, JOPiBHIOE
0,4. ‘3HafII[iTB 3HaUeHHA moximHol GyHKI y = f(x) y miit
TOYIIi.

35.2. Bigomo, 1mo f(3) = 5. 3HaiigiTe KyToBHil Koe(illieHT m10-
tu4yHOI mo rpadira dyHKIii y = f(x), mpoBemeHol B TOUIli 3
abcumcom x, = 3.
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35.3. Bigowmo, 1o f'(4) = 1. 3uaiigiTh:
1) KyroBuii Koedimiear moruuHoi g0 rpadika GyHKIIT
y = f(x), mpoBesieHoi B TouIli 3 abCIKUCOI0 X, = 4;
2) KyT, AKUN YTBOPIOE IIA OOTUUYHA 3 MOJATHUM HAIIPSIMOM
oci abcrmuc.

35.4. lotuuna mo rpadira GyHKI y = f(x) y Toumi 3 abciu-
COI0 X, YTBOPIOE 3 MJOJATHUM HAIIPsAMOM oci abciuc KyT 60°.
3HalmITE f'(X,).

2. 35.5. 3maiifgiTe KyroBUil KoedinmieHT mormuHOi no rpadika
byurmii f(x) = % y Touni 3 abcuucorn x, = —1.

35.6. 3mangiTe KyToBU# KoedimienT moruuyHoi 0 rpadika QyHK-
mii f(x) = \/; y TouIlli 3 abCcIucow X, = i

35.7. 3HalifiTh TaHreHC KyTa HAXWJIY OO OcCi abcIuc JOTHUYHOI IO

rpadika QysKmii f(x) = x2 y Tourmi 3 abcmucoro Xy = —2.

35.8. 3HalAiTL TAHreHC KyTa HaXWJIY OO OCi abCIiuc JOTUYHOI 0
rpadika ysrmii f(x) = x3 y Touni 8 aberucoro x, = —1.

35.9. Tiso pyxaersca NpAMOJIHIAHO 3a 3akoHOM X(t) = t3 (¢ BH-
MipIOETBCA B CEKYHAAX, X — y MeTpax). SHAUAITh MBUIKICTh
Tija B MoMeHT uacy: 1)t =2c¢; 2)¢t=3c.

35.10. Tino pyxaerbca IPAMOIIHINHO 3a 3akoHOM X(t) = t2 (t BU-
MipIOETBCA B CEKYHAAX; X — y MeTpax). 3HAUAITh MIBUIKICTh
Tia B MoMeHT uacy: 1)t =4¢; 2)¢t=10c.

35.11. Cxiagits piBHAHHS KOTHUHOL 10 rpadira GyHKLIT f(x) = x
y Tourli 3 abcuucomwo x, = 1.

36.12. CruamiTs piBHAHHSA TOTUUYHOL 10 rpadika GyHKIii f(x) = —

x
y Touri 3 abcuucomn x, = 1.

3 35.13. Ha rpagiry ¢ysrumii f(x) = x? sHaiifite TOURy, Y
AKIA JoTHMUYHA YTBOPIOE 3 MOJATHUM HAIIPSIMOM OcCi abciiuc
KyT 135°.

35.14. Ha rpadiky pyHKIii f(x) = \/; 3HAUMITHL TOUKY, V AKIiN HO-
TUYHA YTBOPIOE 3 TOJATHUM HAIPAMOM Oci abciiuc Kyt 45°.

35.15. MarepiajbHa TOUKA PYyXa€ThCA IPAMOJIHIAHO 3a 3aKOHOM

1 . .
x(t) = =. ¥ axkuit momeHT uyacy t (¢ > 0) mMBUAKICTH TOYKU
t

. 1 .
Oyze mopiBHIOBATHU 9 M/c, AKINO { BUMIipIOETHCA B CEKYH-

Iax, x — y merpax?

35.16. MaTrepianbHa TOYKaA PyXaeThCsa MPAMOJiIHINHO 3a 3aKOHOM
x(t) = t3 (¢t BUMIDIOETECA B CEKYHIAX, X — y MeTpax). ¥ SKuii Mo-
meHT yacy t (f > 0) mBugKicTh Touku Oyme mopiBuioBaTu 48 m/c?

354



Ui YA
. | y=8(x)
/r\\*\ | ! |
v ! \120° 60° IR
I > X : x
4 X1 0 Xy \\ x // v \. *
Mau. 35.4 Mau. 35.5

35.17. Jlo rpadika pysKmii y = f(x) y Toukax 3 abcmucamu Xx, i
X, IpoBeJgeHO moTHUYHI (Mau. 35.4). 3Haipite f'(x;) i f'(x,).

35.18. o rpadika pyHKnii y = g(x) y Toukax 3 abcuucamu x, i
X, TpoBeAeHO AoThuYHi (Mas. 35.5). 3HaumiTey g'(x;) i g'(x,).

35.19. 3maiifgiTh TOUKM, Yy AKUX AOTUYHA A0 Trpadira (GyHKITIT
f(x) = x° napanenbHa npamiit y = 12x — 17

35.20. 3maiigiTh TOUKM, Yy AKHUX OOTUYHA A0 rpadika GyHKITIL

1 1
f(x) = — mapasenpHa mpAMil Yy = —§x + 8.
x

35.21. OgHa 3 MaTepiaJbHUX TOUYOK PYXaeThCsd MHPAMOJiIHINHO 3a
3akoHOM X(t) = t2, a imma — 3a 3akonoM x(t) = ¢3 (f BuMipIo-
€ThCSI B CEKYHIAX, X — y MeTpax). ¥ SAKHIl MOMEHT udacy t
(t > 0) ixHi mBUAKOCTI OYAYTh OOHAKOBUMMU?

35.22. Ha manouKky 35.6 mo rpadika dyurmii y = f(x) mposene-
HO JOTMYHY B TOYIIi 3 a0CIMCOI0 X, SHAUMITL ['(x,).

YA
YA L~
A
/1 Y \\ 1 y = f(x)
A P y=T7x) ! i 4
- 0 1 ‘XO ;,' 0 'XO X
Mau. 35.6 Mau. 35.7

35.23. Ha manwouKy 35.7 mo rpadika dyuruii y = f(x) mposene-
HO JOTUYHY B TOYIIi 3 a0CIMCOI0 X, SHAUMITH ['(x).

@ 35.24. Ha wmamoukry 35.8 300paskeno rpadix QyHKILI
y = f(x), Bu3HaueHoi Ha TpPOMiKKY [—6; 6].
1) VkaxiTh yci Toukm, y aKkux moxigua GyHkiii y = f(x) mo-
PiBHIOE HYJIIO.
2) lopiBuanre f'(1) i f'(5).

35.25. Ha maurronky 35.9 3obpaskeno rpadik ¢yeKIii y = g(x),
BU3HAUYEHOI Ha IPOMiKKY [—H; 5].
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Y Yy
/| y =) Y=g/
N N
1 1
-6 0 5 X -5 0 5X
Man. 35.8 Max. 35.9

1) VraxiTp yci Toukm, y AKuMX moximHa GyHKIIl y = g(x)
IOPiBHIOE HYJIIO.
2) ITopiBuaiite g'(2) i g'(0).

35.26. [lo rpadika dpyuKIii f(x) = Jx CKJIAMITH PiBHAHHS JOTUYHOI,
1
dKa mapaJjieJibHA IpAMil y = Ex + 8.

35.27. ITo rpadixa GpyHKIII f(x) = X2 CKIaLiTh PiBHAHHA NOTUYHOI,
fAKa IapaJiesibHa IpAMin y = —2x + 7.

35.28. Jlamo dyukIio f(x) = 1
x

1) CkaamiTeh piBHAHHS ZOTHYHOI mo rpadixka GyHKIII B TouIri
3 abcmucomwo x, = —1.
2) BukoHaiiTe MaJIIOHOK.
3) 3Ha1‘/’1,/:(i"rb IJIOIy TPUKYTHUKA, o0MesKeHOoro Bigpiskamu
IOTUYHOI i oceil KOopAWHAT.

35.29. ITano gyrELio f(x) = x8.
1) Cxaanite piBHAHHA OTHUYHOI 10 rpadika GyHKIIl B ToUIi
3 abcmucomwo x, = —1.
2) BukoHaiiTe MaJIIOHOK.
3) 3Haf/’mi"1‘b IJIOIy TPUKYTHUKA, o0MesKeHOro Bigpiskammu
IOTHUYHOI i oceli KOOPAUHAT.

35.30. VY akiil ToUIli MEepeTHHAIOTLCA JOTHYHI J0 mapaboan y = x2,
IpOBeJeHi B ToOUKax 3 abcrucamu x, = —2 i x, = 1?

35.31. CraBka HOJATKY Ha NOXOAU (PisWIHUX oci6 (3apmia-
¥V r1y) v 2015 pomi cramoBmiaa 15 %, aAKImo 3apmiara g0
12 180 rpu, mwiaoc 20 % Big cymu, 1o mepesuilye 12 180 rpm.
Iz 2016 poky 1a craBka cTaHOBUTH 18 % 06e3 obme:keHb. [Jupek-
Topka mizmpumemcTBa y 2015 pori orTpumyBajia 3apujiary
13 000 rpu Ha MmicaAnb, a B 2016 pori — 15 000 rpu Ha MicAIllb;
crapmuit meHemkep y 2015 poui orpumysas 3apmiaty 9000 rpu
Ha Micsans, a B8 2016 pori — 10 000 rpu Ha Mmicaue. Ha arky cymy
3MIiHUBCA MIOMIiCAYHUI IIOHATOK KOMKHOIO 3 HHX NOPiBHAHO 3
2015 porxom?

35.32. (Hauionaavra onimniada Ascmpii, 1971 p.). Hose-
OiTh, I[0 OJA OyAb-AKHX OOJATHUX YHCEeJ a, b 1 ¢ cupas-
IXKYETHCA HEPiBHICTH:

a?(b+c—-a)+b2(a+c—-b)+c2(a+b-c)<3abc.
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Tligzomyimecs go bubuernsa Hobozo mamepiany

35.33. IlopaiiTe Bupas y BUIJIALL CTEIIEHS 3 OCHOBOIO X:
1 1 1 1
D) 2 5 3) ) aois
35.34. lano f(x) = sin x — cos x. 3HANTITE:

T T T
) fO; 2 f(g), 3) f(zj, 2 f(Ej.

m: NPABUITA ANPEPEHUIFOBAHHA.
TABINNUA NOXIAHUX

Y npomy maparpadi posriasgHeMO OCHOBHI ImpaBuja gudepeH-
IilIOBAaHHSA Ta MOXiTHI CTeIIeHEeBUX i TPUTOHOMETPUYHNX (DYHKI[IMN.
Ha copomtenHa 3anuciB 3amicTs u(x); u'(x); v(x); v'(x) Toro nu-
caTumemo u; u'; v; V' TOIIO.

1. Ocnosni npasuna Hexaii ¢pyurmii v i v gudepeHIiiiioBHi
dupepenyioeanns B Touri x. Tomi ix cyma i pisummsa Ta-
| KoK nIud)epeHIlifioBHi B TOYIIi X.

‘ Ilpaguxno 1. (utv)y =u'£v
&o (moximHa cyMmu (pisHUII) TOpiBHIOE cyMi (Pi3HUINI) MOXiTHUX).
HoBeneunnsa. Hexait f=u + v. Toni:

1) Af = Alw + v) = ulx + Ax) + v(x + Ax) — (u(x) + v(x)) =
= (w(x + Ax) — u(x)) + (v(x + Ax) — v(x)) = Au + Av.

2) Af(x)  Au+Av _ﬂ{_&
Ax Ax Ax  Ax

, . A A . A . A ;.
3) f(x) = lim (—u+—v)= lim 2% ¢ lim —U=u +v.
Ax—0| Ax  Ax Ax—0 Ax Ax—0 Ax

AmnajyioriuHo MoXKHaA moBecTH, 110 (. — V) =u' — V.
Orxe, (wxtv) =u 0. W

Hacxigoxk. IloxigHa ¢yMHu TPHOX i Oiabpmie mJOgTaHKIB TOPiB-
HIOE€ CyMi MOXiTHUX:

W, tu,+tus;+..+u)=u'+u+u+..+u,.
D 1) (63 + 5) = (x3) + 5" =322 + 0 = 32,
’ 1
2) (2% —Vx) = (x?) - (Vx| =20 - ——.
(V) 2x

Posrasuemo npaBuio gudepeHIiloBaHHA JOOYTKY.

d IIpasuaxo 2. (uv) =u'v+ vu.
»
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ITpuiimemo 1eit pakT 6e3 gJOBedeHH.

Hacunigox. (Cu) = Cu', e C — ctama
(cTanuii MHOKHUE MOKHA BUHOCUTH 34 3HAK IOXiTHOL).

HoBemenusda. (Cu) =Cu+uC=0-u+C-u"=Cu'. m

(EEEED (5x3) =5 - (x3) = 5 - 322 = 15x2.
1 x? +4x®  b5x®
Wx - 22 = (Jx)e? + () = —= %2 + 2x/x = =—,
2Vx 2x  2Jx

W 3HaliT pPiBHAHHA NOTWYHOI A0 rpadikra (GyHKILIT
¢ f(x) = x2 + 4x + 7, AKa TPOXOAUTHL uepes TouKy A(—1; 0).
PosB’aszaumuda. Ockinbru f(-1) =4 # 0, To Touka A He Ha-
nexuTh rpadiry manoi Qymrmii. Hexa#t (x,; f(x,)) — Touka
motury, Toai f(x,) = x2 +4x, + 7. Ockimeru f'(x) = 2x +4, TO
f'(xy) = 2x, + 4.
Y piBEarHA goruuHOl Yy = f(x,) + ['(xy)(x — x,) mimcraBuMO
orpumaHi gasa f(x,) Ta f'(x,) Bupasu:
Y = %2 +4xy + T+ (2x + 4)(x — x;).

Ockinbku Touka A(—1; 0) HaIEeKUTH HJOTUUHiN, TO il KoOOpAMHA-
TH 3aJ0BOJIbHSIOTh PIBHAHHS JOTUYHOI, MAEMO:

0 = x2 +4x, + 7+ (2xy + 4)(-1 - x;),

a0 Iicjas CIIPOIIeHb: x02 +2x,-8=0. 3Bigcu x,=1ab6o x,=-3.
Or:xe, TaKUX OJOTUYHUX Oyme IBi.
1) dxmo x, =1, MaeMO PiBHAHHSA JOTUYHOI:
y=12+4-1+7+(2-1+4)(x -1), TobT0 y = 6x + 6.
2) fkmo x, = —3, Ma€MO PiBHAHHSA JOTUYHOI:
y=9-12+7+(2-(-3) +4)(x + 3), TobTO Y = —2x — 2.
BigmoBigs. y=6x+6; y=-2x—-2.

Posrasimemo mpasusio gudepeHIiloBaHHa YaCTKHU.

U, IIpasuno 3. (EJ =M, v=0.

v v2

HoBenmeHnHs. MoHa mOoBeCcTH B TOIi caMUil cmocib, AKUM
IOBeJIM MpaBujo 1, ajie BUKOPUCTAEMO iHIMUI CIIOCi0.

. u . ,
Hexaii f = —, sBigku u = fv, rtomy u' = f'v + v'f.
v
Toxi f'v=u' — v'f, TobTO

’ , u
’ ’ u-—-v - —
_u-vf v

f,

1% [ 1%
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(x% +1)?

) @Y+ -+
22 +1

[

C3x%(x? +1)-2x- %% Bx' +3x% —2x'  x*+3x7
(2% +1)2 (2% +1)2 (x® +1)?°

— _ _ 0.
2. Hoxidna cmenenesoi Mu smaemo, mo x' = 1 = 1 - x%
(x2) = 2x = 2x1; (x3) = 3x2.

HKUILL . .
Pyrry 3a popMyJI0I0 IOXigHOI TOOYTKY:
(x) = (x3x) = (x3)'x + x'x3 = 3x2x + 1 - 23 = 3x3 + x3 = 43,
Amnajoriuno:

(x9) = (x*x) = (xY)'x + x'x* =4x3x + 1 - x* = 4x* + x* = bx*.
MosxHa moMiTuTH Taky 3aKOHOMIpHICTB 014 HAMYPANLLHOZO N:
(x") = nxn1,

IIpuiimemo 1eit paxT 6e3 HOBemeHHA.
Hexait Teniep f(x) = x", ne n — 1ine Bix’emue umucyao. Toxi (—n) —
YuCJI0 HAaTypaabHe. Maemo:
(") = 1) UVx"—(x")1 0 x"+nx""
(x—n )2 x—2n

n-1

—n
— n‘x—n—l—(—2n) = nx
Otroxe, y IBOMY BUIOAAKY Takoxk (x")' = nx" 1. Maemo:
Q IJA OyIb-AKOTO III0TO 1 i O6yab-aKoro x (x = 0 mpu n < 1):
(x") = nxm1,
TloxigHy cremeHeBOi (GyHKIII 3 APOOOBUM IMOKAa3HUKOM 3HaAXO-
IATH 34 IIiel0 caMoio (hopMyJioio (meTasbHO mpo 1e B 11 Kiaci).
(5x13 — 2x3 + 5) = (bx13) — (2x3) + 5' =5 - (x13) —
- 2-(x3)+0=5-13x12 -2 - 3x2 = 65x12 — 6x2.

2
UIGEENSS  Bmaiity moxiany dyeknii f(X) = — y Toumi x, = —1.
x

2 -

Poss’asanua. Ockimbku — =2x 3 10 f(x) = (2x3) =
x

=2(-3)x31l=-6x1= —i. Tomi f(-1)=- 6 _ -6.

BigmoBiagse. —6.

3. Moxioni | 1Uo6 mosecru qopmymm ama moXix-
mpuzonomen HUX CHHYCA i KOCHHYCA, POSIJIAHEMO
pynryid | lim SO CrkinageMo TabauIio 3Ha-
a—0 o
sino

uyeHb QyHKI f(o) = IJIST TOYOK, OJAM3BKUX A0 ToukKu O

o
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3 TounicTio 1077 (Ipu IbOMY MOXXHA BUKODPUCTATH KAJIbKYJIATOD
abo KoM toTep).

a -0,01 -0,001 0,001 0,01
sin o

0,9999833 0,9999998 0,9999998 0,9999833

o

Amnautizyroun 3HaueHHS B TAOJMUIl, MaE€MO:

. sino
lim =1
o—0 O

(I Teopema 1 (moximma cumyca). Ina x € R
(sin x)' = cos x.

Hosenenusa Hexait f(x) = sinx. Tomi:

1) Af = sin(x + Ax) — sinx = 2sinx+Ax_xcosx+Ax+x =

. Ax Ax
=2sin—cos| x +— |-
. Ax Ax
2sin——cos| x + —
Af(x) 2 ( 2 J
2) =
Ax Ax
. Ax Ax
Af(x) SIHZCOS(X + 2)
/7 — 1- — 1- —
3) 1'x) Aigo Ax A;I—r}O Ai
2

sin— Ax
= lim 2 lim cos(x + 7)

Ax—0 AX  Ax—0

2
. Ax
Ax sin—
Agmo Ax - 0, o 1 — —> 0, a Tomy lim =1, a
2 Ax—0 &
2

. Ax
lim cos|x + — |=cosx.
Ax—0 2
Or:xe, (sinx) = cosx.
(E Teopema 2 (moximHa Kocunyca). JL1a KokHOTO X € R
(cosx)' = —sinx.
HoBeneHHsa aHaJIOTiyHE NOBEJEHHIO Teopemu 1.
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Teopema 3 (moximua Tamrenca). JLasa koskHOro x 3 obmacri
BH3HAYeHHA (PyHKIII TaHreHca
1
(tgx) = —

COS X

sinx
HoBemeHHs. YpaxoBywuu, Mo tgx =
0sx

, 3a (popmyJ0IO

IOXiMHOI YaCTKU MAa€EMO:

. ¢ . ’ 7 .
, sinx (sinx) cosx — (cosx) sinx
(tgx) = = P =
cosx cos” x

_COsx-cosx+sinx-sinx _ cos? x + sin® x 1

cos® x cos® x cos® x
Orxe, (tgx)' = ———. ®

cos” x

Teopema 4 (moximHa KoTaureHca). JLIa KOKHOTO x 3 00JacTi
BU3HAYeHHs (DYHKIIT KOTaHTeHCa

(ctgx) = ————
sin“x

IoBeneHHs aHAJIOTiYHE JOBEJEHHIO TEOPEeMH 3.

4
WLGERNAY  (2sinx + 4tgx) = 2(sinx)’ + 4(tgx) =2cosx + 5"
cos” x

Insa dyskmii f(x) = 8cosx — Hetgx sHaiiTH f’(g)-

PosB’asanHA. f'(x) = 3(cosx) — 5(ctgx) =-3sinx +— .
sin- X
f’ Tz 3sint+ 5 =—3-1+£=—3+5=2,
2 . 9T 12
sin® —

BigmosBigs. 2.

o174 PosB’asaTu piBHaHHA: f/(x) = 0, akimo f(x) = cosx + x.

°* PosB’asauudg. 1) f(x) =(cosx + x) = (cosx) + x' = —sinx + 1.
2) Maewmo piBHAHHA: —sinx + 1 = 0;
sinx = 1;

x=g+%hkez.

BigomoBins. g+2nk, ke Z.
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CucremaTtusyeMo [JaHi, OTpHUMaHiI B
— || mpoMy Ta monepenHix maparpadax mpo
noximHi (yHKIiK, y Tabaumio, SKy OPUAHATO Ha3UBATH maod-
JUyer noxXioHux.

C'=0 | x =1 | (x2) = 2x
(x3)" = 3x2 (x") = nx”‘l, neZz

’

(l] - _xl_Z (=Y = zf

4. Tabruuysa noxidnux

x
(sinx)’ = cosx (cosx)' = —sinx
, 1 , 1
(tgx) =— (ctgx) =———
cos” x sin” x

® YoMy OopiBHIOE MoxigHa CymMu, pi3HMUi, OOOYTKY, YacTku OBOX
dyHKUIM? @ Yomy gopiBHIOE noxigHa dyHKuii Cu, ae C — geska cra-
na? @ Yomy gopiBHtoe noxigHa yHKUil f(x) = X, Ae n — uine 4ucno?
@ BuuiTh Tabnumuto noxigHux Ta Nnpaesuna gudepeHuitoBaHHS.

§ Poz6 sxims 3agaui ma bukonaime bnpabu

1 S3uaiixire noxixuy pyuxuii (36.1-36.10):
36.1. 1) f(x) = x7;  2) g(x) =sinx; 3) t(x) = x% 4) ¢(x) = x4

36.2. 1) f(x) = cosx; 2) p(x) = x°;
3) yx)=x7; 4) t(x) = x11.

36.3. 1) m(x) = 5x; 2) f(x) = 3x5;
3) o(x) = 2ctgx;  4) y(x) = 3x72.

36.4. 1) g(x) = Tx; 2) o(x) = 3tgx;
3) f(x) = 5x?%; 4) y(x) = bx3.

36.5. 1) ¢(x) = cosx — x8; 2) f(x) = x3 + x17,

36.6. 1) g(x) = x* + sinx; 2) p(x) = x10 — 1.
10

3 X
2 36.7.1) f(x) = ? 2) g(x) = 5
4
3) t(x) = —; 4) p(x) = —
X
xt x° 3 2
36.8. Do(x)=—; 2)y(x)=-— 3f(®)=— 4 Ux)=—.
2 3 x x
36.9. 1) f(x) = 3x2 — Tx3 + 3; 2) g(x) = 2sinx — 4x5 + Jx.

36.10. 1) f(x) = 2x11 — 3cosx + T; 2) g(x) = 5x" + l—x.
x
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3HaimiTe moxigny QyHKOii g(x) y Toumi x,(36.11-36.12):
36.11. 1) g(x) = %x3 + x2, xy = —1; 2) g(x) = 3tgx, x, = Z

36.12. 1) g(x) = x* - %xz, xg=1; 2) g(x) = 2ctgx, x, = —Z.

3uangiTe noxigny Gyukmii (36.13—36.16):
36.13. 1) f(x) = x3Vx; 2) g(x) = xisinx.
36.14. 1) g(x) = Jx * x5 2) f(x) = x2cosx.

x-1 cosx
36.15. 1) f(x) = —5— 2) g(x) = .
x x
x+1 x
36.16. 1) f(x) = —5 2) g(x) = ——
X sinx 1
36.17. 3maiiniTe sHaueHHs nmoximuol Gyl f(x) = Zx4—\/;

y TouKax x, = 1; x, = 9; x, = 25.

36.18. 3maiimiTh 3HaueHHsA moximHol (QyHKII g(x) = 2x + \/;
y Toukax x, = 1; x, = 16; x, = 100.

36.19. 3HalimiTh 3HAUEeHHA MOXigHOI (QYHKIII g(x) = sinx + cosx

i
y Toukax x, = 0; x, = 3
36.20. 3uaiigitTy sHaueHHs moximHol GyHKINT f(x) = cosx — sinx

i
y TOUKaX X, = E; X, = T.
36.21. 3uaiifiTh TaHreHC KyTa HaXMJIy OO0 OCi abCIiyc JOTHUUYHOI 40
rpadika @yskrmii f(x) = 3x2 — 4x y ToUIli 3 aOCIUCOIO X, = 2.
36.22. 3HaigiTe KyToBUM KoedimieHT moTrmuyHOl g0 rpadika
dbysknii f(x) = 5x — 7x2 y Touni 3 aGeuucoio x, = 0.
. . 1
36.23. Timo pyxaeTbcsa IPAMOJIIHINHO 3a 3aKoHOM X(1) = §t3 - 10¢

(t BUMipIOEThCA B CEKYHIAX, X — y MeTpax). SHAUAITh IITBUJ-
KicTs Tista B MoMeHT uyacy: 1) ¢t = 2 c; 2)t =6 c.

2
36.24. Tinmo pyxaeTbcsa MPAMOJiHINTHO 3a 3aKoHOM X(t) = 5t — §t3

(t BUMipIOEThCA B CEKYHIAX, X — y MeTpax). S3HaAlAiTh IIIBUJ-

KicTb Tista B MoMeHT yacy: 1) t =1 c; 2)t=3c.
Poss’suxiTe piBHAnuA f(x) = 0, akimro (36.25—36.26):
36.25. 1) f(x) = cosx; 2) f(x) = x2 — 6x.

36.26. 1) f(x) = sinx; 2) f(x) = 8x + x2.

36.27. Po3B’a:xiTh HepiBHiCTE g'(x) > 0, axmo g(x) = 4x + x2.
36.28. PosB’axiTh HepiBHicTs f'(x) < 0, akmo f(x) = x2 — 10x.
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8 3Bmaiigite noxigry ¢pynxnii (36.29-36.30):

36.29. 1) f(x) = (8x2 + T)(2x — 5); 2) g(x) = \/;(3362 + 4x).
36.30. 1) f(x) = (5x2 — 9)(3x + 4); 2) g(x) = (8x — 5x2)\/;.
OGuucaits f'(x,), axmo (36.31-36.32):

36.31. f(x) = (4/x — 3)(x2 + 7), x, = 1.

36.32. f(x) = (2 + 6\/;)(x2 - 3), x, = 1.

3HalgiTh moxiguy QyHKIii (36.33—36.34):

2 2
_ +7
36.33. 1) f(x) =~ %, 2) f(x) =
+2 x
8x + x2 3+
36.34. 1) g(x) = ; 2) g(x) = y
x—1 x

3uaiinite g'(x,), axmo (36.35—36.36):

2
36.35. g(x) = X +4x; x,=0; 2.

x—-1

2

36.36. g(x) = =
x+1

Posp’suxkite piBusanusa f(x) = 0 ta mepiBuicts f'(x) < 0, SKIIO
(36.37—36.38):

36.37. 1) f(x) = 3x2 + 2x3 + T; 2) f(x) = %x3 - %xz - 6x + 8.

; X9 =05 —2.

36.38. 1) f(x) = 9x2 — x3 + 8; 2) f(x) = §x3 + %xz - 3x + 19.

Posp’sxiTe piBHAHHS g'(x) = 0, akmo (36.39—36.40):

2
36.39. 1) g(x) = > = 2) g(x) = L + dx - 7.
x+2 X
2
36.40. 1) glx) = 25 %) g(x) = 9x + L + 3.
- X

36.41. MarepiasbHa TOUKA PYXAEThCA MPAMOJIIHIHO 3a 3aKOHOM
x(t) = 8t2 — 12t + 7 (x BUMipIOETBCA B MeTpax, t — y CeKyHIax).
1) ¥V axkuii MOMEHT 4Yacy MIBUAKICTh TOUKM JOPiBHIOBATHME
18 m/c?
2) V AKUA MOMEHT Yacy TOYKAa 3YHUHUTHCA?

36.42. Tino pyxaeThbcsa NPAMOJiHiINHO 3a 3akoHOM x(t) = 2t2 —
— 16¢ + 3 (x BUMipIOETBCSA B MeTpax, ¢ — y CeKyHIax).
1) ¥V AKuii MOMEHT dYacy IIIBUAKICTh TijJia JOpiBHIOBATHUMeE
12 m/c?
2) V AKW# MOMEHT Yacy TiJIo 3yIUHUTHCA?

36.43. Ha rpadiky ¢yukmii f(x) = x2 — 8x + 7 3HaliAiTL TOUKY, y AKiit
JOTUYHA YTBOPIOE 3 AOJATHUM HAIPSIMOM Oci abciic KyT 45°.
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36.44. Ha rpagixy pyaKmii g(x) = 5x + x2 — 9 3HAHITE TOUKY, V AKil
JMOTWYHA YTBOPIOE 3 JOJATHUM HAIPsAMOM oci aberuc KyT 135°.

Posp’sokiTes piBuanua f'(x) = 0, axio (36.45—36.46):
36.45. g(x) = sinx — gx 36.46. f(x) = g + cosx.

Jx -1

36.47. Hano: f(x) = NPIRE HoBenits, 1o f'(x) > 0 gasa Bcix momy-
X +

CTMMUX 3Ha4YeHb X.

36.48. Ina Qpyrkmii f(x) = x3 + 2x2 — Tx + 5 sHAlAiTL abcunucu
TOUYOK ii rpadika, y SKUX HOTUYHA MapajejbHa oci abciiuc.
3 2
x x .
36.49. Nna pyukrmii g(x) = ? + ? 3HANOITHL abCIMCU TOYOK ii

rpadika, y AKUX TOTUYHA MapajejbHa NpAMin y = 2x — 7.

36.50. CkiazmiTe piBHAHHA [gOoTHMYHOI A0 Tpadika GYHKILT
g(x) = x2 — 4x + 5 y Touni 3 aGeuucoo x, = 1.

36.51. Ckaanite piBHAHHA poTuuHOI 10 rpadika GyHKIIIL
f(x) = x2 + 2x — 3 y Touni 38 aGeuucowo x, = 0.
36.52. Cxaanite i posB’swkiTe piBHaAHHA ['(x) = f'(6), akKIimo
3x — x?
x) = .
f(x) i
Haro @yuKIii f(x) i g(x). Po3s’sxkiTh piBHAHHA f'(X) = g'(x), AKIIO
(36.53—36.54):
36.53. f(x) = 4cosx, g(x) = 24/3x + 9.

36.54. f(x) = 2sinx, g(x) = x + 11.

. . 2sinx ) oL
36.55. 3maiixite noxigHy QyHKHii {(x) = — y Toumi x, = —.
3 —cosx 3
. . cosx . i
36.56. 3naiaiTe noxigHy QyHKIII Q(x) = - y TOUIIL X5 = —.
2+sinx 6

4 36.57. Cxuanire piBHAHHA AOTHYHOL O rpadika GyHKmil
f(x) = x2 — 3x + 7, AKa mapajenbHa npamii y = 5x — 17.
36.58. CkaamiTe piBHAHHA OOTHUYHOI A0 Trpadika GyHKITIT
g(x) = x% + 4x — 6, saKa mapajeibHa OpaAMilk y = 6x — 7.

36.59. CrkiuamiTh i pos3B’sKiTH PiBHAHHS |;/((x))| =-1, axmo
x
flx)=—x%2—x — 1.
36.60. Cxiaamgite i posB’sKiTH piBHAHHSA ’; ,((x))|=2’ AKIITO
x

f(x) = x2 4+ x + 2.
36.61. Ha cunycoini y = sinx ysaTo Touku 3 abcuucamu x, = 0

. e . . ‘o .
ix,= > Yepes 1Ii TOUKM IPOBEAEHO CiuHy. ¥ AKiifi ToUIli 3
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b4 .
abcuucow Xx,, Ae X, € [O; E]’ CJIi[ IIPOBECTU MOTUUHY, II[00

BoHa OyJja mapaJjieabHa CiuHiii?
36.62. Posp’sxkiTh piBHsSHHA f'(x) = 0, axmo f(x) = tgx — 2x.
36.63. PosB’sokiTh piBHAHHA g'(x) = 0, akmio g(x) = 2x + ctgx.
36.64. Posp’sokiTh HepiBHicTE g'(x) = 0, axmio g(x) = cosx + 0,5x.
36.65. Poss’sxiTe HepiBHicTs f'(x) < 0, axmro f(x) = sinx — 0,5x.
36.66. CkaamiTh piBHAHHA JOTHWYHOI g0 Trpadirka GyHKIIT

x
f(x) = ?—\/gx, AKa YTBOPIOE 3 OOJATHUM HAIPAMOM OCi

abcmuc kyT 60°.
36.67. 3HaiigiTh KOOpAMHATH TOUYKH! IMEPEeTHUHY ABOX NOTUYHUX 0

rpadika pyuriii g(x) = 8x+1
2x -1

TouIli 3 abcimcoo x = —1, a gpyra — B ToUIli 3 aGCIHICOI0 X = 3.

, IKIITO OJTHA 3 HUX ITPOBeIeHAa B

36.68. 3HaAmiTP KOOPAWHATH TOUKMW MEPETUHY ABOX MNOTUUYHUX 0

. x2+1
rpadika pyurmii f(x) = ~_3° SAKIIO OJHA 3 HUX IIPOBEIeHA B

TOYI[i 3 a0CIIMCOI0 X = —2, a Apyra — B TOYIIi 3 a0cIiucoo x = 4.
36.69. 3maiifiTh KOOPAMHATH TOUOK IEPETHUHY 3 OCAMU KOOPIU-

. 2x
HAT TUX MOTUYHUX 10 rpadika QyHKIil y(x) = —3, KYTO-
X+

BUl Koe(dillieHT AKUX mopiBHIOE 9.
36.70. 3HaUAITH KOOPAWHATH TOYOK NHEPETUHY 3 OCAMU KOOPAU-

. 2x
HAT TUX MOTUYHUX N0 Ipadika pyHKIHT y(x) = 1 KyTO-
x+
BU# Koe(DillieHT AKUX AOPiBHIOE 4.

Q 36.71. 3wmaiiniTh piBHAHHSA TPSMOI, IO IIPOXOAUTH Uepes
TouKy 3 KoopmuHatamu (1; 3), moTmkaeTbca OO0 Tpadika
byaRIIT y:8\/;—7 i mepeTwHae y JOBOX PI3HUX TOUYKaAX
rpadix QyHKmii y = x2 +4x —1.

36.72. 3HaliTL PiBHAHHS IPAMOI, IO ITPOXOAUTH UEPE3 TOUKY

1
3 KoOpAuHaTaMu (Z’ 0), IOTUKaeTbcA OO0 rpadika QyHKITII

y= 3Jx —2,5 i mepeTuHae y ABOX PiBHMX TOUKax rpadik
Gyuroii y = x2 + 6x.

36.73. 3HaiAiTh IOy TPUKYTHUKA, YTBOPEHOT'O BiCCI0O OPAMHAT
i mBOMa moTMuHUMU, IIpoBedeHuMu 3 Touku A(2; 0) mo rpa-

dika QyHKIil y = ixz -2x+1.
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36.74. 3HaliTH IJIOIY TPUKYTHUKA, YTBOPEHOTO Biccio abciuc i
IBOMAa ITOTHUUYHUMU, IpoBemenumu 3 Touku A(0; 3) mo rpadika

bysrmii y = %xz —-x+5.

36.75. 1) fAKmio mpoTAroM OHA HEe BUMKHYTH OIHY eJIeK-
TpUUHy JaMmnouky mory:kHictio 100 Br, To BTpaTtm eiek-
TpoeHeprii 3a 10 roxg cramoBuTuUMyTh 1 KBT.

2) HisuaiiTecss Tapud Ha eJeKTPOEHEePriio Ta O0UYUCIITH CKiIb-
KU T'pOIlleli BUTPATUTh Ballla CiM’ A JapeMHO, AKIIO JIaMIIOUKa II0-
TyskHicTio 100 Br, AKy 3a0yiu BUMKHYTH, CBITUTHUME TPOTITOM
1 mo6u; 5 #i6; micama, y axomy 30 muis.

@ 36.76. Yu icuye Taxke 3HaUeHHS 3MiHHOI X, IPU SKOMY 3Ha-
¥ uenHsa Bupasy x8 + x6 —4x* + x2 +1 e Bix’emHUM ynCIOM?

Tligzomyiimecs go bubuenns Hobozo mamepiany
36.77. 3uatigits: 1) f(1), axkmo f(x) =~2x +7;
2) f(%), armo f(x) = sin (7x - gj

36.78. 3naigite g'(x), AKIIO:
1) g(x)=0,4x—5; 2) g(x)=8x+ %; 3) g(x) = g— 2x.

W NMOXIQHA
0 CKNAAEHOI ®YHKLUII
Bu B:Xe BMmieTe 3HaxOOUTH MOXimHI (GYHKIIIf, apryMeHTaMu

AKUX € 3MiHHA X, HANpHUKJAA, y = X% y = sinx; y = tgx. Sk
3HAUTV NOXimHI QYHKIIiN, apryMeHTaMM SAKUX € iHmi (QyHKILI,

Hanpuknaag y = (3x — 7)%; y= tg(§+g) TOIlO, SIKi Ha3WBaIOTh

ckanadeHuMu, SisHaeMocCsA B IboMy maparpadi.

1. Crnadena pynryis Hexaii Tpeba oOumciamTu 3HAYEHHS

g byuroii y = f(x) = V4x+1 y Toumi
x = 6. 3asBuuaii, cIrouyaTKy OOUMCJIIOIOTh 3HAUEHHSA Bupasy 4x + 1
o x = 6, Tobro 4 - 6 + 1 = 25, a IOTiM 3 OTPUMAHOTO UKCJA JO-

OyBaloTh apuMeTHUHUIN KBaJpaTHUU KOPiHBb, TOOTO \/% = 5.
Omxe, f(6) = 5.
Ao moswauuTy u(x) =4x + 1, a gu) = \/Z, TO
f(x) = g(u(x)).
Y TakoMy BUNAAKY KaxKyTb, 0 f(x) — ckaadena QyHKuis, a
u(x) — it enympiwna Qynkruis (ab6o npomincHuil apeymennt).
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. (x = .
Hanpukaazx, gasa yskmii g(x) = sm(E—g) BHYTPIiIITHBOO

) X T .
dyHKIiEIO € u(x) = E_g; a mis QyEKIl #(x) = sindx (aky me
MOXKHa sammcaTu Tak: t(x) = (sinx)3) BHyTpimIHBOIO (GYHKIIiEO
€ u(x) = sinx.

2. Hoxidna Teopema 1 (moxigHa ckIazeHOT
cKkadenot pynkyit dyukIii). Axmo GpyHKRIiT u(x) Mac mo-

— XigHy B Toumi x, a (YHRUOiA f(u) Mae
MOXigHy B TOUNi u = u(x), To cKIaAeHa QYHKIigA y = f(u(x))
Ma€ MOXiJHY B TOYIi X, MIPUIOMY

yy - fyu . u’x'

HoBenmeHHs. OCKiIbKY 3a YyMOBOIO (QYHKITiA u(x) Mae mOXiz-
Hy B TOYIll X, TO BOHA HemepepBHa B Hii Touni. To6To pua He-
3HAYHOI 3MiHM apryMeHTy B TOUYIli X, BIANOBigHEe 3HAYEHHA QYyHK-
il u(x) Takok Maii'Ke He 3MiHIOETBCA, TOOTO ITpu Ax — 0 Maemo:
Au — 0.

3 piBHOCTi Au = u(x, + Ax) — u(x,) orpumaemo: u(x, + Ax)
= u(xy) + Au = uy, + Au. Tomi Ay = y(x, + Ax) — y(x,)
= fu(xy + Ax)) = f(ulxg)) = flug + Ax) — flug) = Af.

. . . A
Hexaii Au # 0 B meaxomy okomi Toukm x,. Toxi A_y MOXKHA
X

3alnucaTtTu Tak.
Ay _Af _Af Au

Ax Ax Au Ax’

A
IIpu Ax — 0 marumemo: A—u—>u’(x0)=u'
x

.» ampu Au — 0
A 7/ ’

MaTHIMeMO: A = f(uy) =1,
Au

Omxe, npu Ax — 0 (&1 Bigmosizuo Au — 0) maemo:

A Au Ax

3HaliTy MoXimHy QyHKINI:
Dy=+ax+11; 2)y= sin(g—g]; 3) y

PosB’asaunud.

(4x + 11y 4 2
1)y = (Wax +11) = - - .
y=( ) 2J4x +11  2J4x+11  Jax+11

2y = sin[f—ij ,=(£—Ejl'cos(£—ﬁj=lcos[£—£}
2 8 2 8 2 8) 2 2 8
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15
(Bx—T7)8"

M 3HaiiTu noxigny Qynkrmii y = (x2 + 4x)8.

* Poss’azannada. lle ckaagena Gyurnia y = u8, ge u = x2 + 4x.
Tomi y' =8u” - u' = 8(x2 + 4x)" - (x2 + 4x) = 8(x2 + 4x)" - Cx + 4) =
~ 16(x + 2)(x2 + 4x)7.

MoskHa 3alIuCcyBaTH KOPOTKO:

y' = ((x2 +4x)8) =8(x2 +4x)7 - (x2 + 4x) = 8(x2 +4x)" - (2x +4) =
— 16(x + 2)(x2 + 4x)".

BigmoBizase. 16(x + 2)(x2 + 4x)7.

w 3HaiiTu noxigry QyHKIii y = (x® — 1)™.

° PosB’sA3aHHA4. L[ecrcﬂa,aeHaq)yHRulﬂy—u 4 meu=x°-1.
CTomiy =—-4u®-u =—-4- (x> - 1) (x>~ 1) =

4 20x*
bt =
(x° 1) 1-x°)
20x*
-2y
W GER S Braiitu moxigHy QyHKHIL y = sin2x.
* PosB’aszanu4da. y = (sinx)?, To6To y = u2, ge u = sinx.
Omxke, y' = 2u + u' = 2sinx(sinx)’ = 2sinxcosx = sin2x.
BigmoBingsb. sin2x.

W Ha rpadiky dyrrnoii y(x)= 3HAUTHU

(0 5x — 1)
: TOUKY, Y AKill JOTHYHA YTBOPIOE 3 AOJATHUM HAIPSIMOM OCi ab-
ciuc Kyt 45°.
Poss’aszamnda. 1) y(x) = (0,5x — 1) 2 — crramena QpyHKIiA.

2
Tomi y' = -2(0,5x — 1)3-(0,5x -1) =————-0,6 =
y = -2 )3 - ( T

/:;,_ 5y — -6 - _
3) Yy [(3x—)j (Bx=7)7°)=(-9)-Bx-7)"-3

BigomoBings.

1 B 1
0,5x-1)° (1-0,5x)*"
2) Hexaii x, — abcuuca nIyKaHol TOYKH, TOAL y'(x,) = tg45° =1,

TOOTO ;3 =1. Maewmo: (1 — 0,5360)3 =1, sBigKu x, = 0,
(1-0,5x,)
1
Toai y(x,) =y(0) =—— =1, orxe, (0; 1) — myKaua Touka.
At y(xp) = y(0) 0.5.0_1)2 (05 1) — my

BigmoBiags. (0; 1).
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@ [MosAcHITE Ha nNpuknagax, ski PyHKUii Ha3MBalTb CKNageHuMuy, Ta
Ha3BiTb BHYTPILIHIO (OYHKLiO AN1A KOXHOTO 3 npuknaais. @ Cdopmy-
norTe TeopemMy Npo NOXigHy CknageHoi dyHKLT.

§ Posb’sxims sagaui ma bukonaiume bnpabu

1 Ixi 3 pymrnii € ckranernmu (37.1-37.2):

37.1. 1) y = sin2x; 2) y = x9%
3) y=+4x-7; 4) y=x3+x?
37.2. 1) y = Jx; 2) y = (4x - 7)%
3) y = cos8x; 4) y=x2-1?
Yu npaBusbHO 3HaWAeHO noxigny (37.3—37.4):
37.3. 1) (sinx) = cos x; 2) (sin8x)’ = cos8x;
3) (cosx) = sin x; 4) (cos4x) = —4sin4x?
37.4. 1) (cosx) = —sinx; 2) (cosbx) = —sinbx;
3) (sinx) = —cos x; 4) (sin6x) = 6cos6x?
92, 3uaiznite noxinay Gyukunii (37.5—37.8):
37.5. 1) f(x) = (x — 1)% 2) g(x) = (2x + 1)5;
3
3) t(x):(%x—t’)); 4) o(x) =4x 1.
37.6. 1) g(x) = (x + 3)% 2) o(x) = (8x — 2)7;
10
1
3) f(x) = 2x +5; 4) y(x) =(Zx+10j .
37.7. 1) y = cos2x; 2) y = 3sin (x +g];
x T
3) y = tg8x; 4)y=ctg|———|
)y=tg ) y = ctg ( 2 4)
37.8. 1) y = sindx; 2) y = 2cos (x—g}
X T
3 = ctghx; 4 =tg ———|.
) y =ctg )y g( 5 6)

3uaimite f'(x,), axmo (37.9—-37.10):
37.9.1) f(x) = (2x — 1)8, x,=1;  2) f(x) = cos (Zx —g), x,=0.

37.10. 1) f(x) = (Bx + 2)T, xy = —1;  2) f(x) = sin (4x +§
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37.11. 3ualifiTe KyToBUIl KoeilieHT moTuuHOI A0 rpadika PyHK-
1
mii g(x) = (%x —1) ’ y Touli 3 abcuucomwo x, = 4.
37.12. 3HaiigiTh TAaHreHC KyTa HAXMJIy A0 Oci abCIKC AOTHYHOI 0
3
rpadika GyHKIl f(x) = (ix + 5) y Toumi 3 abcnucomno X, = —16.

3 3a dopmysoro noxigHoi ckiaameHol GMYyHKILI 3HAHIITH IOXiA-
Hy (pyHKIii (37.13—37.14):

37.13. 1) y = Vx? +2; 2) y = (x3 + 5)%

3) y = (x* — 2x)7% 4y = 2

37.14. 1) y = V3 - x%; 2) y = (x* — 2)3;
1

3 y=(x2+x)% 4)y = (& 13

37.15. Po3p’soxiTe piBHAHHS f(x) = 0, axkmo f(x) = (x2 — 4x)5.
37.16. PosB’saxiTh piBHAHHEA g'(x) = 0, arxmo g(x) = (x2 + 6x)7.
3HangiTe noxigny ¢yukmii (37.17—37.18):

37.17. 1) y = Jcosx; 2) y = sindx.

37.18. 1) y = Vsinx; 2) y = cos’x.

3uaitgite g'(x,), axmo (37.19—37.20):

37.19. 1) g(x) = sindx + cos2x, x, = g;
2) g(x) = 2tgx — Jx® +2x +1, x, = 0.
37.20. 1) g(x) = cos3x + sinbx, x, = g;

2) g(x) = Vx? - 2x+1 — 4tgx, x, = 0.

CriamiTs piBHAHHSA ZOTUYHOI M0 rpadika yHKIl y = f(x) y Tou-
ni 3 aberucow x, (37.21-37.22):

37.21. 1) f(x) = sin(x+g} x,=0; 2) f(x) = cosg, Xy = T.
37.22. 1) f(x) = cos(x +g} x, = g; 2) f(x) = sinz, x, = 0.

3HaUAITH MOXiAHY (PYHKILII, TOIepeqHbO CIIPOCTUBINY ii (hopMmyry
(37.23—37.24):

37.23. 1) f(x) = 2sin % cos g; 2) f(x) = cosbxcos2x — sinbxsin2x.

x x
37.24. 1) f(x) = cos2= — sin2=;
) f(x) 1 4
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2) f(x) = sin8xcos2x + cos8xsin2x.

37.25. Posp’saxkiTh piBHAHHA f'(x) = 0, Ao f(x) = sin(4x —g)

. . T
37.26. Posp’stokiTe piBHAHHA g'(x) = 0, akmio g(x) = cos(Zx + Z)
.Ay 37.27. Cxinanith piBHAHHSA JOTUYHOI 10 Trpadika (GyHKILIT
i A .
f(x) = tg(4x —ZJ y TOYIIi 1O0T0 IEePeTUHY 3 BiCCIO OPAMHAT.
37.28. Ckaamity piBHAHHA [JOTUYHOI 10 Trpadika GyHKIIL
T . .
f(x) = ctg(Zx + Z) y TOUIIl M0T0 IIEPETUHY 3 BiCCIO OPAMHAT.

3HaAUAITh KYyT MidK Biccio abcruc i JoTuuHOO A0 rpadika GyHKIil
f(x) y Toumni x, (37.29—37.30):

37.29. 1) f(x) = Va2 +6, x, = —/3; 2) f(x) = xsin2x, x, = g.
37.30. 1) f(x) = Vx% -6, Xy ="—3; 2) f(x) = xcosdx, x, = 0.
Posp’axits piBaarHA f'(x) = 0, akmo (37.31-37.32):

37.31. f(x) = sinx + % sin2x. 37.32. f(x) = icost — CcOosX.

37.33. CknazmiTh piBHAHHA JOTHYHOI g0 Trpadika GyHKIIT
f(x) =v4x -3, axkmo Ii KyroBuii KoedimienT k = 2.

37.34. Crnagity piBHAHHA JOTUYHOI 10 Tpadika GyHKIIT
f(x) =+6x—11, akmio il KyroBuii KoedimienT k£ = 3.

37.35. 3HalimiTh IOy TPUKYTHUKA, OOMEKEHOr0 OCAMH KO-
opamHAT i goTmuHOIO m0 rpadika (QyHEIII y(x) = v2x2 -4,
IIPOBEJEHOI0 B TOUIi 3 a0CHUCOI0 X, = 2.

37.36. O6UMCIIiTL IOy TPUKYTHUKA, OOMEIKEHOI0 OCAMU KOOP-

JUHAT i JoTuuHOO Ao rpadika GysKmii y(x) = [%2 + 1, mpo-
BeJIeHOI0 B TOUIli 3 abciucon X, = 3.

O SHaiiniTs noxigry Gyukmnii (37.37—37.38):

37.37. 1) y = /sin® x + x3; 2) y = ctgt(5x - 2).

37.38. 1) y = Jeos? x — x; 2) y = tg3(2x + 1).

37.39. 3adaua-docnidxicenns. Bimomo, 110 mOXigHiI meaKux map-
HUX QYHKIOIA € QYHKIIAMH HeEMapHUMW, HAIPUKJIA,
(x2) = 2x; (cosx) = —sinx; a MNOXiAHI meAKNX HEMapHUX
(OYHKIIA € (QyHKOisMM mapHEUMH, Hampukgazg, (x3) = 3x2;
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(sin x)’ = cos x. Uu MoikHa [ifiTM BUCHOBKY IIPO Te, IIIO: NO-
xi0Ha napHol QYHKUIT € QYHKYiEI0 HenapHol, a NoxXiOHa He-
napHoi Qpynryii € pyukyieo naproio?

37.40. 3HaiifiTh KOOPAMHATA TOYKHU IIEPETHUHY OBOX OOTUYHUX 0
rpadika yHuKIii y(x) = cosnx, mepiia 3 AKWUX IIPOBeIEeHA B

. 1 . 7
TOUIIi 3 aOCI[HICOI0 X = Py a Ipyra — y TOYIli 3 aOCI[HICOI0 X = r

37.41. 3HalITL KOOPAWHATH TOYKHU IEPETUHY ABOX MOTUYHHUX 0
rpadika pyuKIii y(x) = sin 3x, mepira 3 AKX IPOBeIeHA B TOU-
. o . 51
11i 3 abCIIMCoI0 X = —, a Apyra — y TOUIli 3 abCIuCcoo X = —.
18 18
37.42. Crygent OJsekciii oTpuMaB CBili mepiuii ToHOpPAp 3a
-V BukoHaHUH mepekJsan B po3mipi 1000 rpusBens. Bin Bupi-
IINB Ha BCIO CyMy KYIUTH OYKeT TPOSHI /s CBOEl BUUTEJbKU
auruificbkoli moBu Mapuau EnyappiBHu. Ky HanOiabmly Kiab-
KicThb TPOAHJ 3MOXKe KYIHUTHU CTYIEHT, AKIIO0 YTPUMAHUI 3 HHOTO
MOATOK HA JOXOAM Ta BificbKoBuii 30ip ckJanam Bigmosimmo 18 %
i 1,5 % Bim romopapy, ozua TpoaHza komrye 50 rpH, a Oyker
Ma€ MicTUTH HemapHY KiJIbKicTb KBiTiB?

37.43. (HayionaavHa onimniada Yexocn08a44iuHU,

1962 p.). SHangiTek yci miygi 3HaUYeHHA X, IPU AKUX MHOTO-

uynen 2x2 — x — 36 HabyBae 3HaUeHb, IO JOPiBHIOIOTH KBaJ-
paraM IIPOCTHUX YKCEJI.

Tligzomyiimecs go bubuenns Hobozo mamepiary

37.44. dynkuito y=f(x) Bamamo Ha npoMikky [—6; 6]
(manx. 37.1). VKaxirTs OPOMiKKM 3POCTAaHHS Ta IPOMIKKH
cnagauua GyHrIii f(x).

Y
37.45. CxemaTuuHO 300pasuBIy rpadik ) y = (%)

dyurmii, 3HAWAITE I TPOMIiKKHU \
3POCTAHHA 1 IPOMIMKKHU CIIaJaHHS. H\ x
1) y=3; 2) y=2x-3; - 0 /16

8
3) y=x% 4) y=-—.

X Maax. 37.1

% O3HAKU CTANOCTI, i
3POCTAHHA TA CNAOAHHA ®YHKLII

3 ycix cmocob6iB 3amamHsa (QYHKII HaN6iabII HAOYHUM € T'pa-
dix. V¥V momepenHix KJgacaxX BU HABUUJINCS «UYUTATU» Tpadiru,
TOOTO BM3HAYATH BJIACTUBOCTI (QyHKIIII 3a ii rpadirkom.

3a DoIIoMOroio IoXimHoI MOKHa pPo3B’A3yBaTH O0epHEHY 3ana-
uy: OyayBatu rpadgik QyHKIii, 3Harouun ii BJaCTHUBOCTI.
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OnHe 3 OCHOBHHMX B3aBIaHb i Yac MOCALMKeHHS (GyHKIL i
mobymoBu ii rpadika — Ie 3HAXOMKEHHSA MPOMIi’KKiB 3pOoCTaHHAI,
crajaHHs Ta crajocTi ¢GyHKIii. Take mociaigKeHHS MOMKHA MIPO-
BECTH 3a JOIIOMOI'OIO IIOXimHOI.

Haramaemo, 110

( ‘ (YHKLiI0 HABUBAKTE 3POCMAIOL0I0 HA NIESIKOMY IIPOMIKKY,
k, AKNIO OIIBNIOMY 3HAYEHHI) apryMeHTY i3 IIBOTO IPOMIMKKY
BiAMOBimA€ Oimblre 3HAUYEHHA (PYHKILIL;
(PYHKI[I}0 HA3UBAKOTh CRAOHOI0 HA JeAKOMY MPOMIKKY, AKITO
6iMBITOMY 3HAYEHHIO APTYMEHTY i3 I[BOTO MPOMIiKKY BIAIOBIi-
la€ MeHIIe 3HAYeHHS (PYyHKILil.

ITpomiskKku, Ha AKMX (PYHKI[iA 3pocTae 4y coajgae, Ie HaszuBa-
I0Tb NPOMIHCKAMU MOHOMOHHOCMI.

Ha manronky 38.1 3o0pakeHo rpadgik spocramuoi Ha MIpo-
MiKY (a; b) dyHKIl y = f(x). ¥ AKiit 6 TOUYIi OO TPOMiXK-
Ky MU He ONpOoBeJId MTOTHUUYHY a0 rpadika GyHKIii, KyT o, SKUHI
BOHA yTBOPIOBATHME 3 AOJATHUM HANpAMOM oci abciuc, Oyme
rocrpuii. Ockineku o — rocrpuit, To tga > 0. Ane tga = f'(x,),
ne x, — abcmuca TOYKM JOTHKY, TOMY IJIA OyAb-AKOI TOYKHU
x, € (a; b) cupaBmKyeThCcs HepiBHIiCTD ['(x,) > 0.

yA yA

X

Mau. 38.1 Mau. 38.2

Ha maaonky 38.2 3o0pakenHo rpadix cmagHoi Ha HTPOMiKKY
(a; b) dyuKIii y = f(x). ¥ KOoXKHIil TOUIll IILOT0 MIPOMINKKY HOTHY-
Ha 1o rpadika (yHKIII yrBOopioBaTuMe 3 JOJATHUM HAIIPAMOM OCi
abciuc KyT o, 1mo € tynuM. Ockinmbku o — Tymnuii, To tga < 0 i
Tomy f'(x,) < 0 gna KomxHOI TouKH X, € (a; b).

Omxe, 3HAWUYMW, 3pPOCTAaE UM choagae (QYHKIIA HA IIEeBHOMY
IPOMIiKKY, MOKHA BUBHAUUTH 3HAK MOXiJTHOI HA IIHOMY ITPOMIiXK-
Ky. A MOKHaA i HaBmaKW: 3a 3HAKOM HOXimHOI (yHKII Ha mPO-
MiKKY BUBHAUUTHU, 3POCTAE I (DYHKIIiA, CIlaJla€ UM € CTAJIOI0 Ha
IIBOMY IIPOMIiKKY.

Teopema 1 (osHarka cramocTi ¢yHKIiI). OYHKIUiA

y = f(x) € cramorw Ha mpomixkky (a; b) Tomi i TimTpKM TOHi,
Koau ['(x) =0 miasa KoKHOro x i3 ULOro NPOMIiKKY.
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Teopema 2 (o3Haka 3pocTaHHA, cuagaHHd GyHKID). Axmoo
f'(x) > 0 y koxHiil Touni npomixkky («; b), To dynknia y = f(x)
3poctrae Ha (a;: b). Axmo f(x) < 0 y KOKHIH TOUI[I MPOMIKKY
{a; b), To byHKUia ¥y = f(x) cnanae Ha (a; b).

CTpori HoBeIeHHs [UX TEOPEM € JOCUTHh M'POMI3IKMMM, TOMY MK
iX He HABOAMMO. 3ayBa)KHMO JIMIIIe, II[0 TeopeMy 1 IIle HasuBa-
IOTh HEOOXiZHOI0 i JOCTAaTHHOIO YMOBOIO CTAJOCTi (hyHKINI, a Teo-
pemMy 2 — IOCTaTHBOI YMOBOIO 3POCTAHHSA abo0 crajaHHa (QYHKIIII.

SHaAUTH NPOMIKKI 3POCTAHHSA i CIIaZaHHSI PYHKII:
1) f(x) = x3 + 2x; 2) f(x) = cosx — 1,5x.
PosB’azaunuda. 1) 3a TeopeMoo 2, 1mo6 3HAWTU TPOMIiKKU
3pocTaHHsa (QYHKIiI, Tpeba poss’sasaru HepisuicTe f'(x) > O.
Maemo: f'(x) = 8x2 + 2. Ockineku 3x2 + 2 > 0 guaa Bcix 3Ha-
yeHb X, TO f'(x) > 0 mgas Bcix sHauensr x. Omxe, QYHKIiA
f(x) = x3 + 2x 3pocrae Ha Bciil obiacTi BUsHaUeHHs, ToOTO Ha R.
2) Maemo: f'(x) = —sinx — 1,5. Ane —1 < —sinx < 1, Tomy
—sinx — 1,5 < 0 gaa Bcix sHaueHb x, To0TO f'(x) < 0 mas Becix
sHauensb x. Omxe, Qyukiia f(x) = cosx — 1,5x cmagae Ha Bciit
obJsacTi Bu3HaUeHHs, TOOTO Ha R.
Bigmosiagsw. 1) 3pocrae Ha R; 2) cmazae Ha R.

Ha mantonky 38.3 cxemaTuuHO 300pasKeHO rpa-
bix pyHKII y = x2.

Ockinbru y' = 2x, To y' > 0, Koau 2x > 0, To6TO
mpu x > 0,1y <0, xonu 2x < 0, To6To TIpU X < 0.
Omxe, Ha (—°°; 0) ¢QyHKIia cmamae, Ha (0; +°)
(yHKIiA 3pocTae, 110 TiATBEPAKYETHCA rpadirom.
Y Touni x = 0, mo po3finge ABa MPOMIKKHU, HA OL-  Max. 38.3
HOMY 3 AKMX (DYHKI[is cHajgae, a Ha iHIIOMY 3pO-
crae, noxigua mopiBHioe myao: y'(0) = 0.

Ha manonKy 38.4 cxemaTtwmuHO 300paskeHO rpadix (yHKITIL

yz%. Ockimprn y' =6 - (x2) =6 - (-2) - x3 = —1— o y' > 0,
X X

12 3
KO — — > 0, To6TO Koot x° < 0, a 3HAUUTL, IIPHU
x
x <0,iy <0, gomu x > 0. Omxe, Ha (—°°; 0)
dyHKIIig 3pocrae, Ha (0; +0°) cmazmae, 110 IiATBEP-
mryeThbes rpadikom. Y touni x = 0, 110 posaiise
IIi IBa IPOMiKKM, IOXiHA He icHYE.

OTr:ke, MOKEMO IPUIIYCTUTHU, IO OBa CYCimHiX Maur. 38.4
MIPOMIKKM, HA OJHOMY 3 SKuX (PYHKI[iA 3pocTae, a N
Ha iHITIOMY CIIaia€, MOXKYTh PO3IIIATHCA TOUKOIO, V AKINM moximHa
abo me icuye, abo mopiBHIOE HYJII0. JIKIO TaKa TOYKA HAJIEIKUTH
o0sacTi BUBHaueHHA (PYHKIIii, TO Ii HA3WUBAIOTHL KPUMUYLHOIO.

‘ Kpumuunumu mourxamu ¢GYHKIOIIT HA3WBAIOTH BHYTPIIIHI
&, TOYKH O0JIACTI BHU3HAYEHHA, ANA AKHX MMOXiTHA (QYHKIT
He icHye a00 TOPIiBHIOE HYIIO.
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Ina pysrnoii y = x2 Touka x = 0 € KPUTUYHOIWO, a AJIA Y = % -
x
Hi, OCKiJIbKM He HaJIe:KUTh obOjacTi BusHaueHHsA. OTiKe, TOUKH,
AK1 He HaJe)XaTb o00JacTi BU3HAUEHHS, TAKOXX MOXKYTh MiJIHUTH
rpadik Ha IPOMiKKH, Ha OOJHOMY 3 AKUX (DYHKIIiA 3pocTae, a Ha
iHIIIOMY crajzae.
Buxonauwm 3 HaBemeHMX MipKyBaHb, MOKHa C(HOPMYJIIOBATU aJ-

roput™m Oocnidncenns Qynruil y = f(x) Ha 3pocmanHs i cnadanHsa:

‘ 1) 3HaiiT 06IacTh BM3HAYCHHA (PYHKILIT.
L 2) 3HauTH MOXigHY (PYyHKII.
3) 3HaAlTH KPUTUYHI TOUKH PYHKIIIT.
4) ITominuTu 3HANWTEeHMMH KPUTHIYHUMH TOYKAMU 00JIaCTh
BU3HAYEHHA (PYHKIII HA MPOMIKKHM Ta 3’sCyBATH 3HAK IIO-
XiTHOI Ha KOKHOMY 3 HUX (A I[HOTO TOCTATHHO BU3HAUU-
TH 3HAK MOXigHOol f'(x) B OmHINA TOBIMBHIN TOYI IIPOMIKKY).
5) 3a sHaKOM MOXiAHOI BUSHAYUTH MPOMIiKKH 3POCTAHHA i
cragaHHA PyHRIL.

3ayBasKuMoO, 10 AKIO0 QyHKIiA y = f(x) HemepepBHA B TOYIIi,
10 € KiHIIEM IPOMIiXKKY 3POCTaHHS UM CIAJaHHS, TO IO TOUKY
OIPUENHYIOTH [0 IILOTO IIPOMiMKKY. TakuMm umHOM, MOXKHA CTBEP-
IKYBaTH, IIO (PYHKIiA y = x2 3pocrae Ha mpoMixkKy [0; +00) i
cragae Ha nNpoMiskKy (—20; 0], ockinmbKku B Toulli x = 0 QyHK-
misg y = x2 HenepepsHa. [IpOMiKKHN 3pOCTaHHA i cIafaHHA (PYHK-

6 . . .
mii y = — SaIUIIA0ThCH 0e3 3MiH, OCKiIbKKM B Toumi x = 0 s
x

GyHKIIiA He € HelmepepBHOIO (Mae pos3puB, amke x = 0 He Hase-
JKUTH 00JiacTi BUBHAUEHHA (PYHKILIT).

Posrnsimemo BmpaBu Ha BHAXO)KEHHS ITPOMIiKKiB 3pocCTaH-
HA i cmagaHHA (PYHKIII, BUKOPHUCTOBYIOUM BUIIEHABEIEHUN aJi-
roputMm. Kputnuni Touxkm OymemMo mosHauaTu 3adapOboBaHUMU
(ix Oymemo mpUeTHYBATH OO IMIPOMiKKiB MOHOTOHHOCTi), a TOYKH,
AKi He HaJe)KaThb obJiacTi Bu3HauUeHHA (PYyHKINI, 300paskaTuMemMo
«IIOPOKHIMU» (BOHU HE MOXKYTH OyTH HpPUEIHAHI IO IIPOMIiKKiB
MoHOTOHHOCTi). CuMBoJioM ./ OyaeMo IIO3HAUYaTH 3POCTAHHS, a
CHMBOJIOM \ — CIAQJAaHHS (PYHKIII Ha IPOMIiKKY.

m 3HaAUTU NPOMIiKKU 3POCTAHHS i CIIafaHHA PYyHKILiI
y = 2x3 + 6x2 + 3.

PosB’asauna. 1) D(y): x € R.
2) y' = 6x2 + 12x = 6x(x + 2). + x:er
3) Iloximma icmye ana ycix x € R. o6 _~—9 \ 0 _"x
3HAWTU KPUTUYHI TOUKU, PO3B’AKEeMO PiB-
HauHa y' = 0. Maewmo: 6x(x + 2) = 0, 3Biz- Max. 38.5
Ku x; = 0; x, = —2.
4) TTosHaumMO KPUTHUYHI TOUKU Ha obJacTi BU3HAUEHHA (PYHK-
mii i BMBHAUMMO B3HAK NOXiHOI HA KOMXHOMY 3 OTPUMAaHUX
npomixkkiB (man. 38.5). Ha mpomixkKy (—°°; —2) BubGepemo,
HAIpUKJaL, TOYKYy X = —3, maemo: y'(-3) =6 + (-3) - (-1) > 0.
Ha mpowmixkkry (—2; 0) Bubepemo, HampukJam, x = —1, Toxi
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y(-1)=6-(-1) - 1 < 0. Ha nmpomixkky (0; +°°) BuGepemMo TOUKY
x = 2. Maemo: y'(2)=6-2-4 > 0.

5) Om:xe, QyHKIiA 3pocTae Ha mpoMiskkax (—o°; —2] ta [0; +00)
i cmagae Ha mpoMixkKy [—2; 0].

BigmoBinas. 3pocrae Ha mpomiskKkax (—o°0; —2] 1 [0; +00); cma-
nrae Ha mpoMmixkKy [—2; O0].

m 3HalTH TPOMiKKM MOHOTOHHOCTI (PYyHKITIT

f(x)=x+E.
x

Poss’asannda. 1) D(f) = (—°°; 0) v (0; +0).
2— f—

2) f!(x) -1- % _ X 216 _ (x 4)(2x+4)

x x x

(x—4)(x+4)

x2

3) f'(x) = 0, TobTO =0, Toxi x, = 4, x, = 4 — Kpu-

TUYHI TOUKU.

4) IlosHaumMmo IIi TouKuM Ha oOJacTi Bu3HaAUeHHA (GYHKIII Ta
3’sicyemo 3HaK moximuoi f'(x) (mas. 38.6) Ha KOKHOMY 3 IIPO-
MiKKiB (8p0o0iTh I1e caMOCTiitHO).

w,
AN 0N\ 4 X
Mau. 38.6

5) @yHKIIig 3pocTae Ha MpoMisKkKax (—o0; —4] i [4; +°°), cuamae
Ha mpoMmikKax [—4; 0) i (0; 4].

BigmoBigs. (—90; —4] i [4; +°°) — OpPOMiKKU 3pPOCTAHHA;
[-4; 0) i (0; 4] — opoMiKKU ciamaHHsd.

3HaYY IPOMiKKM MOHOTOHHOCTi, MOKHA PO3B’A3yBaTH HeAKi

3ajaui, mOoB’A3aHi 31 3HAXOMKEHHSM KOpPeHiB piBHAHHA (IXHBOI
KiJTbKOCTi; HAGIMIKEHOTO 3HAUEHHA KOPEHs).

[ UGEE TTosecTr, 110 piBHAHHEA x° + 2x3 + x = 0 Mae Tiib-

KU OIVH KOPiHb.

Poss’aszanusa. Posrasgemo ¢yHKIO f(x) = x5 + 2x3 + x
i smabigzemo ii moximmy: f(x) = 5x* + 6x2 + 1. OueBugHO, IO
f'(x) > 0 ogna Bcix x, ToOTO f(x) 3pocTrae Ha R.

Toxi rpadixk pyrrmii f(x) = x5 + 2x3 + x Moxke mepeTHHATH
Bich abcmuc He OinbIlme HidX B OOHIN TouIli, BigmoBimHO i piB-
HIHHSA MaTUMe He 0iJIbIlle OAHOTO KOpeHsd. JIerko momituru, Imo
x = 0 — KopiHb piBHAHHA, amxe 0° + 203+ 0=0. m

Ao pysKIig y = f(x) € 3pocTarouoio (CIIagHOI0) HA TPOMIiK-

Ky [a; b] i Ha KiHIFAX IIHOrO HMPOMIKKY HaOyBa€ UMCJIOBUX 3HA-
YeHb PiBHMX B3HAaKiB, Ie O3Hauae, 1m0 rpadik QyHKIIl y = f(x)
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Ha OpoMiKKY [a; b] mepeTuHae Bich abciuc Jiuilie B OOHIiN TOYIIL
(man. 38.7 i man. 38.8).

yA yA
y=1(x) y=1(x)
a o b _ _ +
0 b x 0| a X L
\/ ¥ \l ¥ N -1 X
Maur. 38.7 Mau. 38.8 Maur. 38.9

W Yu mae piBHaHHA 2x* + 8x — 3 = 0 KopiHb Ha IIpo-
¢ mixkky [0; 1]?
PosB’as3anH4a. Posragaemo pyrKmio f(x) = 2x* + 8x — 3 ta
sHaiizemo ii mpoMmixku MoHOTOHHOCTi. Maemo: f'(x) = 8x3 + 8.
Poss’asxemo piBHAHHA: 8x3 + 8 = 0, To6TO X3 = —1, 3BigKH
x = —1 — KkputnuHa ToukKa. PyHKIia f(x) 3pocTae Ha MPOMiKKY
[-1; +o0) (man. 38.9), a Tomy 3pocrae i Ha mpomixkkry [0; 1],
110 € ¥oro migmMHOKUHOK. Ha KiHIax npomixkky [0; 1] smaueH-
Ha GyHKII f(x) mators pisHi 3Haku: f(0) = —3; f(1) = 7, oTxe,
rpadik ¢yHKIii Ha npomikKy [0; 1] meperuHae Bichk x, i Tomy
Ha IIbOMY IIPOMIiKKY PiBHAHHS Ma€ KOPiHb.
Bigmosigs. Tax.

I'IpVIKna.q ) 3maiiTu BCi 3HaUEHHA mapaMeTrpa M, IpU AKUX GQYHK-
mis f(x) mx3 +3mx? +6x —11 € 3pocTarOUOr0 AJISA BCiX 3HAUEHD X.

Poss’asanma. D(f) = (-0; +0); f'(x) = 3mx2 + 6mx + 6.
To6 dyukmia f(x) spocrana Ha (—00; +00), AIsd BCiX 3HAUEHb X
Mae cupaBiKyBaTucs HepiBHicTh f/(x) > 0. IIpore mwporo uemo-
crarHbo. Ockinbku (QyHKIiA f(x) HemepepBHa Ha (—9°; +00), TO
MHOYKWHI 3HaUeHb X, HA AKiN PYyHKI[iA 3pocTae (cragae), MOXKYTh
TAKOXK HaJiexKaTu 1 KpuTuuHi Touku Iiei ¢yukriii. Takum un-
HOM, 3a7laua 3BOJUTHLCS O BiAINIYKAHHA TaKUX 3HAUYEHb M, IPU
AKUX HepiBHICTS f'(x) > 0 cIpaBIKYEThCS IJIs BCiX 3HAYEHH X.
Ockinpku f'(x) = 3mx2 + 6mx + 6, CrIOYaTKy POSTJISHEMO BHUIIA-
nok, koaqu m = 0. [Inag m = 0 maemo, mro f'(x) =6 > 0 gaa Bcix
sHauenb x. Omxe, m = 0 — 3aJ0BOJILHSAE YMOBY 3ahadi, TOOTO €
ii po3B’sA3ZKOM.

Argmo m # 0, To f'(x) =3mx2 +6mx +6 — KBagpaTuuyHa QYHK-
mig. Iasa x € R BoHa HaOyBae HeBil eMHUX 3HAUEHb, IKII[O OTHO-
YacHO BUKOHYIOThCsT ymMmoBu m > 01 D < 0 (maz. 38.10 i1 38.11).

y y

0 x 0 x
Maxa. 38.10 Max. 38.11
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Maemo: D = (6m)%2 —4-6-3m = 36m2 —72m = 36(m2 — 2m).

m>0,
Oroxe, 3BiIKM oTpuMaemo, 1o 0 < m < 2,
m2 —-2m < 0;

VYpaxosyrouu po3s’a30oxk m = 0, maemo: 0 < m < 2,
Bigmosiges. 0<m<2.

@ AKy yHKLUiI0 HasnBalTb 3pOCTakyol (CnagHow) Ha LesKoMy
npomikky? @ LLlo Take MpoMiXXOK MOHOTOHHOCTI? @ Cdhopmynionte
03HaKy 3pOoCTaHHs, cnagaHHa PyHKUii. @ AKi TOYKM Ha3MBalOTb KpK-
TUYHUMU TOYKaMU PYHKLII? @ 3anam’sTaiTe anroputm AOCHigKeH-
HA (OYHKUiI HA 3pOCTaHH4 | cnagaHHs.

§ Fozb axims 3agaui ma bukonaime bnpabu

{1, 38.1. Ha wmamouky 38.12 300paskeno rpadik QyHKIiI
y = f(x), BusHaueHnoi Ha mpomizkKy [—3; 5]. Ha axux mpo-
MijKKaXxX I (DYHKIIiA 3pocTae, a Ha AKUX — cHamae?

38.2. Ha mamtouky 38.13 3o6paskeHo rpadik ¢yskmii y = g(x),

BU3HAUeHOI Ha MPOMiKKY [—4; 4]. Ha axux mpomikkax Ia
dyHKIiA 3pocTae, a Ha AKUX — cuazxae?

Yy Yy
=g(x)
y=f(x) X
-3 0] 1 5% 4 o 1 4%
Maur. 38.12 Mau. 38.13

38.3. DyuKnia y = g(x) BusHauena Ha npoMixkKy [0; 8], mpuuomy
f'(x) < 0 ma mpomixkKy [0; 5) i f'(x) > 0 ma mpomixky (5; 8].
VYramiTh NPOMiKKIM 3pOCTAaHHA i cnmamgaHHA (QPYHKIII Ha mpo-
mixkry [0; 8].

38.4. 3uak moxigmoi ¢pyukii y = f(x), BusHauenoi Ha R, 3MiHIO-
€ThCs 3a CXEeMOI0, 300pasKeHo0 Ha MaaoHKy 38.14. Busnau-
Te, Ha IKUX IIPOMiKKaX (PYHKIIis 3pocTae, a HAa AKUX — CIIa-

nae.
YT

-2 0 3 4 X
Man. 38.14

2, 38.5. Ha mamonkax 38.15—38.17 3o6parkeno rpadiru GyHK-
miti, BusdHaueHUX Ha R. YKa)XiThb, Ha AKUX IPOMiKKaX IIO-
xigma QyukKIii gogatHa, a Ha AKUX — Big eMHa.
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y y=V(x)

Max. 38.15 Man. 38.16 Mana. 38.17

38.6. Ha mamronky 38.18 300paskeHo rpa-
dix QpysKmii y = y(x). Busnaure 3HaK 110-
xigHoi QyHKIII y = y(x) Ha IPOMIKKY:

1) (=005 =2); 2) (-2; -1);
3) (-1; 2); 1) (2; roo). /\/

vt y=vx)

3HaUAITh KPUTHUUHI TouKu (pyHKIT (38.7— 7

38.8): of 1 \x
38.7. 1) y = x2 — 2x; 2) y = x3 + 3x2.

38.8. 1) y = 4x —x%  2)y=6x2+ x5, Mau. 38.18

SHaANIITh IPOMiKKM 3POCTAHHSA Ta NPOMIMKKHU CIamaHHS QPYHKIII

(38.9—-38.10):

38.9. 1) f(x) =5x — T; 2) g(x) =7 — 9x;
3) t(x) =2x%2 — 4x + T; 4) p(x) = —x2 + 2x;
5) o(x) = x3 — 9x2 + 5; 6) y(x) = 12x — x3.
38.10. 1) m(x) =4 — x; 2) f(x) = 2x — 11;
3) g(x) = x2 + 2x — 11; 4) t(x) =4 — 6x — x2;
5) ¢(x) = x3 + 3x2%; 6) y(x) = x3 — 3x.

HoBenits, mo GyuKIiia (38.11-38.12):
38.11. 1) f(x) = 3x3 + x — 7 3pocrae Ha R;
2) g(x) = —x — x3 cuazmae Ha R.
38.12. 1) g(x) = x® + 2x — 5 3pocrae Ha R;
2) f(x) = —2x3 — x cnagae Ha R.
3 3Bmaiigite kpurtuuHi Touku QyskKnii (38.13—38.14):

. 3—x?
38.13. 1) f(x) = 2sinx + x; 2) g(x)= 5"
x_
3+x2
38.14. 1) g(x) = x + 2cosx; 2) f(x)= .
x+1

SHAULITh MPOMIKKN MOHOTOHHOCTI PyHKII (38.15—38.16):

38.15. 1) f(x) = 4x3 — 9x2 — 12x + 5;
2) g(x) =x%+3x3+ x —17;

3) o(x) = —4x — x7 4) W(x)=x+§-
x
38.16. 1) g(x)=x3+x2—x+ T; 2) f(x) =2 + 5x3 + x7 + x;
3) t(x) = —x® - 2u; 4) p(x)="S+x.
x
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Hosexnits, mo dyukmisa (38.17—38.18):
38.17. 1) f(x) = x3 — x2 + Tx — /3 3pocrae =Ha R;
2) g(x) = sindx — 5x cunanmae Ha R.

38.18. 1) f(x) = 7Tx + cos2x 3pocrae Ha R;
1 1
2) g(x)=4 - 2x + Exz —§x3 cuagae Ha R.

3HaNAITh KpUTUYHI Touku QyHKIii (38.19—38.20):

38.19. 1) f(x) = (x — 1)3(x + 3)3; 2) g(x)=+x%—6x.
38.20. 1) g(x) = (x + 2)%(x — 4)2; 2) f(x)=v4x—x2.
SHaNAITEL IPOMIMKKHN 3pocTaHudA i cuaganud QyHKIl (38.21—38.22):
3x-5 3x + x2
38.21. 1) f(x) =——; 2) g(x) = ;
2x+7 4+x
Jx 1
3) tx) =——; 4 = + ~x.
) t(x) il ) ¢(x) =cosx 2x
1-2x -3x
38.22. 1) p(x) = 3eil 2) f(x) = = ;
3x+1 —-x
. 3
3) ¢(x) = (x-3)x; 4) g(x) = smx—gx-
As! 38.23. Ilpu sxux 3HaueHHAX a GyHKIiA f(x) 3pocrae Ha R:
3 2
1) f(x) = ax? + 3x + 5; 2) f(x)=%—%+x+7?

38.24. Tlpu aKuX 3HaUeHHAX a (PyHKHia g(x) = 2x3 + 3ax? +
+ 24x — 8 3pocrae Ha R?

HoBeniTs, 110 PiBHAHHS Mae€ JuIe OUH KopiHb (38.25—38.26):

38.25. 1) x7 + 3x® + 2x = 0; 2) sinx — x = 0.

38.26. x2+ x + 3 =0.

38.27. Yu mae piBHaaHa x* + 4x — 2 = 0 KopiHb Ha IPOMLEKKY:
1) [-1; 0] 2) [05 1]?

38.28. Yu mae piBuaaHa x% — 6x + 1 = 0 KopiHb Ha IPOMLEKKY:
1) [-1; 0] 2) [05 1]?

38.29. 3adaua-docaidxncenns. Bigomo, mo piBHanHa x8 +8x —5=0
Ma€ aBa KopeHi. 1) 3HaAWAiTh NPOMIiKKM, AKHUM HAJIEKATh
i xKopeni. 2) IloGyayiite rpadgik GyHKmii y = x® + 8x — 5
3a JIOIIOMOTOIO JesAKOI KOMII IOTePHOI IIporpaMu Ta mepeBipTe
OTPpUMAaHUHA y OyHKTI 1 pesyiabTar.

3HaiiTh KpuTuYHi Touku QyHKIi (38.30—38.31):

38.30. 1) y(x) =5x +sin22x — 44/3 sin X3

2) g(x) = %sin 3x — %cos 2x —sin x.
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38.31. 1) y(x) = 4/3 cos x + 5x — sin 2x;

2) g(x) =sinx + %sin 5x — gsin 3x.
0 SHaimiTs yci kpurtnuHi Touku QyHkKIii (38.32—38.33):

38.32. f(x) = cos xcos (g - x) (cos (g - xj + cos xj, 1[0 HaJIeXaThb
. i
IIPOMIXKKY (E’ n).
38.33. f(x) = sinxsin (g - xj (sin (g - x) —sin xj, [0 HaJIeXaThb

. T
IIPOMIXKKY (0; Ej

38.34. 3HaliaiTh yci 3BHaUeHHS ITapaMeTpa @, IIpu KOKHOMY 3 AKUX
byrKIia g(x) = sin2x — 8(2a +1)cosx — (16a2 + 16a — 18)x ¢
CIIaIHOIO IJA OYAb-sIKOTO X i IPU IILOMY HE Ma€ KPUTUUYHUX
TOYOK.

38.35. 3maiimiTe yci s3HaueHHA mapaMmerpa b, HIpU KOKHOMY 3
axux QyHKIA g(x) = 8(b + 2)cos x — sin 2x + (4b2 + 16b + 6)x
€ 3pPOCTAIOU0I0 IJIA OyAL-IKOTO X i IIpM IILOMY HEe Ma€ KpH-
TUYHUX TOUYOK.

38.36. 3ap061THa IaTa oleparopa KOJ-IIEHTPY npor[opuu/ma

V¥  KiJIBKOCTI BigmIpalibOBaHUX T'OAWH. 3a MiCAIb OyJI0 anpamosa-
HO 170 rop i 3a Hux Hapaxosauo 4590 rpuH. CKinmbKu rogus Tpeba Bif-
IpaIfioBaT OIepaTopy HACTYIIHOIO Micsllsd, o0 orpumaTtu 4860 rpu?

38.37. lloBeniTs, 110 mu1st X > —1 mpu BCiX HATYPAJIBHUX 3HAUEH-
HAX N CIPABIIKYETHCA Hepigricmb Bepuyani: (1 + x)* 2 1 + nx.

Tligzomyimecs go bubuenns Hobozo mamepiany

38.38. BukopucroByoun ManaioHOK 38.19, yKaxKiTh Taky TOUKY
X, 00 Ha MPOMiIKKY (—0°; x,] dyHKIia f(x) spocrana, a Ha
OPOMiXKKY [Xx,; +°°) dyHKIia f(x) cnagana.

38.39. BHHOpHCTOByIOqH MaioHOK 38.20, yKaMiTh TaKy TOUKY
X ].T_IO6 Ha MPOMIMKKY (—°; Xx,] q)yHRmﬂ g(x) camana, a Ha
HpOMl?KKy [xp; +2°) (byHRmﬂ g(x) 3pocraa.

y y
y = f(x) y=1(x)
| 0
ol 12 N 5x 111 x
Maxa. 38.19 Mauxa. 38.20
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@) EKCTPEMYMW
DYHKUII

Hns mocmimkeHHsa (GyHKII Ta moOymoBu ii rpagika BasKJImMBO
3HATH MOYKU eKCMpPeMymy Ta eKcmpemymu QyHKyiL.

Hocmimxyioun moBediHKY (GYyHKITIT
o0Iu3y AesKOol TOUKU, 3PYUYHO KOPU-
CTyBaTHUCA IIOHATTAM OKOJY NMO4YKU.

1. Excmpemymu Ppynxyii

‘ Oxonom mouxu x, HA3UBAIOTH OyAb-AKMI NPOMIiKOK, IO
&, MiCTHTH I}0 TOUKY.

Hampukianm, oKoJIoM TOUKHM 2 MOMe OyTH HAK HTPOMIiKOK
(1,9; 2,1), tax i opomikok (1,5; 2,5); OKOJIOM TOYKU —3 — IPOMi-
KoK (—3,8; —2,2).

Posriigaemo rpadik dyskmii y = f(x), so- 3
Opaskenuii Ha MaJdoHKY 39.1. Baummo, 1o
icHye Takuii OKiJ TOUKM —2, IO AJs BCixX 0
TOUOK i3 IbOT0 OKOJYy QYyHKIiA Yy = f(x) Ha- 3 I =
OyBae HaMOiJIBLIIIOrO 3HAUEHHS caMe B TOY-
mi —-2. Taxy TOUKy Ha3WBAIlOTh MOUKOI -2
maxkcumymy QYHKII, a 3HAYeHHA (QYHKII
y mift Touni — maxcumymom QYHKuUii. Mau. 39.1

‘ Touky x, HASHBAIOTH MOUKOI MAKCUMY MY dysELIT ¥ = f(x),

& AKIO A BCiX X 3 JeAKOT0 OKOJXYy TOYKH X, CIHPaBIMKYEThCH
HepiBHicTb f(x,) > f(x). 3navennsa dynxuil B Touni Maxcumy-
My HA3UBAIOTh MAKCUMYMOM GYHKYIL.

Bynemo mosHauaTu TOUKM MaKCUMyMy dyepes X

max> & MAKCHMY-
vu (QyHKOii gepes [, .. a6o y ... OTike, y BUIes3rajaHomMy IpHU-

Kaagi: x, .. = —2; Y, .. = y(—2) = 3.

ITosepratouncs mo manmonkKa 39.1, momiuaemo, 110 icHYe me-
AKUHN OKia Touku 1, 1[0 AJIsI BCiX TOYOK i3 I[HOr0 OKOJIY (PYHKIIiA
y = f(x) HabyBae mailimeHIIoro 3HaueHHs came B Touri 1. Tary
TOYKY Ha3WBAIOTh MOUKOI MIHIMYMY, a 3HaUeHHA (QMYHKIII B 1l
TOUIL — MIHIMYMOM PYHKUIL.

‘ Touxy x, HA3HBAIOTE MOYKOI MIHiMYMY dyskuil y = f(x),

L AKIO AJA BCIX X 3 JeAKOro OKOIY TOYKM X, CIIPABIMYECTHCA
HepiBHICTE f(x,) < f(x). SHavenna GyHKUil B Toumi MiHimy-
My Ha3HBAIOTHh MIHIiMYyMOM QYHKEYIL.

Yepes x,;, MO3HAYAIOTh TOUKM MiHiMyMy, a depes f, . abo y . —
MminiMymu QyHEDii. ¥ Hamomy npuknaagi: x, . =1, ay . =y(1)=-2.

Touku MmakcmMymMy i MiHiMymMy pasoM Ha3WBAIOTh MOUKAMU
excmpemymy (Bix jar. extremum — KpaiHiil), a 3HaueHHA QyHKITIT
y IUX TOUKAX — eKCMPeMYMAMU PYHKUILL.

3ayBaK1MO, IO OCKLIBKY B TOUI[I MaKcuMyMy (MiHiMyMy) hyHK-
Iisg HaOyBae HANOLILIIIOro (HAMMEHIITIOr0) 3HAUEHHSA MOPiBHAHO B3i
3HAUEHHAMH ITiel (PYyHKIII B TOUKAX AESIKOr0 OKOJIY, TO TOUKM MakK-
cumyMmy (MiHiMyMy) HA3UBAIOThH IIE JIOKAJIbHUMU €KCTPEMYMaMU.
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2. HeoGxidna ymosa ChopMya0eMO BaKJIUBY TeOpeEMY,
excmpemymy Ky HasuBaIOTh meopemoio Pepma (Ha

| yecTh (DpaHIIy3BKOI'O MaTeMaTUKa
II’epa ®epma), y AKiil CTBEPAKYETHCA, 1[0 TOUKAMU €KCTPEMyMY
MOJKYTb OyTH JIUITIe KPDUTUYHI TOYKM (PYHKITII.

Teopema @Pepwma (HeoOXiTHa YMOBa eKCcTpeMyMy). AKimo

(I TOYKA X, € TOYKOI eKcTpeMyMmy QyHENIl f(x) i B mii Toumi
icHye moXigHA, TO BOHA AOpiBHIOE HymIO0: f'(x,) = 0.

IIpuitmemo 11eii akT 6e3 mOoBeIeHHSA i 3ayBasKMMO, IO TEO-

pema Pepma € Jullle HEOOXiTHOIO YMOBOIO eKCTpeMyMy. ¥ MOBa

f'(xy) = 0 HeoOOB’A3KOBO O3HAuae€, IO X, — TOYKA EKCTPeMyMy

GyHKIIII.
W 3okpema, masa QyHEOii f(x) = x3 (max. 39.2)

f'(x) = 3x21i f'(0) = 0, ame x, = 0 — He € TOYKOIO EKCTPEMYMY.

IV f(x) = ||
0 X
Mau. 39.2 Mai. 39.3

m Posrianemo ¢yukmio f(x) = |x| (max. 39.8), mna

aKol x, = 0 — Touka MiHiMyMmy. 3’sdcyemMo, UM Mae€ HKITig
0

. . . A
f(x) = |x| moxigry B TOUNi x,. s mBOro 3HaWKEMO A—f:

x
Af _f(xg +Ax)—f(xo) _[0+Ax|-[0] |Ax|_] 1, axmo Ax>0,
Ax Ax Ax Ax -1, axio Ax <0.

. A . . . .
Orxe, lim Af He icHye, a Tomy QyHKIA f(x) = |x| moxigmoi B
Ax—0 Ax

Touni x, = 0 He mae.

3 Teopemu Pepma Ta OpUKIALY 2 AifiIeMO BUCHOBKY, IO

‘ TOYKAMH E€KCTPEeMyMY (PYHKII MOXKYTh OYTH TiIBKM ii KpH-
&, THYHi TOYKH.

Tomy, IITyKalOUYM TOUYKM €KCTPpeMyMy (DYHKIIiI, y IepIry dyepry
Tpeba 3HalTH 1i KPUTUYHI TOUKU. AJie mam’ ATaTH, 10 He KOKHA
KPHUTHYHA TOUKA € TOUKOI eKcTpemyMmy (mpukJan 1).

ey b
3. JJocmamns ymosa 3’sicyBaTH, UYMW € KPUTHUYHA TOUYKA
excmpemymy TOYKOI0 €KCTPeMyMy, MOXKHa 3a [10-
IIOMOI'0OI0 TeopeMu — 00CmamHubvoi

YMOBU ICHYBAHHA eKCMPEMYMY.
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Teopema (ZOCTATHS YyMOBa €KCTpPeMyMy). AKIimo dpyHK-
nia f(x) HemepepsHa B TOUYII X, Ta:

1) f'(x) > 0 ma mpomixkKy (a; x,) i f'(x) < 0 Ha MpoMiKKYy
(xy; b), TO x, € TOUKOIO MaKCcUMYMYy GyHELIT f(x);

2) f'(x) < 0 ma mpomisxkky (a; x,;) i f(x) > 0 Ha TpomixKy
(x; b), TO x, € TOUKOIO MiHiMyMy (hyHKIIT f(x).

Hosenennsa. 1) @ynknia f(x) HemepepBHA B TOYIL X,
f'(x) > 0 ma imTepBami (a; x,), Tomy GQyHKHia f(x) spocrae Ha
(a5 xo] i f(x) < f(x,) nna Beix x € (a; x)-

Ha mpomixkky [x); b) yrKIia f(x) cnagae (moBegeHHA aHAJO-
riune), Tomy f(x) < f(x,) naa Bcix x € (xy; b).

Orxe, f(x) < f(x,) Ana Bcix x # x, 3 NpoMixkKy (a; b), Tomy
X, — TOUKA MaKCUMyMy qayHIcui'l' f(x).

2) JloBemeHHsA aHAJOTiUHE MO IIYHKTY 1).

KopoTrko 1110 Teopemy mMoskHa mepedopMyTI0BATH TaK.

, ‘ Aximo B ToUIi xg NOXiTHA 3MiHIOE 3HAK 3 «+» Ha «—» (pyXaro-

L YUCh Yy HAlOpsAMl 3POCTAHHA X), TO X, — TOUKA MAKCHMyMy
(Man. 39.4), a AKIO 3 «—» HA «+», TO TOYKA X, — TOYKA MiHi-
mymy (Man. 39.5).

+ Y - Y + Y oY -

g N\ X % 7 % S xy S x N %o N\ ¥
Maxa. 39.4 Maz. 39.5 Mai. 39.6 Mauxa. 39.7

SIkmio sminm sHaKiB He BigOynoca (man. 39.6 i 39.7), To x,
He € TOYKOI0 eKCTPEMYyMY.

Taxkum yrHOM, MOYKHA iNITH BUCHOBKY, ITIO 3a4aYi Ha 3HAXOMKEH-
HA IIPOMIXKKIB 3poCcTaHHS, ClIafaHHA (DYHKIIII Ta OTPUMaHUX eKCTpe-
MyMiB 1ToB’a3aHi Mixk coboro. Tomy 014 sHaxodxenHs excmpemymie
Qynkuil y = f(x) moxcHa 3acmocysamu maxKuil aizopummm.

‘ 1) S3naiTu 06JacTh RUSHAYEHHA (PYHKIIIL.
&o 2) 3uaiiTi moxigHY (GyHEIII.
3) 3HAUTH KPUTHYHI TOYKH QYHKIIT.
4) IlosHAYUTH 3HAWAEeHI KPUTUYHI TOYKM Ha obmacti BH-
3HAYEHHA Ta 3’JICYBAaTH 3HAK IOXiTHOI Ha KOKHOMY 3
OTPHMAHHUX MPOMIiKKIB.
5) Insa KOKHOI KPUTUYHOI TOUKH 3a 3HAKOM ITOXigHOI Ha
npoMizkkax 3JiBa i cmpaBa Big Hel BUSHAYMTH, YH € BOHA
TOUKOI) €KCTPEMYyMY i AKOK caMe, MAKCHMYMY YU MiHIMY-
My. 3allMcaTH pe3yJabTar.

4. 3ada4i na nouyk ~ | PoarissHemo KijgbKa 3amad.

MOYOK excmpemymy ma m 3HAUTU TOUKU eKCTpe-
excmpemymie QYHKUILL

MyMmy QYHKIIL y = %x3 + % x% —2x+83.
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. PosB’asaunmua. CKOpI/ICTaGMOCH BHUIIEe3ragaHM aJI'OPUTMOM.

2)y’—x2+x—2 (x = 1)(x + 2).

3) D(y') =R, y' =0, maemo piBHAHHA: (X — 1)(x + 2) = 0, 3BigKu;
xy =1; xo, = —2 — KPUTHUYH] TOUKH.

4) TTosHAUMMO KPUTHUYHI TOUKM HA YUCJOBiHA oci i BU3HAUMMO
3HAK MMOXiTHOI HA KOXKHOMY 3 OTPUMAaHUX OPOMiKKiB (Mas. 39.8):
y' > 0 Ha (=005 —-2);

y' <0 Ha (—2; 1); +X:¥+

y > 0 ma (1; +00). o2 N1 %

5) Omxe, Xpax = -2; Xnin = 1. max min

BigmoBigs. x, ., =-2;x,, =1. Mau. 39.8

7 GERES 3HATITH TOYKHM eKCTPeMyMYy Ta eKCTPeMyMHu (QyHK-

x>-3
x-2"
Poss’asaumusa. 1) D(y) = (—90; 2) U (2; +0).
2x(x —2)-1(x% -3) x2-4x+3 (x-1)(x-3)
(x - 2)2 Co(@-22 (x-22
(x-1)(x-3)
(x-2)

mii y =

2)y =

3) y' = 0, TobTO

TUYHI TOUKU.

4) ITosHaumMO KPUTHUYHI TOUKM Ha
obsacTi Bu3HauUeHHA (QYHKII Ta
3’dgcyeMo 3HAK IOXigHOI Ha KoxkHOMY .~ 1 N\ 2 3 7~ %

= 0; sBigku x, = 1; x, = 3 — Kpu-

+ +

3 OTPUMAHUX TPOMiKKIB (Majs. 39.9). max min
5) Oroxe, x, ., = 1, x ;) = 8 — TOYKH Maut. 39.9
eKCTpeMyMYy.

12-3 32 -3

=3.

Toni Ymax = (1) 2 Ymin = y(3) = 3_1

1-2
1 ymax = y(]‘) = 2. xmin = 3 ymin = y(3) =

BigmoBigse. x

m 3HAWTU TOYKU eKCTPeMyMy (DYHKITil

f(x) = 5x3 — x|x + 1|
P03B azauHua. 1) D(f) = (-00; +0).
Hani posrasHemMo GyHKIIiI0 okpemo i x < —1 i gima x > —1.
a) dxmo x < —1, To |x + 1| =—(x+1), romi f(x)=5x3+ x2 + x.
2) f'(x) =15x2 + 2x + 1.
3) PiBuaunasa f'(x) =0 poss’saskiB me mae. [[na Bcix x Taxkumx,
oo x < —1, maemo: f'(x) > 0.
6) Ikmo x > —1, To |x+1|=x+1, Toxi f(x)=5x3 - x2 - x.
2) f(x)=15x2-2x-1.
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. . 1 1
3) Pisuanua f'(x) = 0 mae KopeHi Xx; = —g; Xy = 3 ObunBa Ko-
. 1 1
PeHi 3aJ0BOJILHAIOTL yMOBY X > —1. Omxe, x; = —g; Xy = 3 -
KPUTUYHI TOUKU.
4) 3Haku MoximHoI 300parkeHo Ha MaJIIOH- max min
Ky 39.10. ) ) f f
5) Maemo: x,,. = ~5 Fin = g A N
1 1 5 3
Bigmosige. x . = —g; Xin :§. Mau. 39.10

W7 ERRGS  S3HAHTH TOYKM MaKCUMyMy (GYHKITiT

f(x) = icost—§s1n2x+ 9+x.

PosB’azanuda. 1) D(y) = (—00; +0).
2) f'(x) = —1~251n2x—£-2-c0s2x+1=
4 4 2

:1— lsin2x+£c052x :l—cos 2x—£.
2 2 2 2 6

IToximma icHye B ycix Toukax obJjacTi BusHaueHHsS (PYHKIII.

1
3) Posp’aixemo piBHAHHA f'(x) =0. Maemo: cos (Zx - %J = 3
3BifKU X = £+ nk,k e Z abo x = —%+ nk,k € Z — KpuUTUUHI

TOYKH.
. . . 2n
4) Dyuknia f'(x) e nepioguunoio 3 mepiogom T = > = n. Ho-
CIimMMO 3HAK IOXimHOI Ha MEeAKOMY HPOMIiMKKY 3aBIOBKKU T,
T . .
HAOpUKJIaL Ha {—E;—} IlroMy OpOMiKKY HajexxaThb ABI 3

T, T L
KPUTUYHUX TOUOK: X = 15 i x =—. 3Haku moximHoi Ha mpo-

MiKKY {—g; g} 300pakeHo Ha MaHKY 39.11. BpaxoByioun

nepioguuHicTh QYyHKIII, MaTUMeMO,

__ T T TN\ T ST X
o X =——+Tnk,keZ. AN n
I, max 12 > T i :
BigmoBingsb. _l+ﬂk,keZ. max min
12 Maur. 39.11
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aﬂjmﬁ... Jdamuncvkorw mepminu «maximum» i «mi-
A E{i\’l/‘/ nimum» 03Ha4AMb 6i0n06i0HO0 «HAlOINL-

N we» i «Halumenwe» 3HAYeHHA.
3adayer0 3HAX00HEHHS MAKCUMYMIB i Mi-
Himymie @QYHKYIl 6ueHi nouaau 3aiumamucs 8 cepedHbosiuYi.
YV 1615 poui Kenaep eucnosus ideio npo me, wo nooiu3y MaKcu-
MYMY 6eLUYUHU 3MIHA 1T € HENnOMimHOw, nepedbaiueuwu maxum
YuHoM i0el0 NPupi6HIO6AHHA NOXiOHOI 00 HYas nid uwac 3HAXO-
OMHCeHHS MAKCUMYMY PYHKUIL.

Ynepwe cucmemnuii nidxid 00 3Hax00HeHHS eKCMPeMYyMmie 6u-
kaae I1. Pepma y ceoitt npaui «Memod docaidneHHs MAKCUMYMIE
i Minimymie» (npauys eutiwna Opyxom vacmioso y 1642—1644 pp.,
a nosgnicmio — y 1779 p. nicas cmepmi agmopa ). Jlucmu i Pepma
Kaxcymbsv npo me, wo yum memooom 6in 60s00i8 yice 6 1629 p.

YV nodanvwomy ueit memod edockonanrunru Hoiomon y npayi «Me-
mod @aioxciity (1671 p.) i JleiibHiy y ceoemy «Hosomy memodi»
(1684 p.).

© lllo Ha3nBaloTb OKOMOM TOYKU X,? @ SAKy TOUKY Has3MBaloTb TOYKOHD

Q MakCcMMymy YHKLIT, a Ky — To4YKkolo MiHiMymy? @ Lo Ha3uBatoTb
MaKCMMyMOM COYHKLUIT, a Lo — MiHIMyMOM? @ HKi TOYKM Ha3uBalTb
TOYKaMW EKCTPEMYMY, a LU0 — eKCTPeEMYMOM yHKLiT? @ Cdopmy-
ntonte Teopemy ®epma (HeobxigHy ymoBy ekctpemymy). @ Cdop-
MyFOWTe | AOBEAiTb JOCTATHIO YMOBY eKCTpeMyMmy. @ Akum popmy-
NIOBaHHAM L€l TeopeMu 3pyyHO KopucTyBatuca? @ CdopmyntonTe
anroputT™ AOCNiMKEHHA YHKLIT HA EKCTPEMYM.

§ Fosb’saximo 3aga4i ma bukonaame bnpabu

{1, 39.1. Ha wmamouky 38.13 3o06paseno rpadik ¢yHKII
y = g(x), BusHaueHol Ha MPOMiKKY [—4; 4]. 3HaWAITH TOUKU
eKCTpeMyMYy Ta eKCTpeMyMu ITiel pyHKITii.

39.2. Ha mamtonky 38.12 sobpakeno rpadik ¢yurmii y = f(x),
BU3HAUEHOI Ha NPOMiKKY [—3; 5]. 3HaAUAITL TOUKU eKcTpe-
MyMy Ta eKcTpeMyMmu Iiel GyHKIIT.

39.3. (Vcno). Pynrnia y = f(x) HenmepepBHa B TOUIL X, = 2, IPH-
yomy f'(x) < 0 mHa mpomikKy (1; 2) i f'(x) > 0 Ha TpPOMiXKKY
(2; 8). Uu € TouKa X, = 2 TOUKOIO MiHiMyMy a60 MaKcumMymy?
39.4. (Vcno). Pynrnia y = t(x) HemepepBHa B Touli X, = —1, npu-
yomy t'(x) > 0 Ha mpomMikKy (—2; —1) i t'(x) < 0 Ha TPOMiKKY
(-1; 0). Yu € Toura x, = —1 TOUKOIO MiHIMyMy a00 MakCUMyMy?
39.5. 3nak nmoxiguoi pyHKII y = g(x), BusHauenoi Ha R, 3miHIO-

€ThCA 3a CXeMOI0, 300pakeHo0 Ha MadaiHKYy 39.12. Busnau-
Te TOYKU MiHiMyMy i Makcumymy Iiiei QyHKILiI.

oYt

-1 0 2 3 x
Mana. 39.12
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2, 39.6. 300pasits cxemarnyHo rpadikyu QYHKLIA i BIeBHITHCA
B TOMY, IO BOHM HE MAlOTh TOYOK €KCTPEMYMY:

1)y :E; 2)y=4; 3) y = tgx; 4) y = ctgx.

3HaAHOITh TOUYKU eKcTpeMyMy QYHKIII y = f(x). ki 3 HUX € TOU-
KaM{ MaKCHUMyMY, a aKi — Toukamu Miimymy (39.7—39.8)?

39.7. 1) f(x) =2x - T; 2) f(x) = 2x2 — 4x + 5;
3) f(x) =6 — 12x — x2?; 4) f(x) = 8x2 — x3.

39.8. 1) f(x) = 4 — 2x; 2) f(x) = x2 + 6x — 8;
3) f(x) = 3 + 8x — 2x2; 4) f(x) = x3 — 6x2.

3HaAUIITL TOUKU eKCTPEMYyMY Ta eKcTpemyMu pyHKII (39.9—39.10):
399. 1) y=x3-6x2—-16x+3; 2)y=1+ 18x + 15x2 — 4x3;

3)y=x— 3x3 4)y=ix4—2x2.
39.10. 1) y = 2x3 + 6x2 — 18x; 2)y=2+ 12x + 9x2 — 10x3;
3)y =x3 - 3x; 4) y = x* - 2x2 + 3.

SHaAWIITh TOYKM MaAKCHUMyMy i TOUYKM MiHIMymMy QyHKII

(39.11-39.12):

39.11. 1) f(x) = 2L, 2) g(x) = X+ 2,
x—1 9 «x
x
3) t(x) = T 4) o(x) = 4x —x.
4
39.12. 1) f(x) = Z_x; 2) ¢(x) = f+_;
x+2 9 «x
x
Hyx)=—5—7  4)px)=x-2Jx.
x“+4
3HaIITh TOUYKU eKCTpeMyMy Ta eKcTpeMymMu QyHKIi (39.13—39.14):
39.13. 1) f(x) = x2(x - 4)2; 2) g(x) = I E—-
x“—4x+5
3) t(x) o1 4) y(x)
X) = 5 x) = .
x? -4 M x?-9
39.14. 1) @(x) = x3(x + 2)%; 2)8(x)=—5—""=
x“+6x+8
3) w(x) : 4 tx) = L
X) = 5 x) =
v 9—x? x2-7

A, 3HAAITh TOUKN MiHIMyMy QYHKII (39.15 39.16):
39.15. y(x) = 4x3
39.16. y(x) = 3x|x — 3| - x3, mo sagana Ha mpomixky [0;4].

, 1o 3aziaHa Ha npoMisxkky [0;3].
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3HaAUAITh TOUKU eKcTpeMyMmy GyHKIIT (39.17—39.18):

39.17. f(x)= sinx—%x. 39.18. g(x) =cosx+%x.
3HaNIITh TOUYKU eKCTpeMyMy Ta ekcTpemymu pyHKIi (39.19—39.20):
39.19. 1) f(x) = 15x3 — x5; 2) g(x) = Vx% —2x+5.
39.20. 1) f(x) = Tx5 — 5x7; 2) p(x) = Vx% +4x+5.

39.21. Ilpu axkux 3HaAUeHHAX a PYHKIiA f(x) = 2x3 + 3ax2 + 6x — 2
He Ma€ TOUYOK eKcTpemMymy?

39.22. Ilpu AKX 3HaYeHHAX b QpyHKIis ¢(x) = —x3 + 3bx?2 —3x+ 9
He Ma¢ TOYOK eKcTpeMymy?

39.23. Ha wmamionky 39.13 3o6paskeHo rpadixk nmoxiguoi f'(x)
dyuxmii f(x), BusHauenoli Ha mpomixkKKy (—7; 8). SHaigiTh
KimbKicTb TOUOK excrpemymy GyHKIII f(x) Ta BKaxiTh,
CKiJIBKM cepell HUX TOUYOK MaKCUMYyMYy i CKIJIbBKU TOUYOK MiHi-

MyMy.

y v
1 IEAE) y =1"(x)
T x

! VOM\/é T, :)‘1 \/E/x

Maxa. 39.13 Maxn. 39.14

39.24. Ha wmaaouKy 39.14 300paskeHo rpagix moximmoi f'(x)
dyukmii f(x), BusHaueHoi Ha mpoMikKy (—6; 7). 3HaiimiTh
KiZbKicTh TOUOK excTpemMyMy GYHKINT f(x) Ta BKaKiTh,
CKIJIbKM cepeJl HUX TOUOK MiHIMyMYy i CKiJIbKU TOYOK MakK-
CUMYMY.

¢% 39.25. BmatiniTe Touky MaKcUMyMy GYHKII

B3

x x
x :—x+\/§sin——cos—.
f(x) 2 3 3

39.26. 3HaWAITH TOUKYU MiHIMyMy QPYHKILiI

J3

3 1
X) = —cos2x — —sin2x + —x.
g(x) ) 1 2

39.27. 3HaiaiTe yci Touku MimiMmymy QYHKITII
f(x) = x2(45sin3x — 9cos 3x) + x(30 cos 3x + 6sin 3x) +
+80sin3x — 16 cos 3x.
39.28. 3HaiigiTh yci TOUKH MaKCUMyMy (PYHKILiI
f(x) = x2(6sin 2x — 8 cos 2x) + x(6 cos 2x + 8 sin 2x) +
+ 3sin 2x — 4 cos 2x.
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39.29. Bincraus [ (y KM) Big cmocrepiraua, 1o mepedyBae
Ha HeBeJUWKi#ll BUCOTi A M Haj 3eMJjel0, 10 JiHii ropusoHTy,

. . | Rh
3a SIKOIO BiH crocTepirae, 00O4YMCIIOETHCA 3a (POPMYIOI0 [ = 200’

ne R =6400 km — pazxiyc Semui. Ha akiii maiimeHIIiiT BuCcoOTi ciifg
posTalryBaTHUC CIIOCTepirauesi, 1100 BiH 6aYWB rOPU30HT HA Bi-
cTaHi He MeHIe Hix 4 Kigomerpu?

@ 39.30. Posp’sskiTh piBHAHEA X2 + 4xcosxy +4 = 0.

Tligzomyimecs go bubuenns Hobozo mamepiany

39.31. 1) 3HaiigiTL KOOPAMHATH BepIIMHHU mapaboau f(x) = x2 —
—2x + 3, BUBHAUTe HANPSAM TiJoOK mapabosum Ta HoOymyiiTe
cxeMaTuyHO il rpadik.

2) 3HalifiTh TOUKY eKcTpeMyMmy (QPyHKIIl f(x) = x2 —2x + 3,
eKcTpeMyM QYHKIII, OPOMiKKM 3pPOCTaHHA 1 cHamaHHg
dyukiii. ITobyayiiTe rpadik miei GpyHKITII.

3) IlopiBusatiTe mobymoBaHi y myHKTax 1) i 2) rpadiku GyHKITi.

é:[g) 3ACTOCYBAHHSA NOXIAHOI
ANA OOCNIAXEHHA ®YHKLIA
TA NOBYAOBMU iX TPA®IKIB

Panime nam BKe Tpanaanuca QYHKIiI, Buraan rpadikis
AKWX Ha TOW UYac MU He 3HaJU. ¥ TaKUX BUIAAKax MU OyayBaIu
ix rpagikm mo Touxkax. Tak Oyjo moOymoBaHO, HAIIPUKJIAL, I'Pa-

k
biku QyHKIOiN y = x2; y = Jx; y=—, ne k # 0, Toro.
x

IIpoTe, BacTocoByouUM TaKWil CHOCi0 mOOYymOBM O OiabIm
CKJIAAHUX (YHKIiH, MOMKHA BTPATUTU BaKJIMUBLI 0c0o0JMBOCTL
rpadika Gyukriii. [I[[o6 yHUKHYyTH TOAIOHWX TOMUJIOK, Tpeba
CIIOUATKY MOCHiAUTH MNOBeHiHKY (PyHKIiI, BuaBuTH ii 0CO0JIH-
BocTi i TimpKu morim OymyBatu rpadik. o ocobiamBocTeit moBe-
miHku (QYHKIII BigHOCATH 1 II 3pocTaHHA, CIIafaHHA Ta eKCcTpe-
mymu. Tomy mas mobymoBu rpadika O0yaeMo BUKOPHCTOBYBATHU
IOXigHY.

HocaimxyBatu dyHKIi0 ¥y = f(x) Ta OymyBatu ii rpadik mMok-
Ha 332 TAKUM aJTOPUTMOM:

‘ 1) 3naiTu 00JacTh BUSHAUSHHA (PYHKIIIL.

& 2) Hocaigutu (byHKIiI0 Ha NapHiCTH, HeMapPHICThL Ta Iepi-
OOUYHICTE (I TPUTOHOMETPUYHUX (PYHKIiH).
3) 3HaliTH TOUKHM nmepeTHHY rpadika QyHKLII 3 ocaMu Ko-
OPAUHAT (AKIIO IIe MOKJIMNBO).
4) 3HAWTH MOXiTHY Ta KPUTUYHI TOUKU (PYHKITIT.
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5) 3HAMTH MPOMIiMKKM 3POCTAaHH:A, CMAJAHHA Ta eKCTpeMy-
My GyHKITL.

6) MocaimuTy moBemiHKY (YHKIIT HAa KIiHIAX NPOMIiKKIB
0o61acTi BUBHAYEHHSH, AKIIO e MOKIURO.

7) 3a moTpeb6M 3HAMTH e KiabKa TO4oK rpadika Ta, BU-
KOPHCTOBYHOUM OTPHMAHI pe3ylbTaTH, MOGYyayBaTH rpadik
dyHKILII.

3acTOCOBYIOUM IIeil aJITOPUTM, CJIiJ mam’ ATaTH, I0 MeToda-
MU, AKi HaM Bimomi, He 3aBiKIM BIAETHCA PO3B’A3aTU PiBHAHHSA
f(x) = 0, ToOTO 3HAWTH TOUKHU IepeTHUHY rpadika 3 Biccio abciiuc.
Taxosx iHOAmI BaKKO HOCHimIWTH IMOBemNiHKY (PYHKIII Ha KiHIEX
OPOMiKKiB oOsacTi BUBHAUEHHs 4YM II00JM3y TOYOK PO3PHUBY.
Y Takomy pasi goIinbHO 3HAWTH KijJbKa TOUoOK rpadika, abciiucu
AKHUX € Oy:Ke OJU3bKUMU I0 aOCIUC 3raJfaHuX TOUYOK.

PesynbraTu mociimpkeHHS II0 OYHKTY D 3pYyYHO IIOJaBaTHU y BU-
TJIAl TaOJImITi.

Posrnsmemo nmpukaagm gocraimgskeHHA QyHKIITI Ta mobymoBu ii
rpadika 3a BKasaHUM aJITOPUTMOM.

W Iocaigntu Qpyarnino f(x) = x* — 2x2 — 3 Ta mobymy-
BaTH ii rpagik.
Poss’aszaumuda. 1) D(f) = R.
2) f(-x) = (—x)* — 2(-x)? — 3 = x* - 2x% — 3 = f(x); ynKHia
mapHa, ii rpa@ik cuMeTpUYHUHA BiJHOCHO OCi opAuHAT.
3)f(0)=0%-2-02-3=-3, To6To (0; —3) — TOUKa IIepeTUHY 3 Bic-
cio y. Hexaii y = 0, roni maemo: x* — 2x2 — 83 =0, 3BinKm x; , = =43,

oTIKe, (\/5 0), (- \/§ 0) — TOUKM IepeTHHY 3 Biccio X.

4) f'(x) = 4x3 — 4x = 4x(x? — 1) = 4x(x — 1)(x + 1); Toxi x, = 0;
Xy =1; x3 = —1 — KpUTHUYHI TOUKH.

5) Craamemo Tabauirio, v AKIA 3a3HAYMMO MPOMIiKKU 3POCTAH-
Hs, COaJaHHd, KPUTUYHI TOUYKHU (PYHKI[I Ta BUCHOBKHU II[OJO TIO-
BeIiHKMN (PYyHKILII:

x (—o0; -1) | -1 (-1; 0) 0 0; 1) 1 (1; +o0)
f'(x) - 0 + 0 - 0 +
f(x) N -4 / -3 \ -4 s

Bucno- | @yHKIiA min dyHKIiag max byHKIia min dyHuKIia
BOK crazae 3pocTae crazae 3pocTae

6) Ockinbxu D(f) = R, To 00sacTh BU3HAUEHHA He MAa€ KiHIIiB.
7) Bynyemo rpadik ¢yHKIIII,
IOCJIi IYKeHHSA Ta 3SHAUeHH (DYHKILI1 II[e Y ABOX JOSATKOBUX TOUKAX:

f(=2) = f(2) =5

I'padik 300paskeno Ha masouKy 40.1.
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ITobymoBa rpagika pyHKIIil 3a JOIIOMOI'0OIO yh
mOXi/HOI 3HAYHO POBIIUPIOE KOJO 3a1au, AKi
IOIIIILHO Po3B’sas3yBaTu rpadiuno (3’scysaH-
HA KiJTBbKOCTI KOpeHiB piBHAHHA, MOIIYK Ha-
OJIMKeHNX 3HAUeHb KOPEHiB TOII0).

m 1) HocaiguTy GyHKITiIO

xt2x%-3

f(x)

2
-3
f(x) =% Ta nobyxyBaTu i1 rpagdixk.
x

2) CKiJIbKY KOpEeHiB 3ajie;KHO BijJ 3HaueHb

. x? —3x
rmapaMeTpa @ Ma€ PiBHAHHI —— =q?
x+1
PosB’sa3aHHA4. 4
1) D(f) = (=°°; 1) U (=1; +0).
2) OckinbKu 00JacTh BU3HAUEHHS (QYHKITIL Maur. 40.1

He cUMeTpUYHa BiTHOCHO HYJA, TO (PYHK-
IIisa Hi mapHa, Hi HemapHa.

2 — .
3) Touxa mepetruny 3 Biccio y: f(0) = % = 0; TouKu mepe-
+
x? —3x
tiHY 3 Biccio Ox: y =0; y=—+—=0; x; = 0; x, = 3.
x+1

Or:xe, (0; 0), (3; 0) — TOUKU IIEPEeTUHY 3 OCAMU KOOPIAWHAT.

, 2x-8)(x+1)-1-(x2-3x) x2+2x-3 (x-1)(x+3)
4) F'(x) = 2 - 2 - 2
(x+1) (x+1) (x+1)
Tofi x; = 1; X, = -3 — KPUTUYHI TOUKH.
5) Hocaigumo (pyHKI[iI0 Ha MOHOTOHHICTH Ta €KCTPEMYMM:

x (—o0; =8) | =3 | (=35 -1) =1l 1;1)] 1 |(@1; +)
7 _ He _
f'(x) + 0 iomye 0 +
He
f(x) > 9| — | . —~— | -1 | >
icuye
TOUKa .
BucHoBoOK 3pocTae |(max | crmagae CIIaga€ | min | 3pocrae
po3puUBy
6) Touka x = —1 He HaJIe;KUTH 00J1aCTi BUBHAUEHHA (PYHKITIi.

Hocaigumo moBemiHKy (pyHKINI B oKoai Touku —1.

Hexait crmouatky x — —1, ame x < —1 (RaxkyTrb: 3iaiBa Big —1).
Tomi x +1 > 0ix + 1 < 0. BayBaxkumo, mo x2 — 3x — 4 npu
x — —1. o 6sumikue x o uwmcaa —1, TO OLIBLIIUM 3a MOAYJIEM

x X . .
cTae 3HAUEHHS APOOY —1 i € Big’emuuMm. MosKkHaA ckasaTwu,
x+
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. 1o mpu x — —1, 3a ymoBHU, 110 x < —1, 3HAUEeHHS (PYHKII mps-
° Mye o —0,
Anajoriuno mocaimixyemo y BUmaaky x — —1, me x > —1: 3Ha-
yeHHA (PYHKI[I IpAMYye 10 +00,
IIpoBememo (myHKTHpPOM) mpaAMy X = —1, Tomi 3iiBa Bim mpsamoi
x = —1 rpadik Oyae mpAMyBaTu BHU3, a CIIpaBa Bix mpamoi x = —1
Oyze IpAMyBaTU BTOpY.
IIpamy x = —1 y TakomMy BUIIaAKy HA3WBAIOTh ACUMNMOMOI0
(mokJiamHimIe mpo acuMIITOTH HTHUMeThCA v § 43).
I'padix pyukii sobpakeno Ha maaioHKy 40.2.

y Y
1
' _x?-3x
i f(x) = x+1
1
x2—3x |

3 fx)= 1 13 y=a,a>-1
1

0 / ' o /
1

|
o
|

—
<
I
1
—

[MSESI SO P S
<
I
R
|
©
A
8
A
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©
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1
I
I
I
I
1
I
1
I
1
|
;
-3 -1 [\1 3 x
I
I
I
I
I
I
I
I
I
I
I
I
]
I
I

<
1]
8
N
A
©

Maux. 40.2 Maux. 40.3

x? —3x B
x+1
3aJIe’KHO Bij 3HaUueHb a, rpadiuno. PosrasaHemo rpadikm GyHK-

2
min f(x) = ﬂ Ta y = a, ne a — uncyo (maiu. 40.3) Ta 3HatieMo
x+1

KiJIbKIiCTh TOUOK IX IIepeTuHy, Iie i Oyae KiJIbKiCTh KOpPeHiB piBHSAH-
HA. 71 pisHUX 3HAUEHb a IX KiJabKicTh Oyme pisHoIO.

3a maamoaKoM 40.3 Maemo, 110 Ko a < —9, To rpadiku mepe-
TUHAIOTHCA Yy OIBOX TOUKAX, a TOMY PiBHAHHA Ma€ ABa KOPEHi.
Armo a = -9, To rpadiky ImepeTUHAIOTHCA B OAHIN TOUYIi, a
TOMY PiBHAHHS Ma€ OAMH Kopiub. Aximo —9 < a < —1 rpadi-
KU He NEePEeTWHAIOThCS, & TOMY PiBHAHHA He Mae KopeHiB. IIpm
a = —1 rpadiku mepeTUHAIOTLCA B ONHINA TOUIli, TOMY PiBHAHHS

Temep 3’sAcyeMoO, CKiJIbKM KOPEHIiB Mae pPiBHAHHS

394



Mae OQUWH KOPiHb; a AKIO a > —1, To rpadiky ImepeTuHAITHCS
Yy IBOX TOYKaX i pIBHAHHA Mae JBa KOPeHi.

Bigmosigs. Ao a < —9 abo a > —1, To piBHAHHA Mae aBa
KopeHi; AKmo a = —9 abo a = —1, To piBHAHHSA Mae OIUH KO-
piHb; akio —9 < a < —1, To PiBHAHHA He Mae KOPEHiB.

m 3HalTH MHOKUHY 3HaueHb GyHKIi f(x) = (x — 3)\/;
+ Ta 3’ACyBaTH, NPU AKUX 3HAYEHHAX apamMeTpa 4 DiBHAHHA
(x — 3Wx =a? + a — 2 mae xopeHi?
PosB’saszauusda. Posp’axemo 3amauy rpadiuHo, ToO6TO 3HAai-
IeMO MHOKWHY 3HaueHb (yHKIII 3a il rpadikom. [na mpboro
IOCJIiANMO HMOBENiHKY (DYHKITii.
1) D(f) = [0; +0). ‘
2) dyukIia Hi mapHa, Hi HemapHa, 00 ii o6JiacTh BU3HAUEHHS
He CUMeTPUYHA BiJHOCHO HYJIS.
3) Toura mepetruny 3 Biccio Oy: x = 0; y = f(0) = 0; Touku epeTu-
Hy 3 Biccio Ox: f(x) = 0, To6TO (X — 3)\/; = 0; 3BigKm; x; = 3; x, = 0.
Omxe, (0; 0), (3; 0) — ToUuKHU HmepeTUHY 3 OCAMU KOOPIAMWHAT.

, 1 2x+x—-3 3(x-1)
4 =1+ -3)- = = .
A N N SN

Tomi x = 1 — KpuTUYHA TOUKA.

5) * 0 (0; 1) 1 | (1; +)
f'(x) He icrye - 0 +
f(x) 0 —a -2 >
Bucnogok | B¢ € KPUTUUHOW | QYyHKIiA | . | QYHKIiA
TOYIKOIO criaziae 3pocrae

6) Touka (0; 0) HameXuTh rpadiky QyHKII.

I'paix 3o00pakeno ma maaoHKY 40.4.

3a rpadikom Jerko BCTaHOBUTH, IO y = —2 Ha 00JacTi BUSHAUEH-
HA QYHKINI, TOOTO MHOKKMHOIO 3HAUEHDb € IIPOMIMKOK [—2; +00).

1106 piBEAHHES (X — S]WX = a2 + a — 2 mano y
KOpeHi, Tpeba, 1100 3HAUeHHsS BUPA3y
a’ + a — 2 Halexajlo0 MHOKHUHI 3HaueHb

dymkmii f(x) = (x — 3WX, TobrO, MG
cIIpaBIsKyBaslacsad ymMoBa a2 + a — 2 > -2,
3BigKu a* + a > 0. PosB’sa:xemo HepiBHICTH

BiITHOCHO a, OoTpUMaeMo, 110 a < —1 abo o) 1 3 X
a 2 0 (po3B’sKiTh HepiBHICTH caMOCTiIiHO). 5
BigmoBigs. [-2; +); a < -1 abo f(x) = (x - 3)Vx
a=0.

Mau. 40.4

® CchopmyntonTe anroputM JochigkeHHA yHKUIT Ta nobyaoBswm ii rpa-
dika. @ MNodAcHITb Ha Npuknagi 2, 9K MOXHa BMKOPUCTOBYBaTK rpadik
QPYHKLT 4118 SOCNIOKEHHS KiNbKOCTI KOPEHIB PiBHAHHSA. @ MOACHITb, K
3a rpadhikoM OYHKLii 3HANTU MHOXWHY i 3HAYEHb.

395



§ Pozb sxims 3agaui ma bukonaime bnpabu

2 Hocaigite dynkmiro Ta modyxgyiite ii rpadik (40.1—40.2):

40.1. 1) f(x) = x2 + 3x — 4; 2) f(x) = —x2 +5x—4
3) f(x) = —0,5x2 — x + 1,5; 4) f(x) = —x —3x.

40.2. 1) f(x) = x2 — 4x; 2) f(x) = —x2 + 2x — 1;
3) f(x) = —0,5x2 — 2x + 2,5; 4) f(x) = —x _x.

40.3. ITooyayitte cxemaruuuo rpadik (GyHKII g(x) Ta S3HAUIITH
MHOKUHY ii 3HAUEHb:

1, 3 o 9
1 x)=3x — —x5 2 x)=—x"+3x——.
) g(x) 1 ) 8(x) P >

40.4. IlobynyiiTe cxemaTmuHo rpadik GyHKIII ¢(x) Ta 3HANIITH
MHOJKUHY i1 3HaUEeHb:

_ %2 s 12 5.3
1) o(x) = 2x + 5x; 2) o(x) 2x 2x+2.
3 Hocuigits pysKIiio Ta mobyayiite ii rpadik (40.5—40.6):
40.5. 1) f(x) = x3 - 3x; 2) f(x) =1,5x2 —
3) f(x) = 0% _4xt; 4) f(x) = %x—x‘*.
40.6. 1) f(x) = x3 — 3x2; 2) f(x) = %x?’ —3x;
3) f(x) = x* —%x?’; 4) f(x) = 2x + 4x*.

40.7. 1) HocxaimitTe QyHKIiIO Y =%x3 +%x2 —-2x+1,5 Ta moOy-
nyure ii rpadixk.
2) CKiIbKY KOpPEeHiB Mae PiBHAHHS éx?’ +%x2 -2x+1,5=07?

3

1
40.8. 1) HocaimiTe QyHKIIiIO yzgx —x%-3x-1Ta mobyayiite ii

rpadixk.

. . . 1
2) CrisibKY KOpEeHiB Ma€ PiBHAHHSA gxs —x?2-8x-1=0?

30x—-30

40.9. 1) Mocaigits pyHKITIIO f(x)——15 Ta mobyayiite ii rpa-
+
dix.
. 30x-30
2) 3HalAiTh MHOKUHY 3HaUeHb (QYHKII [ (x)=2—15.
+
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N . 24x—-24 )
40.10. 1) Tocainite dyuruio g(x)=——7—r s Ta nobyayiiTe cxe-
x°+

MaTU4HO i1 rpadik.

g o (x)_24x—24
) S3HAWIITh MHOKUHY 3HAYeHb (PYHKIIT & ——x2 I
‘4, HocaigiTe dyaKIito Ta modyxayiire ii rpadik (40.11-40.12):
B 2
40.11. 1) f(x)=2=%%, 2) g(x)= > 3%
x—5 1-x
_ .2
40.12. 1 f(x) = 1223%, 9) g(x)= X%
x—-2 1+x

40.13. Hocaigite dpysKIio f(x) = 2Jx—x ra mobynyiire ii rpa-
dik. 3HANIIT, MHOKUHY 3HAUeHb QYHKILI f(x) = 2x —x.

40.14. HocaigiTe QyHKIi0 g(x) = x—4x Ta mobynay#iTe ii rpa-
Gik. 3HAHOIT, MHOKUHY 3HaAUEHb (QYHKITI g(x) = x—4x.

40.15. 1) Hocaimits ¢yHKIO g(x) = —xV4—x Ta modymyire ii
rpagixk.

2) IIpu AaKuX 3HAUEHHAX ITapaMeTpa a PiBHAHHA —XxV4—x =a
Mae€ JINIlle OOUH KOPiHb?

40.16. 1) Hocaimits dyuKIio f(x) = x*Jx+1Ta nobynytiTe i rpadik.

2) IIpu aKuX 3HAUEHHAX IapaMeTpa a PiBHAHHA ?Jx+l=a
Ma€ €OUHNI PO3B’sI30K?

Tx

40.17. 1) Hocninite dyHKIiO f(Xx) = ————— Ta mobyayiire ii
' 2x2 —3x + 2
rpadik.
. . . Tx
2) CKisbKY KOpPEeHiB Mae PiBHAHHA —————— = @ 3aJIE}KHO
2x2 - 3x + 2

Bix sHaueHb mapamerpa a?

40.18. 1) 3uaiifgiTe MHOKUHY 3HaUeHb QPYyHKIIT f(x) = (x—l)\/; .
2) Yu mae po3B’A3KU PiBHAHHS (x—l)fz—O, 5?

40.19. 1) Hocaigite GyuKIio f(x) = x(\/; —6) Tta mobOymyiite ii

rpagixk.
2) 3HalAiTh MHOMKUHY 3HaUeHb PyHKIIT f(x) = x(\/;—ﬁ).

3) Ilpu AKWX 3HAYEHHAX @ PiBHAHHA x(\/;—ﬁ) =a — 20 mae
pos3B’aA3Ku?

nonany Bapticth (IIJIB). 3maiigiTe BapTicTh TOBapy, AKIIO
IIB ckmamae 20 % Bix BapTocTi TOBaApy.

40.21. (Oaimniada Hvio-Hopra, 1976 p.). Buaiigite yci
MHOTOWwIeHu P(x), mjaa SKMX TOTOMKHICTIO € PiBHICTH
(x—1)P(x+1)— (x + 2)P(x) = 0.

@ 40.20. ITpupbaBiu ToBap, Bu cmatuiau 50 rpH IOZaTKy Ha
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Tligzomyimecs g0 bubuenns Hobozo mamepiany

40.22. 3BHaligiTe Halibinbile i HaliMeHIle 3HaueHHA QYHKITIT
Yy = x2 — 4x Ha NPOMINKKY:
1) [-2; 1]; 2) [-1; 3]; 3) [-3; 3]; 4) [4; 5].

m HAUBUIBLUE | HAUMEHLLE 3HAYEHHSA
0 @®YHKUIT HA MPOMDKKY

Posp’sa3yBanusA 6araTboxX OPUKJIATHUX 3a7aU YacTO 3BOIUTHCS
0 BHAXO/KEeHHA HaibiabmIoro i (a60) HaliMeHIIOT0 3HAUEHHSA He-
IepepBHOI Ha AeAKOMY IPOMiKKY (yuKIii. Tomy 3amady MoKHA
posB’A3aTu 3a SOIIOMOTOI0 IOXimgHOI.

1. HaiGinvwe i naimenme | POSTIAHEMO QYHEMIDO f(X) = x2, ARy

SHANennS PYHKYIT 3aJlaHO Ha IIPOMIMKKY [-2; 1]. Ii rpa-
| ¢ix so0pakeHo Ha MaJOHKY 41.1.

Haii6inpminm sHaueHHAM Ifiel QYHKIII Ha 3aJaHOMY IIPOMiXK-

Ky O0yzme f(—2) = 4, a matimeunmum — f(0) = 0. Ile 3anucyoTh Tak:

max f(x) = f(-2) = 4; min f(x) = f(0) = 0.
[-2 1] (-2 1]

y SaypamnMo, o Ha B3ajaHoMy OPOMiKKY
GyHKIiA Mae TouKy MiHiMymy: x, . = 0, ane He Mae
4 TOUYOK MaKCUMYyMY.

Big maiibinpimoro i HaMeHIIIOTO 3HAYEHb

¢dyHKIII, HemepepBHOI Ha NTPOMINKKY, B3aJIE€KUTH

f i MHOKMHA 3HAYEHb Ha IbOMY TIPOMIKKY. 'I.‘.a}c,

5 0| § & MHOMKNHOIO 3HAUEHD dyukmii f(x) = x2, zagaHoi Ha
npomizkKy [—2; 1], € muoxXuHa [0; 4].

Tob6To AKIO m — HalMeHIle 3HAYEHHS Here-

Mau. 41.1 pepBHOI Ha TmpoMixKKY [a; b] dyurmii y = f(x), a

M — ii Hal0inbIlle 3HAYEHHs, TO MHOYKMHOIO 3HAa-

yeHb QYHKIIII y = f(x) Ha TpoMiKKY [a; b] Oyze mHOKUHA [m; M].

Axmo Ha mpoMikKYy [a; b] DYyHKIiA Mae ekcTpeMyMu, Ie IIe

He O03HAauae€, IM0 HaOiJbIIIoro ado HAMEHIIIOr0 3HAUYeHHS (QYyHK-

mia HaOyBae caMe B TOUKaxX eKcTpeMyMmy. PosriasHeMo (pyHKIIiiO

Yy = f(x), Busnaueny Ha R, rpadik saxoi 3o00pa’KeHO Ha MaJIIOH-

Kax 41.2-41.4.

yry M=y
Ml---

I M- - - max

|

_y_mix : _yrzléix_ |

| x2 1 /\ :

al x, \LO d X b 0 4 x
! I minm ’ ymin m m ymm
________ m
Maim. 41.2 Mau. 41.3
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b N VEERE: a; of ____ \J bx
m=y._. !
m mm Y- — - =] m

Mau. 41.4 Maui. 41.5

Hanpuknaan, ma Biapisky [a; d] HailimeHImoro i HaiibijbImoro
3HaueHb (PYHKIiA HaOyBae Ha KiHIAX mpoMmixkKa [a; d], xoua mae
Ha IIbOMY IIPOMiKKY TOUKHM MaKCUMyMy i Mimimymy (mai. 41.2).

Haromicts Ha npomiskky [b; d] HaliMeHIIIOro 3HaueHHA QYHK-
misgs mocArae B Toulli MiHiMmymy (majs. 41.3), a Ha TPOMiKKY
[b; c] — HalbinbIIOr0 3HAYEHHA B TOUIl MakcuMymy (mai. 41.4).
Ao x posrasmaTuMemMo TpoMiKoK [b; 0], To HaibiabImoro i
HaWMEHIIIOr0 3HadyeHb (YHKI[iS [OOCATa€ BiATOBIZHO B TOUKAax
Makcumymy i miHimymy (mas. 41.4). Ha manosky 41.5 GyHKIia
Mae ayX [IBI TOUKM MiHIMyMy Ha IIPOMiKKY
[a; b], ame B :konHiN 3 HUX He HaOyBae HallMeH- v y=f(x)
IIIOTO Ha IIbOMY IIPOMIiKKY 3HAUEHHS.

MoskHa mifiTu BUCHOBKY, IO KOJU (PYHKITiA
y = f(x) menepepBHa i MoHOTOHHA (TOO6TO 260 3pO-
crae, abo cmajgae) Ha IPOMiKKY [a; b], To HAaii-

OinpITOrO i HAWMEHINIOTO 3HaUeHb IA (QYHKIiA ol a b x
HaOyBaTuMe came Ha Ioro Kimmax (maa. 41.6 i
41.7). Mau. 41.6

AKIIo K (PYHKIST € HelmepepBHOIO Ha AeAKO-
My IPOMiKKY i Mae Ha HbOMY JIUIIIE OOHY TOUKY Y
eKCTPeMyMy, TO caMe B IIiif Toui pyHKIia Ha0y- y=1(x)
BaTUMe HANOLIBIIOTO (AKIMO I TOUYKA — TOYKA
MaKCUMyMy) a00 HATMEHIIIOro (AKIIO IIA TOUuKa —
TOYKA MiHIiMyMy) 3HAUeHHA HA IIbOMY IPOMIiKKY.

Or:xe, HAMWOIJBIIIOrO 3HAUEHHS HA IIPOMIKKY — |
(yHKIis mome HabysBaTm a6o B Toumi makcu- O] a b
MyMYy, IO HAJEKUTh IIbOMY HOPOMIiKKY, a0o Ha
roro KiHmax. Taxk camMo HalMEHIIIOTO 3HaUYeHHSA Maux. 41.7
HA TPOMIKKY (PyHKITisA Moke HaOyBaT; ab0 B TOUIlI MiHIMyMYy, IO
HaJIe}KUTh IIbOMY IIPOMiKKY, abo Ha Horo KiHIgX. 3po3yMijo, III0
IIi 3BHAUEeHHA 3aJIeKaTh BUKJIIOUHO BiJl 3aJaHOTO IIPOMIMKKY Ta IIO-
Bemiaku (GyHKILI (i1 MOHOTOHHOCTi) Ha HBOMY.

Onsa 3HaXOmKeHHA HAaWOiJbIIOro i HaWMeHIIIOro 3HaueHb
dyurmii f(x) Ha 3amaHoMy TPOMIMKKY MOKHA BUKOPHUCTOBYBATU
TaKKUUA aJTOPUTM:

X

‘ 1) IlepeBipuTH, IO MPOMIiXKOK HAJEKUTh 00JaCTi BH3HA-
&, YeHHA PYHKII.

2) 3HaiiTi noxigHy ¢GyHKIil.

3) SHAUTH KPUTHYHI TOUYKM (DYHKILII.
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4) BuOpaTi Ti KPUTHYIHI TOUKM, IO HAJEKATH JAHOMY TIPO-
s MIKKY.

5) O6uucauTH 3HAYEHHs (PYHKIT Y BUOPAHUX KPUTHUYHHX

TOYKAX Ta Ha KiHIAX IPOMIKKY.

6) IlopiBHATH ofep:KaHi 3HAYEHHA Ta BUOPATH 3 HUX HAM-

OlibIIe i HAlIMeHIIIe,

7) SamucaTu pe3yabTAT.

2. Braxodicenns Posrasuemo, AK 3HaiiTu HabOiabIme i
HAUGINbULOZO HaliMeHIIIe 3HaUeHHA QYHKIII y = f(x)
i nalimenuwozo snavennsn | Ha TPOMUKKY [a; b] sa momomoroio
DYREYIL Ha nPOMINCKY 3raJlaHoOro aJIrOPUTMY.

© 00 ©®m

3HalTu HalbiabIme i HaliMeHIle 3HAUEHHA (PYHK-
mii f(x) = 2x3 — 3x2 — 12x + 1 ma mpomiskky [0; 3].
Poss’aszaumuda. 1) D(f) = R; [0; 3] < R.
2) f'(x) = 6x2 — 6x — 12 = 6(x2 — x — 2).
3) P03B’gmeMo piBHAHHA x2 — x — 2 = 0, Toxi x;="1;,x,=2—
KPUTUYHI TOUKHU.
4) -1 ¢ [0; 3]; 2 € [0; 3].
) f(2) =-19; f(0)=1; f(3)=-8.
6) Orxe, r[ga;]( f(x)=1(0)=1; gli;}f(x) =1(2) =-19.

BigmoBigsb. maxf(x)=7(0)=1; minf(x)=7(2)=-19.
[0; 3] [0; 8]

3HaliTy Haiibisgbine 1 HaliMeHIlle 3HaUeHHA QYHKITIT
f(x) = 2sin x + cos 2x Ha nmpomixky [0; =].
Poss’asauua. 1) D(f)=R;[0; ] c R.
2) f'(x) =2cosx —2sin2x = 2cosx —4sinxcos x =
= 2cos x(1 — 2sin x).
3) IToximua icuye B ycix Toukax x € D(f). Poss’saikemo piBHSH-
HA: 2cosx(l —2sin x) = 0 (po3B’sAKiTH caMOCTiHIHO).

Maemo po3B’A3KHU: X = g +nk, ke Z; x =(-1)" % +7nn,neZ.
4) Ina x :g+ nk, k € Z, mMaemo, 1110 g e [0; n]; a mua
x=(—1)”%+ nn, ne€Z, MaeMo, mo% € [0; n] Ta % € [0; =].
5) f@ -1 f@ = 1,5 f(%"j =1,5 f(0) =1 f(n) =1,
6) Orxe,
. T
max 0 =f( =)= 1( 2] =15, & min 10=10=1(% =1 =1
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5T

: ; T N1 N
Bigmosings. I[r(}a)]cf(x)—f((;j f(Gj 1,5;

T

r[glrﬁ f(x) = f(0) = f(Ej =f(n) =1

3. IlIpakmuunui amicm
HalbinbuLoz0 060
HAUMEHWO020 3HAYEHHS
Oearol senuuunu

3yBaHHA TEKCTOBUX 3aJadY.

Posp’sasyoun mnpukaagHi 3amaui, mo-
B’sA3aHi 3 HaibiabpmmuM abo HalMeH-
MM 3HAYEHHSIMH [OesIKOl BeJIWYNHIU,
BUKOPUCTOBYIOTH MamemMamuyiHe Mo-
0esll0o8aHHs TaK caMo, AK IJIs PO3B’s-

3ayBasKuMO, IO IJIsi PO3B’SA3YBAHHS AeAKUX IPUKJIATHUX 3a-
Iau Tpeba 3HaTH Halbinbite abo HaliMeHIle 3HAUEHHS HeIlepepB-
HOI (PyHKIIil He Ha HMpPoOMiKKYy [a; b],

a Ha IPOMiXKKY (a; b). Ik mpaBuio, y ¥
TAaKUX BUIIAAKAX Ha ONpoMimkKy (a; b)
GyHKIiA Mae Jauilne OOHY KPUTHUHY
TOUKY. SIKIIO Ile TOUKa MaKCHUMyMY,

TO caMe B IIiA TOUI[l Ha

(a; b) pyurmia mabyBaTuMe HaNOiIb-
mroro 3HaueHHa (Mmaj. 41.8), a AKIIO
e TOYKa MiHiMyMy — TO HallMEHIIIO-

ro (maj. 41.9).

IPOMIiKKY
0] a %o

Man. 41.8  Main. 41.9

px 0fa xypx

ITapxkanom saBmoB:KKu 80 M Tpeba oropomuTu 3
. TPbOX CTOPiH AIMAHKY HIPAMOKYTHOI (popMu sSAKoMora OiabIol
mioIi. SHAUAITh posMipu Takoi minauku (maa. 41.10).

PosB’azanud. 1) [losaaunmo uepes x (y M) ZOBKUHY OIHi€l
3 IBOX TMapajieJbHUX CTOpiH mapkaHa (maza. 41.11), Toxi cyciz-
HsA cTopoHa Oyme matu moB:kuHyY 80 — 2x, me 0 < x < 40.

2) CxaageMo (DYHKIIIIO 3aJI€KHOCTI IO AiISHKY Bil HOBIKU-
HHU ii croporu x: S(x) = x(80 — 2x) = 80x — 2x2.

IIa ¢dyukmia e maTemMaTH4YHOI MOAesa0 3amaui. Tomy B3a-
Jaya B3HAXOMKEHHS PO3MipiB MIMAHKK 3BOOUTHCA IO 3HAXO-
MKeHHSA 3HAUEeHHA X, NPpU AKOMY (QYHKIIA S(x) Ha TPOMiKKY
(0; 40) mabyBaTuMe HaMOIIBIIIOrO 3HAUCHH.

3) 3uaiizmemo HaWbOiabIne 3HaueHHsS QyHKILI S(x), 3a ymMoBHU
x € (0; 40).

S'(x) = 80 — 4x = 0, Tomi x = 20. Maemo, mo x ., = 20
(mam. 41.12).

80 — 2x

x 0.7 20 \ 40 ~*
m

ax

Mai. 41.10 Mau. 41.11 Mau. 41.12
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4) Ockinpru S(x) = 80x — 2x2 menepepsHa Ha (0; 40) i mae enu-
HY TOYKY €KCTPeMyMy — TOYKy Makcumymy x .. = 20, To came
B 1iit Touri S(x) HabyBae HaibigbIoro sHaueHHA. OT'Ke, PO3-
mipu gingaku o0yayTh 20 m i 80 — 2 - 20 = 40 M.

Bigmosignw. 20 mi 40 m.

OT:xe, po3g’a3ysamu npukaAaOHi 3a0a4i Ha 3HAXO00HCHHSA HATL-
0ibUL020 A60 HAUMEHULOZ0 3HAUEHb 0eAKOL 8eJUYUHU, MOMKHA 3a
TaKuUM QJITOPUTMOM:

/ ‘ 1) Onxy 3 HERiTOMUX BEJIMYMH IMO3HAYNTH Yepes X Ta 3HAM-
L. TH MeKi 3HaUeHHsA Xx. [HII BeIMYMHU BHPA3UTH Yepes X.
2) Ckaactu ¢pyHKIiI0 — MaTeMATHYHY MOJeNb 3a/Iavi.
3) 3HalTH HaAUOGIABIIe UM HaliMeHINe 3HAYEHHs OTPHUMA-
HOI (PYHKIII] Ha NPOMIiKKY JJId 3HAUEHS X.
4) IlpoaHamizyBaTH OTPHMAHHI pPe3ylbTAT Ta 3AIHCATH
BiATIOBiAL 1O 3amadi.

3 Jjucra KapToHy MIPAMOKYTHOI (opmu, posmipu
aKoro 15x24 cm, BuUpisaBIM y #Oro KyTax KBaJpaTH TaK, AK
IOKa3aHo Ha MaJioHKY 41.13, BUTOTOBUIN BiIKPUTY KOPOOKY
HaibinbIIor0 06’eMy. SHANIITHL 06’eM IT1iel KOPOOKM.

[ ‘
! 1
l ' [15-2x
! |
! |

O X
x) 24 - 2x

x 24 - 2x 15 - 2x
Mai. 41.13 Maui. 41.14

PosB’azanuda. 1) [losHaunmMo HOBKUHY CTOPOHU BUPi3aHOTO
KBazpaTuka uepes X (cM), TOAi KOKHa 3i CTOPiH IPAMOKYTHU-
Ka, IKU# Oyme mIHOM KOPOOKM, 3MeHIIaThcsa Ha 2X i TOpiBHIOBA-
ume 24 — 2x (cm) i 15 — 2x (em), 0 < x < 7,5.

2) Craamemo (PYHKI[IIO 3aJI€KHOCTL 00’€My KOPOOKHU Bif HOBIKI-
HU CTOPOHU BUpis3aHMX KBajapariB (Maj. 41.14):

V(x) = x(15 — 2x)(24 — 2x), To6TO V(x) = 360x — 7T8x2 + 4x5.
3) 3uaiimemo HalbinbiIe 3HaUueHHA (QYyHKIHI V(x) Ha mpomixk-

Ky (0; 7,5).
Maenmo: V'(x) =360 — 156x + 12x2.
V'(x) = 0, koau x; = 3; x5 = 10. 0.7 3 \75 ¥

SHaUYeHHA X, = 10 — He HAJICKUTH IPOMIiXK-

Ky (0; 7,5), maemo: x_ ., = 3 (mau. 41.15). Mai. 41.15

4) Ockinpku V(x) = 360x — 78x2 + 4x3 nenepepsHua Ha (0; 7,5) i
Mae TOUYKY MaKCUMyMy X, .. = 3, TO came B Hiii V(x) HaOyBaTu-

Me HalOiJIbIIIOro 3HaYeHHA. 3HAWIEeMO HOoro:
max V(x) =V(8) =3 -9 - 18 = 486 (cm3).

(0; 7,5)

BigooBigs. 486 cm3.
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4. 3naxoineny B ERRGS Ha rpadgiky  GyHKINI
HalbinbuLozo a6o y = x2 + 0,5 3HalTH TOUKY, HANGIUMK-
HALMEHUL020 SHAYEHH 1

Oeskol 6elUUUHU HA 4y 10 TOUKH [_; 1}

KOOPOUHAMHIN NAOUUHI 4

PosB’szauua. 1) Hexait A(x; y) — mrykaHa TOYKa, TOIL
A(x; x2 + 0,5). 3a popmyJio0 BificTaHi MiK JBOMAa TOUKAMU HAa
KOOPIWHATHIN ILJIOIUHI 3aIWIIeMO BifcTanb MidK Toukamu A i M:

. 12 1)
AM:\/(x—Z) +(x2+0,5-1)? =\/(3C—Z) +(x% - 0,5)2.

OueBugno, 1o AM HaOyBaTUMe HANMEHIIIOTO 3HAUYEHHS TOMi,
KOJIM HaMEHIIIOT0 3HAUeHHs HaOyBaTUMe IiTKOpeHeBUil BUpPAa3

2
(x—i] +(x2 - 0,5)%, me x € (—00; +0),

ITosmaumMmo migKopeHeBuii Bupas uepes f(x) i sHaiimemo ioro
HaliMeHIIle 3HAUeHHS.

2) Maemo: f'(x) = Z(x - ij +2(x2 -0,5)-2x = 4x3 - 0,5,

3) Hexaii f'(x) =0, maemo piBHamHa: 4x3 —0,5=0, 3BigKH
x = 0,5, npuuomy Ie Touka MiHiMymy: x .. = 0,5 (manx. 41.15).

4) Ockinbku f(x) — HemepepBHaA Ha (—00; +00)

i mae enuHy TOYKy MiHimMmymy x , = 0,5, To - +
came B IIi#i Touli (yHKIiA f(x) HaOyBae Haii- 1.7 %
MEHIIIOr0 3HAUYEeHH. 9

5) Axmo x = 0,5, To y = (0,5)2 +0,5 =0,75.

Orxe, A(0,5; 0,75) — mykaHa Todka. Maxn. 41.15

Bigmosings. (0,5; 0,75).

@ Cdhopmynionte anropuTMm 3HaAXOMKEHHS HaMBINbLIOro i HalMeH-

Q LLIOro 3HayeHb YHKLUii y = f(x) Ha NpoMixky [a; b]. @ ChopmyntonTe
anropuTM pPo3B’sA3yBaHHS NPUKMaOHUX 3a4ay Ha 3HaXOKEHHS Hali-
OinbLUoro abo HaMeHLLOoro 3Ha4YeHb AeAKOl BENMUYUHN.

§ Fozb axims 3agaui ma bukonaime bnpabu

{1> 41.1. Ha mamonky 41.16 3o0paxceHo y y=f(x)
rpadik pyHKIil y = f(x), 3amanoi Ha
mpomikky [1; 7]. HasBire ii mHaii-
Oinpille i HaliMeHIle 3HAUYeHHS Ha
IIBOMY IIPOMiKKY. SaIUIIiTh Bigmo-

BimHi piBHOCTI. 1

(=]

1 7X
Mai. 41.16
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41.2. Ha mamrouky 41.17 300paskeHo rpa- W ly=gx)
dix dysxnii y = g(x), 3aganoi Ha 1po-
Miskky [—2; 5]. HasBirs ii HaiibinbIme
i HaliMeHIIle 3HAUEHHS Ha I[bOMY IIPO-

MIKKY. 3aOulIiTh BigmoBimgHi piBHO-
cri. \/ 1
9, 3Haiixite Halbinbme 1 Halimenme | -2 0] 1 5
sHaveHHA QYyHKILI f(x) Ha 3agaHomy
mpoMikKy (41.3—41.4): Maun. 41.17
41.3. 1) f(x) = 3x — 7, [0; 2]; 2) f(x) = x2 — 2x + 3, [2; 3];

3) f(x) = —x2 + 4x + 5, [1; 4]; 4) f(x)=x — éx?’, [-2; 0].

41.4. 1) f(x) = —2x + 3, [0; 3]; 2) f(x) = x2 — 4x, [0; 1];
3) f(x) = —a? + 6x — 1, [2; 4] 4) f(x) = §x3 - 4x, [1; 31.

41.5. IloginiTe Bimpisok 3aBmoB:KKH 12 cM Ha OBa BiApisKu Tak,
1100 IPAMOKYTHHK, CTOPOHAMU SAKOTO OyAYThH IIi ABa Bimpis-
KM, MaB HAWOiJIBIIY IJIOIIY.

41.6. IlominiTk Bimpi3ok 3aBHOBXKKM 8 CM Ha IBa BiIpi3KM Tak,
00 NMPAMOKYTHHII TPUKYTHHUK, KaTeTaMu SIKOTO0 OyAyTb Iii
BifpisKu, MaB HANOGIJIBIITY IIJIOIIY.

41.7. Tlogatite unciio 16 y BUrIALI CyMH ABOX HEBil €eMHHX IOJAH-
KiB Tak, 11100 cyMa KBaJapaTiB IIUX JONAHKIB OyJia HallMEHIIIOH.

41.8. IlopatiTe uncao 10 y BUIIAAL cyMU ABOX HEBiJ €MHUX JO-
IaHKiB Tak, 1100 JOOYTOK IUX AONAHKIB OyB HAMOiJIbIIIM.

3 3maiigite Halibinbmle i HaliMeHIe 3HaUYeHHA (QyHKIII Ha 3a-
manomy npomikky (41.9—41.10):
41.9. 1) g(x) = 0,25x* — 2x2, [-2; 1];
2) g(x) = 2x3 — 9x2 — 24x + 5, [-3; 0];
8) g(x) = x* - 2x% + 5, [-1; 3];
4) g(x) = x3 + 3x2 + 1, [-3; 1].
41.10. 1) f(x) = 8x2 — x4, [-1; 2];
2) f(x) = x3 — 12x2 + 45x + 5, [0; 4];
3) f(x) = 2x2 — x* + 3, [-3; 1];
4) f(x) = x3 — 3x2 + 4, [-1; 3].
41.11. MarepianbHa TOUuKa pyXaeThCda MPAMOJIiHiNIHO 3a 3aKO-
3 .2
HOM x(t)zg—%—2t+4 (x BuMiproeThCA B MeTpax, ¢ — y ce-
KyHzmax). fAAxumMuy OyAyTh HaOiablme i HaliMeHIIe 3HAUYEHHS
x(t) 3a mepiri 4 cekyHaAu Pyxy?
41.12. Tino pyxaeTbcs OPAMOJIIHITAHO 3a 3aK0OHOM

s(t) =

1 .
§t3 +1t2 -3t +2 (s BUMipIOeETbC B MeTpax, t — y ce-
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KyHaax). AKuMu OyayTh HaWbOiablle i HaliMeHITe 3HAYEHHSA
s(t) 3a mepiri 3 cekyHIU Pyxy?

41.13. 3maiigiTe Halbinbile i1 HaliMeHIle 3HaUYeHHA QYHKINI
f(x) = 2 — x2 + 3|x — 1| ma mpomixky [-2; 2].

41.14. 3maiigiTe HauOingblIe i1 HaliMeHIlle 3HAYeHHS QYHKILIL
g(x) = x2 — 2 - 5|x + 1| ma npomixkky [-3; 3].

3uarigits (41.15—41.16):

41.15. 1) maiibineie sHadeHHa QyHKIN f(x) = sin?2 x+g Ha TIpo-

. [ T n}
MIKKY |——5 = |
y 2’9 p
2) malimeHime sHaueHHA QYHKIII g(x) = cos?x —x HaA Ipo-
MiKRY [—7; 7).
41.16. 1) maiibinpine sHaueHHA QYHKINL f(x)=sin? x—x Ha mpo-
MiKKY [-7; 7];

. 3
2) Halimenme sHaueHHA QYHKOII f(x) = —cos? x —Tx Ha

mpoMixkky [0; =].

41.17. Yucao 24 mopmailiTe y BUTJIALL CYMH OBOX HeBix eMHHUX
IOMaHKiIB Tak, 1100 mJOOYTOK Ky0a OSHOTO 3 HMX Ha APYTuii
OyB HAWOIIBIITIM.

41.18. Yucao 18 mopaiiTe y BUIIALL CyMH ABOX HeBim eMHUX
IOMaHKiB TaK, 1100 JOOYTOK KBaapaTa OZHOTO 3 HUX Ha OPY-
ruii 0yB HAMOiIbIITIM.

41.19. Ilioma TpAMOKYTHOI 3eMeJbHOI MiJAHKY mopiBHIOE 16 a.
Ari posmipum MaioTh OyTu B Ii€el OiISHKM, IMOO0 MTOBXKMHA
mapKaHy, Io ii oropoma:xye, 0yJja HaliMeHIII000?

41.20. Ilnoma IPSMOKYTHOIO TPUKYTHHKA JopiBHIOE 18 cm2.
Akoi moBKMHU MaioTh OyTH HOro Kareru, mobd ix cyma OyJia
HaiMeHIII00?

41.21. 3uatigite Halibinbile i HaliMeHIe sHaueHHA (GyHKII f(x)
Ha IIPOMIiKKY:
2 f—
Do =T 24l 2) 7 =23, 133 1
41.22. 3uaiiTe HaibinmbIlle i HaliMeHIe 3HAUeHHA QYHKIHT g(x)
Ha IPOMIiKKY:
2 —
D g = =, (0; 235 2) g(x) = Vx(x=3), [0; 4]
x

. 1 .
41.23. Tijmo pyxaeTbca 3a 3aKOHOM s(t)=6t2 —§t3 (s BuMiprooeTsca
B MeTpax, t — y CeKyHaax). ¥ AKUU MOMEHT Yacy 3 HPOMiK-
Ky [3; 8] mBuakicTs Tina Gyae HaibGiIbIIOO, a B AKUN — Hali-

MEHIIIOI0 ?
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. 2
41.24. MarepiajibHa TOUKA PYXa€ThbCA 3a 3aKOHOM x(t)=3t2 —Z243

(x — BuMipOeETbCS B MeTpax, t — y CeKyHAax). ¥ AKHH Mo-
MeHT yacy 3 nmpoMiskky [0; 3] mBuakicTh Tina Oyme HaiOiIb-
111010, a B AKUU — HAWMEHIIIO?

41.25. 3uaiinitTe HaiOiabIle i1 HaliMeHIle 3HaUeHHA (GYHKIIT
T
f(x) = x — cosx Ha mpoMixkKy: 1) [0; E:l, 2) [-m; 0].

41.26. 3naigiTe HaWObigbIle 1 HalMeHIle B3HAYeHHSA QYHKITIT
f(x) =sinx — x mHa mpomixkKy: 1) [-m; O0]; 2) [0; =].

4, 3uaiixirs (41.27-41.28):

41.27. 1) Ha#binpmme sHaueHHA QyHEOIL f(x) = x3 — 2x|x - 2| Ha
mpomizkky [0; 3];
2) HaliMeHIle 3HA4YeHHA (QYHKOiI g(x) = x|x - 1| - 5x3% Ha
npomixkky [0; 2].

41.28. 1) maiibinpme sHauveHHA QYHKOII g(x) = 4x3 — x|x - 2| Ha
npomixkky [0; 3];
2) HaliMeHIIle B3HA4YeHHa QYHKIHL f(x) = 3x|x - 3| —x3 Ha
mpomixkky [0; 4].

51
41.29. Ha mpoMimkKy [0; I} MOPiBHANTE HaWOiNbIle 3HAUEHHS

bysrnii f(x) = 2sinx + sin2x i3 yucaom 2,5.

T 3T
41.30. Ha mpoMizKKy [Z’ I} MOpiBHAHTe HaiOiIbIlle 3HAUEHHSA

dyurnii f(x) =5sinx —sinbx i3 umenom 5.

41.31. 3uaigite Toury rpadirka QyHKmii y = 1 — 2x2, HaRGAMAKTY
3
0 TOUKH A(l; Zj

41.32. 3uaiigiTe TouKy rpadika QyHKIil y = x2 — g, HaNOIMKYY

mo Toukm B(2; —1).

41.33. Biuni cTopoHu i MeHIIIa OCHOBa TpAaIlellii MalOTh OJHAKOBIL
JOBXKUHU — II0 5 cM. SHAWIITh JOBMKUHY OiJbIIIOI OCHOBH,
Ipu AKiif miora Tpamerrii 6yae Hai6iabIIoIO.

41.34. Bigkputuii 6ax Mmae popMy IPAIMOKYTHOTO HapaJelelime-
Ia 3 KBaZpaTHOIO OCHOBOIO i BMimae 4 m3. 3a AKUX po3Mi-
piB 6akKa Ha OTO BUTOTOBJIEHHS BUTPATATH HAWMEHINY KiJlb-
KicTh merany?

41.35. PoariamaoTh BCi MOXKJINBI IPAMOKYTHI ITapaJjiesemnineam, y
AKUX ofHA 3 6iUYHUX TpaHell € KBaApaToM, a IIePUMeTp OCHOBU
mopisuioe 12 mvm. Cepen HUX 3HAWIITHL NPAMOKYTHHII IIapaJe-
Jlerinen 3 HAMOLIBIINM 00’€MOM Ta 3HANOITEH Ieil 00’eM.
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41.36. PosrnamaroTs yci MOMKJINBIL IPAMOKYTHI IapaJjeJemnineny,
00’eM KOKHOIO 3 AKHX NOPiBHIOE 4 nM3, a OCHOBOIO € KBa-
apar. Cepen HUX BHAUAITH NMPAMOKYTHHH IapaJjejerinen 3
HaliMeHIIIUM IIepuMeTpoM O6iuHoi rpaHi Ta 00UYHCIiTH IIeii Ie-
pumeTp.

Q 41.37. Yosen L posTariryBaBcs Ha BificTaHi L
3 KM ;o HambOam:K4uoi Ha Oepesdi Tourku A.
YoJ0BiK, IIT0 BEeCJy€e Yy IILOMY YOBHi, X0oue
IIOTPanuTU B cejio B, sike 3HaxoquThCA Ha
Bimcrami 5 KM Bim Touxkm A (masua. 41.18).
YoBeH pyXxaeThcs 3i MIBUAKiICTIO 4 KM/TO,

a 4YOJIOBIK ime 31 mBuzakicTio 5 KMm/rof. A P B
Ho skoro nyukty P OGepera mae mpucratu Mau. 41.18
YOBeH, II[00 UYOJIOBIK mocAr cejia SKHAM-

mBugIe?

41.38. JloBenith, 110 AaA QYHKILII:

9 b
2) g(x) = cos x sin? x CIIpPaBIKYETHLCA HEPIBHICTE [max g(x)<0,39.

|

. 7
1) f(x) = cos x sin 2x crpaBIKyeTbCA HEPIBHICTD [mln] f(x)>——;
T T

41.39. HoBeaits, 1110 A QYHKILII:

1) f(x) =sin x sin 2x cIpaBIKYETHCA HEPIBHICTH [max] f(x)<0,77;

—T; T

. . . 7
2) g(x) = cos? x sin x CIPaBIKYETLCA HEPIBHICTE [m}n] g(x)>—- E

3HalIiTh MHOKUHY 3HaUeHb GyHKII (41.40—41.41):

1 3
41.40. y(x) = |x2 —3x + 2|+ |x2 + x|, ne x € {—5; —}.

15
41.41. y(x) = |x2 — x| +[x2 = 5x + 6], ge x € [E; 5}.
41.42. Ha KOOpAMHATHIN NJIONIWHI PO3TIAAAIOTH HNPAMOKYTHUK
ABCD, y akoro AB jeXxXuTh Ha oci opauHat, BepiiuHa C Je-
SKUTh Ha mapab6osi y = 2x2 — 3x + 5, BepmuHa D JeXuTh Ha
napa6oiai y = x2 +3x — 6, a abcruca BepmuHEu C HAJIEXHUTH

. 3 8
IPOMIiKKY {E,E . Slke 3HaueHHA IOBHMHHa MaTu abcmuca

Bepmmuau C, 1106 mioifa npaMoKyTHuKa ABCD OyJa Haii-
0isbIII010?

41.43. Ha KOOpAMHATHIN IMJIOIWHI PO3IIALAIOTh IPAMOKYTHHK
ABCD, y sixoro cropoHa AB Jie)XUTh Ha OCi OpAWHAT, BEPIIN-
Ha C JeRuTh Ha mapaboui y = x2 —4x + 3, BepmmHa D Je-
SKUTH Ha mapabosi y = —x2 +2x — 2, a abcuuca BepmmHan D

. 4 3
HaJIEKUTDh IIPOMLXKKY |:g, E . SIke 3HaUeHHA NMOBUHHA MaTU
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abcmuca BepmuHN D, 1100 miomia npsaMoxyTHuka ABCD
OyJia Ha0iabIIT00?

41.44. Jlo rpadika dyHKIii y = x2 + 4x + 4 IPOBEIEHO IOTUUHY
B Toulli 3 abcrucoo X, ge —1 < x, < 0. IIpu axomy 3HaUeH-
Hi X, IJIOIla TPUKYTHWKA, L0 BiATMHAETHCA IIi€I0 JOTHY-
HOIO Bim Apyroi KoopAMHATHOI UuBepTi, Oyae HalibiJIbInon?

41.45. o rpadgirka QyHKOii y = —x2 + 6x — 9 IPOBEJEHO JOTHUYHY
B TOUIli 3 abcrucoro Xy, ae 0 < x, < 2,5. [Ipu AKoMy 3HaUEH-
Hi X, IJOIla TPUKYTHWKA, L0 BiATMHAETHCA IIi€I0 JOTHY-
HOIO BiJl UeTBepTOi KOOPAMHATHOI UBEepTi, Oyae HAOiabII00?

«V B cymepmapkeTi [mie crmeliajgbHa IIPOMO3UITIA:
3AIATUBINK 32 TPU WIOKOJALKU, IOKYIEIh OTpUMye | K¥M¥A 1
yeTBepTy B MojapyHOK. CKiJIbKHU IITOKOJIAJOK MOMKHA .:m'”
npuadbaTu B cy0OTy, AKINO MOKYIEelb IJIaHYE€ HA HUX | m
BUTpaATUTHU He Oinbine HixK 100 rpu? :

41.46. [MToxonanka xomrye 16 rpu. ¥V BuxigHi ‘-mlliﬂl

41.47. (MixcrhapoOna mamemamuyina onimniada «Kenzypy» ).

Besocunienucr pyxaerbesa 3i mBuakicTio 5 m/c. [loB:xuHa 000-
Iy KoJjeca ioro Bejocuiena nopiBHioe 125 cm. CKiIBKM TOBHUX
00epTiB 3poOUTH KOXKHE KO0JIeco 3a 5 ¢ PyXy BeJIocUIlleaucTa?

Y 2018 poui xomanda ykpaiHCbKUX UWLKO-
aapie edano sucmynuaa Ha MixHapoOHii
mamemamuuriic onimniadi. 59-ma Mixc-
HapoOHa mamemamuyra oJaimniada 86i0-
oynaca 3—14 aunnsa 6 m. Kayw-Hanorxa (Pymynis). llecmepo
YKPATHCOKUX CMAPULOKLACHUKIE (Ha ¢omo ) 3000yau 4 3onomi ma
2 cpibHi medadi.

=
. -4 i_ i, I
Vepainyi y €9
BV

YV 3azanvrhomy peiimuney yrpaincvka kKomanda nocina 4 micye
3 nonad 100 xpain ceimy, nicas CIIA, Pocii i Kumaro. I]e Haii-
Oinvwe OocsizHeHHs YKPAiHcbKkoi KomanOu 3a yci 26 pokie ii eu-
cmynié HA UYUX NPeCMUNCHUX 3mazanuax. [oci Hallkpawum
pesynomamom Yipainu Ha MixHapoOHill mamemamuiHiil oaim-
niadi o6yno 6-me micye (y 2014, 2007 i 1997 porxax). Hayxosum
KepiBHUKOM YKPAIHCbKOL KOMAHOU 8ice 6azamo poKié € npogecop
Kagedpu o6uucawsarvrnoi mamemamurku KHY imeni Tapaca Iles-
yenka Bozdan Baaducaasosuu Py6avos.
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PO3B’A3YBAHHA PIBHAHDL | H!EPIBHOCTEI?I
TA AOBEAEHHA HEPIBHOCTEW

Posrinanemo, AK meBHi BJIacTUBOCTI (DYHKIIIHf, Y TOMY UYMCJIi
i Ti, AKi 3as3BuUUall 3’SCOBYIOTHL 3a AOIIOMOIOIO IIOXiZHOI, MOKHA
BUKOPUCTOBYBATHU MJid PO3B’sI3yBaHHA PiBHAHDL i HepiBHOCTeMH, a
TAKOYX POSTJIAHEMO 3aCTOCYBaHHSA IMOXiMHOI IJis HOBEeNeHHSA He-
piBHOCTETI.

@ 3ACTOCYBAHHSA NOXIAHOI OO

1. Bukopucmanns Hesa:xxxo sposymirTu, 110 AKW0 8 pis-
OYiHIOGAHNA Ni6OL HaHHI f(x) = g(x) Ons 6cix 3HaueHb X
i npagoi wacmun i3 O/]3 pieHAHHA CNPABOHYIOMbCS He-
pienanna abo nepienocmi | piernocmi f(x) > a, g(x) < a, Oe ae R,

———— mo pPiBHAHHA He mamume pOo36 A3Ki6.
Aruwo x cnpasdxcyomuves Hepienocmi f(x) 2 a, g(x) < a, e a € R,

f(x)=a,
g(x)=a.

mo pienanna Ha ceoilt O3 pienocunrvre cucmemi: {

Posraamemo e Ha IIpuKJIagax.

W Posp’a3aTu piBHAHHA: Jx+42-x=2.

° PosB’asauusda. O3 piBuauua: x € [0; 2].
PosrusgHeMo HemepepBHyY Ha [0; 2] dyHKIio0 f(x) = Vx +4/2—x.
dyukmia f(x) ga inrepsaai (0; 2) mae moxigHy

f,(x):LJr 1_.(_1):l[i__1 j
2\/; 2N2 - x 2 \/; NCE

f'(x) = 0, Konu Jx = N2 —-x, To6TO X¥ = 1 — KpUTHUYHA TOUKA
PYHKILI.

f(x) memepepBua Ha [0; 2], ToMmy cBOiX HaibijbIoro i HatiMeH-
III0r0 3HauUeHb BOHA MOKe HabysaTu B Toukax 1; 0 abo 2.
Maemo: f(0) =/2; f(1) =1+ 1 =2; f(2) = /2.

Otoke, HAMOLIBIITOrO 3HAUEHHS, IIT0 JOPiBHIOE 2, (PYyHKIliA HaOyBae
npu x = 1, TOMy KOpeHeM PiBHAHHS \/; +v2—x =2 € uncyo 1.
Bigmosigs. 1.

3ayBasKuUMoO, IO Ile PIBHAHHSA MOXKHA OyJIO po3B’s3aTu i paHi-
I1e BUBUEHUMU METOJZAMIU.

W PosB’sa3aTu HepiBHICTH:
cDVx+V2-x>2 2Jx+/2-x<2 3)Jx+2-x>2

PosB’as3aunuada. JliBa i mpaBa yacTuHU HepiBHOCTeN — Ti cawmi,
o i y mpukJjaai 1, ToMy cKopucTaeMOCA iX OI[iHIOBAaHHSIM Ta
MipKYBaHHAMU, IPOBEIEHUMU y TpuKgami 1.

Hexait f(x) = Vx +32 - x, D(f) = [0; 2].

1) Ockinbru Ha6iNbIIUM 3HAYEHHAM f(Xx) € ynucyo 2, To HepPiB-
HiCTh CIIpaBmKyeTbCcs Juilie, Koau f(x) = 2, Tobto mpu x = 1.
Or:xe, uncao 1 — efUHNN PO3B’A30K HEPiBHOCTI.
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. 2) Ockinpku f(x) < 2 pgna O6yab-axkoro x € D(f), To HepiBHiCTH
COPaBIKYEThCA I BCcix x € D(f), ToOTO MHOXXHHOIO PO3B’s3-
KiB HepiBHOCTi € mpoMmixkoK [0; 2].

3) Ockinbku f(x) < 2 mgaa Oyab-axoro x € D(f), To HepiBHicTH
PO3B’sA3KiB He Mae.

Bigmosigs. 1) 1; 2)[0; 2]; 3) O.

Omxe, OIiHIOBAHHAM JIiBOI i mpaBoi YacTWH MOYKHaA PO3B’A3Yy-
BaTU AK JesdKi piBHAHHS, TakK i JesAKi HepiBHOCTI.

. . TX
m Poss’sisaTu piBHsaEHES: x!—2x% = s1n?—2.

e Posp’asaunua. O3 piBusuasa: x € R. Posrisaemo (GyHK-
miro f(x) = x* — 2x2, BusHaueny Ha R.
fi(x) = 4x3 — 4x = 4x(x2 — 1) = 4x(x — 1)(x + 1).
f'(x) =0 gna x=0; x=1; x = -1, ToOTO MAaEMO TPU KPUTHUUHIL
TouKn (PyHKI[ii. BudHaunmMo 3HaK MOXimgHOI Ha OTpMMAaHUX IIPO-
miskkax (mam. 42.1).
BpaxoByouu HelepepBHICTh (QYHKITI — +
irte, mo f(-1)=f(1)=1~-2=-1, aiit- -1 701 7~
IeMO BUCHOBKY, II[0 HAWMEHIIIUM 3Ha-
yeHHAM QYHKINI Ha R € yuciao —1. Mau. 42.1

. . TX . TX
Ockinpru —-1< sm? <1, T0 -3 < s1n7 -2 < -1

. TX
Otxe, x4 — 2x2 > -1, a s1n? -2<-1.

xt—2x% = -1,

Toxi piBHAHHSA PiBHOCUJILHE CHUCTEMi: T
sin—-2=-1.

Kopeni nmepmroro piBanHA: X; = 1; X, = —1, npudomy x; = 1
3aJI0BOJIbHsE i Apyre piBHaHHA. OTiKe, X = 1 — €IUHUN KOPiHB
MOYaTKOBOT'O PiBHAHHA.

Bigmosigs. 1.

2. Bukopucmanns 3a AOIIOMOroI0 rpa@iq;{oi iHTepHpe-
JMoromonHocmi gynkyiy | TAl HEBAXKKO MepecBiAYMTHCH, IO

=2 7 | goau ¢yurmii f(x) i g(x) moHOTOHHI
Ha [a; b] abo omHa 3 HUX € cTajyoio, To ixX rpadiku Ha [a; b] abo
mepeTUHAIThCI B OfHil Touli (Ma. 42.2 i 42.4), abo He MalOTh
CIIiTBHUX TOYOK B3araJi (maia. 42.3).

Y4 Y YA

y - 8(x) pd 7=
/ y = g(x)

y=T1(x)

R\
(e}

Q
8-
(=]

(o)

RY

ola] b
Man. 42.2 Maun. 42.3 Mag. 42.4
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Ile oswmauae, 1m0 piBHAHHA BUraAxy f(x) = g(x), aKimo
x € [a; b], maTume He 6GinbIlle Hi¥K OAWH PO3B’A30K.

NI EGES PosB’sa3aTu piBHAHHA: 4-Jx=x®+x%+1.

°* PosB’asauusda. O3 piBuaauda: x > 0.
Dyukmia f(x) = 4—\/; € CIIQJHOIO Ha CBOIN oOjacTi BU3HAUEHH,
OCKIJIbKY CITIQTHOIO0 € (hYHKITIA Y :—\/; .
Posraamemo dynKmifo g(x) = x° + x3 + 1. Ockinmeku g'(x) =
=5x%+ 3x2 > 0 gna x € R, To g(x) 3pocTae Ha R.
Or:xe, piBHAHHS 4—\/; =x"+x%+1ma [0; +°0) mae He OinbIlie AK
oIuH KopiHb. OueBuaHO, 110 X = 1 — eAUHUI KOPiHb PiBHAHHI.
Bigmosigs. 1.

MomnoTrouHicTh QyHKIIIN iHOAI momomarae pos3s’sA3yBaTu i cuc-
TeMU PiBHSAHB.

2(xl - |y) = cos y —cos x,

m PosB’sa3aTu crucTemMy pPiBHSHD:
. Jx+ g =6.

PosB’asaumua. OckiabKu 00JIaCTIO AOIMYCTUMUX 3HAUYEHb
cucremu € x >0, y >0, o |x| = x, |y| =y.
2x +cosx = 2y + cos y,

\/;+\/§:6.

Posraaaemo dyukmio f(t) = 2t + cost. Toni meprie piBHAHHA
cucTeMu MOKHAa 3amucatu y Buraami f(x) = f(y).

Maemo: f'(t) = 2 —sint. Ockimabku f'(t) >0 mgas Oyab-AKoro t,
dokpema i maa t >0, to dyurmia f(t) =2t + cost 3pocrae Ha
npoMmikky [0; +20), a Tomy 3 piBHOcTi f(x) = f(y) oTrpumaemo,
o x = y.

ITigcTaBuMoO y Apyre piBHAHHA 3aMicTh 3MiHHOI y 3MiHHY X, OT-
puMaeMo: \/; + \/7 =6, To6TO f =3, sBigcu x = 9. Tomy y = 9.
BigmoBiags. (9; 9).

1S4 ERN S Poss’asatu HepiBHicTh: 4x° — x3 >4 — x.

°PosB’asauuga. IlepenumiemMo HepiBHICTH y  BUIJIALL:
4x5 — x3 + x —4 > 0 Ta posrIgHEMO (PYHKIIIIO

f(x) =4x5 — x3 + x — 4.
Maewmo: f'(x) = 20x* — 3x2 + 1.
Pisuanusa 20x* -3x2+1=0 me mae KopeHiB, Tomy f'(x)>0

o8 Beix x € R, To6To QyHKIiA f(x) = 4x° — x3 + x — 4 3pocrae
Ha (—00; +00),

Kpim Toro, f1)=4-1+1-4=0. Tomy gna Bcix x >1 maru-

memo, 1o f(x) >0, a giaa Bcix x <0 marumemo, 1o f(x) < 0.
OT:xe, PO3B’A3KOM HEPiBHOCTI € IPOMiKOK (1; +00).

BigmoBings. (1; +90).

Ilepenumniemo cucTemMy y BUTJIAMI: {
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3. Joeedenna
HepieHOCmell

IloximHy BUKOPHCTOBYIOTH 1 IJA IO-
BeleHHA OeAKUX HepiBHOcTeli. Pos-
TJISHEeMO Ile Ha IPUKJIALIi.

Mpuknap 7. Hosectn, 1o sinx > x, axio x < 0.

°* HoBemenuasa. Posramauemo pyHKIiO f(x) = sinx — x. OcKinb-
Ku f'(x) = cosx — 1 < 0 gisa Beix x, To pyuKIiia f(x) MOHOTOHHO
cuagmae Ha R. Tomy nns Bcix x < 0 cupaBmKyeThbcA HEPiBHICTH:
f(x) > £(0). Ockinbxu f(0) = 0, To f(x) > 0, To6TO Sinx — x > 0
mia Beix x < 0. Orsxke, sinx > x mgiasa Bcix x < 0. W

@ FK OuiHIOBaHHS NiBOI | MpaBOi YaCTUH PiBHSIHHA 4OMOMOrae Moro
PO3B’sI3aHHI0? @ AK MOXHa BUKOPMCTOBYBATU MOHOTOHHICTb (PYHKLYji
ANs po3B’A3yBaHHS PiBHSHb, CUCTEM PiBHSIHb, HEPIBHOCTEN?

§ Fo3b’saximo 3aga4i ma bukonadme bnpabu

8 Posp’sxiTe piBEAHHEA (42.1-42.2):

42.1. 1) 3—Jx=x®+x;
42.2. 1) 1-Jx+1=x% +x;
Hosenits, mio (42.3—42.4):

2) Jx+1=1-x-3x5.
2) Jx=8-x-x".

42.3. 1) sinx < x musa Beix x > 0; 2) tgx > x 1js BCixX xe (O;g].

42.4. cosx > x + 1, axmo x < 0.

Posps’sxkiTh piBHAHHA (42.5—42.6):

42.5. 1) Jx-3+/5-x =x2 —8x+18; 2) 2x% —x* =cosmx+2;
3) x" —x*+3x=3; 4) 23+ 4x=¥.
X
42.6. 1) Jx +/8—x = x% - 8x +20; 2) x*+2x% =cosmx—1;
3) x® —x% +2x=2; 4) x3+2x=%.
X

Posp’sikiTh cucremy piBHAHD (42.7—42.8):

427, x—y =sinx —siny,
5x + 9y = 28.

3x +cosx = 3y + cosy,
42.8.
x2+y=2.

Posp’sxkiTe HepiBHicTh (42.9—42.10):

42.9. 2x9 — x5 < 2-«x.

42.10. x7 + 4x > x*.
3

. . x .
42.11. JoBexnits, mo sinx > x —? s Beix x > 0.

42.12. HoBeaiTs, 110 COSX
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42.13. YV marasuHi Bci MebJi mmpomaroTh y po3idpaHOMY BU-

raani. Bapricts 360py me6uaiB ckaamae 12 % Bix Baprocti
mebaiB. IITaga romiTye 3650 rpu. CKiIbKHU I'pOIIell 3eKOHOMUTh
poauua Cumopuykis, mpuabaBIIn 10 miady, AKI0 30epe 1rady ca-
MOCTiTTHO?

@ 42.14. Posp’sokiTh piBHaama: x? + (x + 2)* = 82.

OYHKUII

ITonarrsa acumnroTm rpadika (GyHKIII BiKe Tpamiadsocsa HaAM
y § 40 (upuxaang 2, main. 40.2), me OyJyia BepTUKajJbHA IpAMA.
Y mpomy maparpagi meraabHO pos3depeMocs, IKy IpAMY HasuBa-
IOTh aCUMIITOTOIO rpadika GyHKIII i AK 3HaAWTH 11 PIBHAHHA.

@ ACAMNTOTU T'PADIKA

‘ IIpamy Ha3sHBaIOThE ACUMNMOMOI0 zpagika GYHKYIL, AKIIO0
&, BIICTaHF Mi)K II€I0 MPAMOIO i TOUKOI rpadika mpamye o
HYJA P BiggaJeHHi i€l TOUKM Bii MOYATKY KOOPIMHAT.

Acumnroru 6YBaIOTI: BEPTUKAJIBHUMU, TI'OPMU30H-
TaJbHMMUM Ta IIOXUJIMMH.

Hanpuknan, ¢yHKmig y = (man. 43.1) mae

R|lo

nBi acumnroru, BepTukaJdbHy (x¥ = 0) Ta ropusoH-

raneHY (y = 0). Maui. 43.1

1. Bepmuxanvra Q Axmo icHye Take UMCIO @, IO

acumnmoma ¢ lim f(x): oo, TO X = ¢ — BEepPTHKAJBHA
x—a

acuMnTora rpadika GyHEUIl y = f(x).

Buxomgsaum 3 mOHATTA HeEEPEepPBHOCTI (PYHKIII, MOXKHA TiATHU
BHUCHOBKY, III0 BepTHKaJIbHA ACHMIITOTA, AKIO BOHA iCHYE, MOKe
OyTu JIMIlle B TOYIIl PO3PUBY GYHKILII.

w Yy Mae BepTHUKAJBHY aCUMIITOTY rpadik GpyHKITiI
1
flx)y=—=?
x—3
PosB’aszauuda. D(f): x # 3. OckinbKu B Toulli x = 3 QyHKIIiA
Ma€e poO3pWB, TO MpsAMa X = 3 MOKe BUABUTUCA BEPTUKAIHHOIO

. 1
acuMnToToro. Maemo: lim——=co, oT:Ke, X = 3 — BEepTUKAJb-
x—3 X —

Ha acHUMIITOTA.
Bigmosings. Mae.

W Yu Mae BepTUKAJbHY aCUMIITOTY Irpadik GyHKILIT

x2-9
fo="—2

?
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. PosB’asauuda. D(f): x # 3. ¥ Touni x = 3 pyHKI[iT Mae po3-

puB, TOMy X = 3 — eAWHa MpPsIMa, AKa MOKe OyTH BEePTUKAIb-
HOI0 acUMIITOTOI0. AJie

2
ox"=9 .. (x-3)(x+3
lim = hm( X ) =
x-3 x—3 x—3 x—3
TOMY X = 3 — He € acuMOTOTOI0 rpadika maHoi GyHKIII.
Bigmosingsw. Hi.

lim(x+3) =6 # oo,
—3

2 Ioxuni Ockinbku acuMmnToTa rpadika — 1e
ma zopusonmanvhi opAMa, TO PiBHAHHA TOXUJIOL acUMII-
acumnmomu TOTH Ma€ BUTIAL Yy = kx + [.

Q Armo maemo pyHEnito ¥ = f(x), 104 Akol icayrors lim —— f(= )

x>0 X
f( )

llm (f(x) kx), npuaomy llm =ki lim(f(x)-kx) =1,
x—00

TO mMpsiMa y = kx + | npu k % O € NOXUNOI0 ACUMNMOMOID

rpacdika (bymcuu y =f(x), a npu k = 0 — 20pusonmanvroI0O

acumnmomoro, piBHsIHHA kol y = L.

ITpuiiMmemo 1e TBepAKeHHsA 0e3 HoBeIeHH.
Axmo £ = 0, To MaTuMeMO Yy = [ — TOPUBOHTAJIBHY ACUMIITOTY.

. 1
W 3HaliTy acuMnToTH rpadika QyHKIIL f(x) = 2x——.
x

PosB’asanmuda. Ockinbku x = 0 — Touka po3puBy (QYHKIII i

. 1
lim (2x — = | =00, T0 x =0 — BepTHUKaJbHa aCUMITOTA.
x—0 X

1
f) _ 2T 1
Maemo gami: lim =2 = lim —X = lim(Z——z) =2-0=2.

X0 X Xx—o0 X X—>00 x

Omxe, k = 2, TOOTO icHYe mOXMJjIa aCUMIITOTA.
1 1
lim (f(x)—kx) = lim(Zx— - —2x) = lim(——) =0, To6To [ =0,
Xx—>00 Xx—>oo X Xx—>oo X
OTiKe, Yy = 2X — TOXWJIa aCUMITOTA.
BigmoBigb. x =0 Ta y = 2x.

Q7 GERES AT MOXUJL acMMIITOTHA rpadika QyHKILI

f(x) = 2t
X

x4

, . lim 7 _ i x _

PosB’asanmuda. Ockinpru lim = lim =
x—oo X X—>o0 X

414



° ‘ 1
= llm(x + ) = 00, TO INOXUJINX aCHUMIITOT HEeMae€.
X—>o0 X

Bigoosigs. IToxuanx acuMITOT HeMae.

W SHaWTH MOXMJIi acCUMOTOTH rpadika QyHKIil

f 5-3x
(x) = x+7°
5-3x
Poss’aszanua. Maemo: hmf( %) =lim x+7 =lim 52 3x _
xXx—oo X X—>o0 X X—o0 x +7x
5-3x 3_3735
2 2 2
= lim —*—=lim £ = 9 0.
xoe x4 Tx x4 O 1
2 X

X

Ockinbku k = 0, TO AKIIO acCUMIITOTa iCHY€E, TO BOHa Oyne ropu-
30HTAJILHOIO ACUMIITOTOIO.

5-3x
lim (f(x)—kx) = lim(5_3x—0~x) = lim5_3x = lim—%*_— =
X—>o0 x| x+7 x> X +7 x—e X+T
x
sy
= lim X =—=-3
x—0 140 1
x
OTsxe, Ma€MO DiBHAHHA FOPU3OHTATILHOI ACHUMIITOTH: J = —3.

Bigmosigs. y = —3.

3ayBa:kumo, 1110 rpadik QyHKII abo Oymb-sika KpUBa He MOKe
MaTH OiJIbIlle ABOX MOXMJINX acUMIITOT. DPYHKIIA, IKa Mae I'PAHUIIO
Ha HECKiHYEeHHOCTi, IIpu X — +00 Ta mpm X — —O° He MOKe MaTu
Pi3HUX 3HAYEHBb KOMKHOI 3 I[UX I'PAHUILL, TOMY I IIOXUJINX ACHMIITOT
MoxKe OyTH He OiibIme HidkK ABi. JIKIO K SHAUEHHSA IIUX TPAHUIb
30iraroThbCsa, TO (PYHKILSI MA€ TLILKKM OJHY HOXWUJIY ACHMIITOTY.

@ Lo HasuBatoTb acMMNTOTO rpadpika pyHKLUIT? @ Y sskoMy BUNagKy
npsmMa x = a € BEpPTUKanbHO acMMNTOTOK rpadika yHKUii? @ Ak
3HANTWU NOXMIY acUMNTOTY rpadika pyHKLi?

§ Fosb axims 3agaui ma bukonaime bnpabu

1 Yu mae acumnroru rpadik GpyHruii (43.1-43.2):

43.1. l)y:§; 2)y=2x-T; 3)y=x% 4)y:—é?
x x

415



43.2. 1) y = 4x; 2)y=1; 3) y = VJx; 4)y=—g?
X X

92 3HaiAiTP BepTUKAJBHY acuMITOTy rpadira GpyHKIil (Ao
BoHA icuye) (43.3—43.4):

2_
43.3. 1) fx)=—1—; 2) fx)=""1
x+2 x—
4-x? 5
43.4. 1) f(x)= Py 2) f(x)——4

3HAWAITh MOXUJIY acUMITOTY rpadika (QyHKIII (AKII0 BOHA

icmye) (43.5—43.6):

2
43.5. 1) f(x) =%, 2) fa)=2E 3%,
x+2 x+1
xz 3 1
3) f(x)=——; 4) fx)=2—=.
x—2 x
43.6. 1) f(x)—x—+7; 2) f(x )—M,
-X -2
2
8) F(0) = 4) fo)=x+ L.
+1 x

43.7. 306paziTh cxemMaTu4YHO Trpadik (byHI{uu y = f(x), obmac-
TI0O BUBHAUEHHS SKOI € MHOMKMHA BCiX AificHMX uwmces, Kpim
ypcen 2 i 5, AKm[o Bimomo, mio rpadixk QyHKILI Mae equHy
acuMnToTy x = 2.

43.8. 3o6paziTe cxematuuHo rpadik ¢yuriii y = f(x), obsactio
BUBHAUECHHS AKOl € MHOMKIMHA BCiX AiMiCHMX umces, KpiM 4u-
cen 0 i 3, akmio Bigomo, 1o rpadik GyHKIII Mae qBi acuMmIi-
ot x =01ix=3.

Ay 3HaigiTh yci acumnToTu rpadika (byHKLLii (43.9—43.10):
2

-2’

2
43.10. 1) f(x)=5-—"; 2) f(x)=%
x—4 X —

43.9. 1) f(x)=3+——; 2) f(x )—
x+5

» 43.11. 1) YV cinbcbKux paiioHax I_uopquO CIIOYKUBAIOTh
840 M3 Bozu Ha ozfHY oco0y. SIka mopiuHa morpe6a y Bozi B
ceui 3 HaceseHHAM 3000 0ci6?

2) Ilpoexmua OisnvHicmo. JlisHaliTecs, CKiJIbKU HaceJeHHS

MeIIIKa€ y BallloMy ceJi abo ceJi, Je IPOoKHBAIOTh BAIIll PO-

I1di, Ta pospaxyiiTe LIOPiUuHY IOTPeOy IILOT0 ceJjia V BOMi.
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@ 43.12. (Hauionanvra oaimniada Bonzapii, 1980 p.). ToBe-

. . . 1
miTh, IO JMJA KOPEHiB X; i X, MHOroujeHa x2 +px—2—2, e
p

p € R, p+#0, cupaBmKyerhca HepiBHicTE: X% + 2,4 > 2+ J2.

APYTA MOXIAHA. ONYKNICTb ®YHKLI
@ TA TOYKWU MEPErUHY. 3ACTOCYBAHHSA

APYrol NOoXiAHOT Ansi AOCNIAXEHHA

®YHKLIN TA NOBYOOBWU X FPAGIKIB

1. Ipyza noxiona I,{exaﬁ GyHKUiA Y = f(x) mae HOXiZHY
PYHKYIT f'(x) B VCiX TOUKaX AEAKOro IPOMirK-

) ky. Tomi ii moKHA POBTIAAZATH SK
dyHKUio arpymenty x. fAkmo GpyHKuis f'(x) € AndepeHnit0BHO0O
Ha JeAKOMY IIPOMiKKY, To ii moXigHy HasWBaIOTh OpPYz0r0 noxio-
Hoto GyHKIIT f(x) (a6o noxidnow 0pyzozo nopsdky) i MO3HAUAIOTH
Tak: f''(x) abo y".

W 3HaNTU MOXigTHY APYroro MOPAAKY AJA PYHKILII
f(x) = x3 — sinx.

Poss’asanna4d. f(x)=(x3— sinx) = 3x2 — cosx.
'(x) = (f'(x)) = (3x2 — cosx)' = 6x + sinx.
Bigmosigs. f'(x) = 6x + sinx.

2. Ilonammasa onykaocmi
Pynryii

Hexaii pyHKmia y = f(x) BusHaueHa Ha
npoMixkKy (a; b) i B TO‘II_II Xy € (a3 b)
mae noximay. Tomi B mi#t Toumi icHye
IToTuuHa no rpadika pyHKITII.

‘ ®OyHKIiI0 f(x) HA3SUBAIOTHh ONYKLO 6HU3 HA IPOMIKKY

& {a; b), AKIO AJAA OYaAb-AKOI TOUKH X € (a b), ne x # x,, rpa-

dikr (bymcml JeKUTH BHUINEe MOTHYHOI m0 Iboro rpadika,
nposeaenoi B Touni (x,; f(x,)) (max. 44.1).

Man. 44.1 Maun. 44.2

Q dyHkniro f(x) Ha3HBAKOTH ORYKAOI 620pY HA TPOMIEKY

(a; b), AKIMO MIA GYTH-TKOI TOUKH X € (a; b), me x # x,, rpa-
Gbik GyHKLUII JeKUTh HMXYe NOTHYHOL 10 HBOro rpadika,
NpOBefeHol B Toumi (x; f(x,)) (max. 44.2),
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. 4 . .
W ®yHKIiA y=—, rpadik AKOI 306pakeH0 HA MAaJIIOH-
x

Ky 44.3, Ha mpoMikKy (0; +°°) € OIyKJIOI0 BHI3, a Ha IPOMiK-
Ky (—9°; 0) — OIIyKJIOIO Bropy.

' ‘ Toury A rpadika HemepepBHOI GYHKLIT f(x), y ARii icHye mO-

&, THYHA [0 Wboro rpadika i mpu mepexomi uepes AKy KpHUBa,
mo € rpagikoM PyHKUil, 3MiHIOE BHJ ONIYKJIOCTi, HA3UBAIOTH
mo4kor nepezuny HyHKII.

v 4
Yy="%
0 X
/‘O{ Xo x=
Ma. 44.3 Maun. 44.4 Mau. 44.5

Ha manionky 44.4 Touka A — Touka meperuny rpaika QyHKIii.

IOna dysrmii y = x3, rpadgik axoi 300pakeHO Ha
MaJloHKY 44.5, (0; 0) — Touka meperuny.

Posrisnemo ¢yukmiro f(x), aAxa €
npomisckie onyKIOCHi OIYKJIOI0 BHU3 Ha IPOMINKKY (a; b)
PYHKYIT ma mouok it (man. 44.6). IIpu spocrammi apry-
nepezuny MEHTY X Mipa KyTa o, AKHil yTBO-

| proe pgotudHa 1o rpadirka QyHKILI 3
AOJNATHUM HaIpAMOM oci abciuc, 3pocTae: Ipu X, > X; MAaeMOo,

3. 3Hax00xicenna

. n .
mo o, > oy. OcKinpKnm ae(O; E), TO 3pocrae i tgo, ame

tga = f'(x), Tomy 3pocrae i pyukrmia f'(x). Ockinbru f'(x) 3po-
crae Ha (a; b), o f''(x) > 0 ma (a; b).

yh

G

0

Man. 44.7

Mipryroun aHanoriuno (man. 44.7, Ha AKOMY I X, > X
MaeMo, o o, < 04), AilileMo BUCHOBKY, IO Koau GYHKIiA f(x)
Ha TIpOoMimKKY (a; b) € onykJjoi Bropy, to f''(x) < 0 ma (a; b).
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Mosxza moBecTu i 00epHEHI TBEPI KEeHH:

‘ SAKINO Ha OpoMikky (a; b) apiui mudepenniiiopna QyHKIis
&, f(x) Mmae momaTHy npyry moximHy, To6TO f'(x) > 0 mus Beix
x € (a; b), To rpadik miel PpyHKII] Ha (a; b) € ONMYKINM YHHUS;
AKIIO Ha npommmy (a; b) yJIBl‘-Il audepeHniioBHA (l)ymcma
f(x) mae Big’emHy ApYTY noxigHy, 10610 f''(x) < 0 HNsa Beix
x € (a; b), To rpadir miel pyuruil Ha (a; b) € onmyKIUM yropy.

OT:ke, anzopumm docnioxncennus Qynruii y = f(x) Ha onykraicmos
ma mouKu nepezuny Moxke OyTHU TaKUM:

1) 3HaiiTu 061acTh BU3HAUeHHA GYyHEKLIT y = f(x).
& 2) 3HaliTH Apyry noximHy f''(x).
3) 3HAWTH BHYTPIIIHI TOYKH O0JIACTI BU3HAYEHHA, § AKHX
Apyra MoxiJiHa JOPiBHIOE HYJI0 abo He icHye.
4)ITozHauuTH 3HaMAEeHI TOYKM Ha OOJACTI BH3HAYEHHA
bysruii y = f(x) Ta 3’acyBaTu 3HaK Ipyroi nmoximHoi f'(x)
Ha KOKHOMY 3 OTPHMaHUX npOMimRiB
5) 3a OTpMMaHNMH 3HAKAMU AIATH BUCHOBKY IIPO OMYKIiCTh
¢byHELIT Ta abcucu TOYOK IMEePeruny i 3anucaT BiIIOBITE.

Hocaigutu yuKmio y = x* + 2x3 — 12x2 + x Ha
OIIYKJIICTh i TOUKM HEeperuHy.

Poss’assauua. 1) D(y) = R.

2)y =4x3 4+ 6x2 — 24x + 1; y' = 12x%2 + 12x — 24 = 12(x% + x — 2).
3) Hpyra moximua icHye B ycix Toukax. PosB’sixeMo PiBHAHHSA
y" =0, 10610 %2 + x — 2 =0, 8BimKHu x; = 1; x, = —2.

4) Ilosmaummo umcia 1 1 —2 Ha obJiacTi Bu-

BHaueHHs (QYHKIII Ta 8’fACyeMO 3HaK Apy- N }C :'/_ N
roi moximHOi y' Ha KOKHOMY 3 ITPOMIiXKKiB "
(man. 44.8). w2 ~1
5) Ha mpowmiskkax (—o0; —2) Ta (1; +0) rpa-

dik Gyurmii omykauit yaus, a Ha (—2; 1) — abcuucn TOY0K
Bropy, romy x = —2 i x =1 — abciucu TOUoK feperuty
neperuny. Maewmo: y(—2) = —50; y(1) = —8. Mau. 44.8
Or:xe, (—2; —50) Tta (1; —8) — Toukm mepe-

TUHY.

BigmoBigsb. (—o0; —2) i (1; +90) — IpOMiKKH OIIYKJIOCTi BHUS3,
(—2; 1) — mpomikoK onykJjocTi Bropy; (—2; —50) i (1; —8) — Tou-
KU TIEePEerTuHy.

4. 3acmocysannsa 0pyzo'i7

noxionoi do docnidincenns
Pynryilt i nobydosu ix
zpagixie

Mu Bike posrigzanm 3acTOCyBaHHSA
mepImoi MOXigHOI [0 AOCIimyKeHHSA
dyuKOit i mobymoBm ix rpadikiB
(ouB. § 40). Tomy, A Ginpmr TOYHOI
mo0yI0BU, AQJTOPUTM JOCJiIKEeHHS

¢yukiii i mobymosu ii rpacdika, ARuii 0yygo cHopMyILOBAHO
y § 40, MOKHaA JOMOBHUTH IIOIIYKOM aCHMIITOT rpadika Ta mocCJi-
IKeHHAM (QYHKII] Ha OOYKJICTH 1 TOUKU IIepPeTruHy.
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Or:xe, gocaiguTu GyHKIIiO i modyaysatu ii rpadik MoKHa 3a
TAKHUM aJITOPUTMOM:

/ ‘ 1) 3HalTH 00IacTh BU3HAYEHHA (PYHKIIIT.

&, 2) Mocaigutu (pyHKIiI0O HA MAPHiICTH, HETIAPHICTh Ta Tepi-
OIUYHICTE (I TPUTOHOMETPUYHUX (PYHKI(IN).
3) 3HaliTH TOYKM MepeTUHY rpadika GYHKIT 3 0CAMH KO-
OpIUHAT (AKIILO (e MOKIURO).
4) DocaiguTn moBegiHKY (PYHEIIT Ha KiHIAX MPOMIiKKIB Ti
o0nacTi BU3HAUEHHA (AKIIO Ileé MOJKJIWBO) Ta 3HAWTH BCi
acUMNTOTH ii rpadika (AKIIO0 BOHH iCHYIOTH).
5) 3HaliTH MOXIAHY Ta KPUTHYHI TOYKHU (HYHKIII.
6) 3HATH MPOMiKKH 3pPOCTAHHA, CHATAHHI Ta €KCTPEeMYy-
MU ¢yHKITL.
7) Nocaigutu (PyHKIiI0 HA ONYKJIICTh i TOUKM IeperuHy.
8) 3a moTpedu 3HAMTH me KiabKa TouoK rpadika Ta, BU-
KOPHCTOBYIOUW OTPUMaHi pe3yabTaTi, MoOyyBaTH rpadik

dYHKITIT.

m Hocaigutu QynKIio f(x) = 2x 1 Ta TOOyayBaTU
ii rpadik. o
PosB’asanuda. 1) D(f) = (-o0; —1) U (-1; 1) U (1; +20).

2) f(-x) = (-x)° =- x? = —f(x). ®yHKIis HemapHa.
(—x)? -1 x2 -1
3) fAxmo x = 0, To y = 0, omxe (0; 0) — Touka mepeTuHy 3 Bic-
3

cio y. dAxmo y = 0, To6TO =0, To x = 0, 3HOBy Maemo
x p—

Touky (0; 0) — TouKa mepeTWHy 3 BicCiO X.

Otxe, (0; 0) — equHa ToOuKa IepeTUHY rpadika QYHKIIII 3 ocamu

KOOpIMHAT.

4) Ockimbku x = 1 Ta x = —1 — TOUKM pO3PUBY QPYHKILI i
3 3
. x . x .
lim =0 Ta lim———=0w, To x =11 x = -1 — BepTUKAJIb-
x>-1x2 -1 x>1 x2 -1

Hi acuMIIToTH.

Armo x > -1, x < -1, To y - —oo; AKIO x > -1, x > -1, TO
Yy —> +oo;

Ao x > 1, x <1, 10 y > —o0; K0 X > 1, x > 1, TO yy — +00.
SHaligemo noxuiai acumnroru (y = kx + [):

x2
. fx) .. x2 i x2 I 1 1
= — = = = = 1
k iljl}o X chljrolox2—1 xl—I>rolo x2 1 xl—I>rolo _i 1-0 )
X2 x2 x2

x3—x3 +x x

[l =lim(f(x)—kx)=lim —x |=lim—————=1lim =
x>0 x| x2 — xoo X2 — x—oo x2 -1
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X

= lim 2x
x—0 X

x2

= lim
X—>0

x2

1

x2

1

U

OTKe, Yy = X — TMOXUJIA aCUMIITOTA.

5) f’(x){

3 piBHAHHSA

x3 ,_3x2(x2—1)—2x-x3 _xt-3x2  x2(x2-3)
x2-1 (x2-1)2 (x2-1)2  (x2-1)2°
2(42 _
M =0 MaeMO KPpUTHUYHI TOUKM (QPYHKIIi:
(x? ~1)2

xlz—\/g; x2:x/§; x5 = 0.

6) 3ammoBHIOEMO TaOJIUITIO:

& (—05—8) | 8 | (V3;-1) | -1 (-1; 0)
1'(x) + 0 - He icHye - 0
f(x) Ve _¥ N | medemye| N | O
BHCHOBOK DyurIia max ®ysknia | Acumn- |DPysKmig|
3pocrae ciiagae TOoTa ciiagae
x (0; 1) 1 (1; 3) V3 | (V3; +0)
f(x) — He icHye - 0 +
f(x) N He icHye Ny % Vs
BUCHOBOK Dyukiia | Acumn- | OyHKIA min DyHKITIA
ciragae TOoTa ciiagae 3pocTrae
7y = xt—3x2Y _ (4x3 - 6x)(x% —1)% — 2(x2 —1) - 2x(x* —3x2)
Ty (<2 =D
(22 -1)((4x3 —6x)(x? —1) —4x(x* —3x2))  2x3+6x 2x(x2+3),
(a2 -1y (@217 (-1

y" =0, axmpo x =0.
CucremaTusyeMo gaHi, OTPMMAaHiI 3a APYroio IIOXimHOIO, y Tab-

JINIIL.
x (=% -1) | (-1 0) 0 (0; 1) (1; +20)
f"(x) - + 0 - +
f(x) - ~— 0 —~ ~—
Bucuo- | Onyxkia Onyxia Touka Onyxia Onyxaa
BOK BIOpY BHU3 IIeperuHy BIOpY BHU3
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. 3
. 8) I'padir pyuKmii y = 2x 1 300pakeHo Ha MaJIOHKY 44.9.
x

&

o N
i
|
|

-
|
T

|
N ‘

AN
e e e e S i

Mau. 44.9

@ FAK 3HanTM gpyry noxigHy yHKUii? @ AKy dyHKUil0 HasuBaloTb
Q OMyKIOK BHU3? @ FAKy (DYHKLi0 Ha3MBalTb OMYyKNoK Bropy? @ Aky
TOYKY HasuBatoTb TOYKOH nepervHy? @ CdopmynonTe anroputm
OOCTiAKeHHA (PyHKUii Ha onyknicTb i ToYkM nepernHy. ® Cdopmy-
TNIONTE anropuT™M AOChiAXeHHS PyHKUii Ta noByaoBu il rpadika.

§ Posb’sxims sagaui ma bukonaume bnpabu
‘]_, SHalgiTe Apyry moxigHy yukIii (44.1—44.4):
44.1. 1) f(x) = x; 2) qg(x) =17; 3) t(x) = x% 4) p(x) =cosx.

44.2. 1) f(x) = -3; 2) q(x) = x2; 3) ¢(x) =sinx; 4) t(x) = x6.
@ 443. 1) f(x)=x2 - 4x + T; 2) f(x) = x® + sinx.

44.4. 1) f(x) = bx — 9 — x2; 2) f(x) = cosx — x%.
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3HalaiTh abcIiucu TOYOK Ieperuny (GyHKILii (44.5—44.6):
44.5.1) y=x2-3x; 2) y=x3 +8x.

44.6.1) y=x+ x% 2) y=6x—x3.
3 SBmaligite apyry noxizry pyskmnii (44.7—44.8):
44.7. 1) f(x) = ctgx;  2) f(@)=] 1-2x
x+1
1
44.8. 1) f(x) = tgx; 2) f(x )—1 o

HocaimiTe GyHKITII0O HAa OOYKJIICTh i Touku meperuny (44.9—44.10):
44.9. 1) f(x) = x3 + 3x2 — T; 2) f(x) = cosx, x € [0; 2x].
44.10. 1) f(x) = 6x2 — x3 + x;  2) f(x) = sinx, x < [0; 2x].
44.11. I[ocm/:u'rb (’pyHRmIo f(x) = x* — 6x2 3a mOIOMOrOI0 IepIIoi
Ta Apyroi moximHuX i mobymyiiTe ii rpadik.

44.12. Nocmixite dynrmito f(x) = 3x2 — x3 3a ZOIIOMOTIOI0 IepIIoi
Ta Ipyroi moximHmx i mobymyiiTe il rpadik.

A, HocaigiTs GyHKIIIIO Ha OOYKJIiCTh i Touku meperuny (44.13—
44.14):

44.13. 1) f(x)=——; 2) f(x)=tgx, axmo xe | -3~ |.
x“ -1 2 2
2
44.14. 1) f(x)=——; 2) f(x)=ctgx, sxmo x € (0; ).
44.15. Tocaigits pyukiio f(x) = x-3 3a JOIOMOT'00 IepIIol
(x-2)

Ta APYyroi moxXigHWX Ta mobynayiiTe ii rpadik.

44.16. Mocaigits pyukiiio f(x) =

5 32 JIOTIOMOTOI0 mepIoi Ta

-
Ipyroi moxigHuUx Ta modymyiTe ii rpadik.
32
44.17. IIpakmuyHne 3a80anns. Jocaimite GyHKIio f(x) = 42—3
x°—x

3a [JOIIOMOI'OI0 mepIIoi i apyroi moximHmx Ta moOyamyiiTe ii
rpadik Ha MiJTiMeTpoOBOMY marmepi.

¢ 44.18. Y mkoai 600 yuuis, 3 Hux 30 % — V4HI IOYaTKOBOI
«V mkosu. Cepen yuHiB cepenuboi Ta crapiroi mkoau 20 %
BUBYAIOTh HiMeIpbKy MOBY. CKIJIbKY Y4YHIB y IIKOJI BUBYAIOTh Hi-
MeIbKy MOBY, SKIIO B MOYATKOBi#l IMTKOJiI HiMeIlbKa MOBa He BU-
BUYaeThCA?

g@ 44.19. Posp’ sxiTh piBHAHEA: X1+ x +4/3—x = /a2 + 1.
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BIAMOBIAI TA BKA3IBK OO 3A0AM | BITPAB

Posgin 1. § 1.30. 1) AUB=B; AnB=A; 2) AUB=B;
ANnB=A=@. 1.31. 1), 4) Hi; 2), 3) Tak. 1.35. 1) AU B; 3) BNC.
1.36. 2) ANC. 1.37. 12,2 kM. 1.38. Kopius. §I2I 2.19. 2) (—o0; +00);
3) (=905 =2) U (2; +°0); 6) [0; 1) U (1; +0); T) (0; 5) U (5; +90);
8) [-1; 0]; 9) [2; 3) U (35 +20). 2.20. 1) (=00; =7) U (=75 7) U (75 +00);
2) (=3; 3); 4) [-3; 2) U (2; +90); 6) [2; 4]. 2.28. 2) [-3; +00); 3) [4; +0);
5) [-2; +0). 2.29. 2) [5; +o0); 3) [-3; +0). 2.31. 1) (-1; 1) U (1; 2];
3) {1} U [2; +o0); 4) (-o0; —1] U {2}. 2.32. 2) (—o0; —3) U (-3; —2) U
U (25 3) U (3; +90); 3) {0} L [T; +00); 4) {=3} U [0; +o0). 2.33. 2) {0};

3) [0; 2]; 4) (0; 2]; 5) [1; +o0); 6) [-9; +o0); T) [-0,5; +00); 8) (0; l}

2
2.34. 1) {0}; 4) [-27; +00). 2.35. 1) [3; 12) U (12; +0); 2) [1; —2].
2a3 + 5a2b
2.36. 5 miameuok. 2.37. =—— " — §I8l 3.20. 1) 3; 2) -1. 3.21. 1) —1;
3ab + 9bc

2)2.3.22. 1) y > 0, akmo x > 3; y < 0, Axmo x < 3. 3.23. 2) y > 0, aAKIIO
x<0,8; y<0, akmo x > 0,8. 3.26. 1), 5) Hemapna; 2), 4), 6), 8) =i nap-
Ha, Hi HemapHa; 3), 7), 9) mapua. 3.27. 1), 3) Hi; 2), 4) Tax. 3.28. 1),
4) Tak; 2), 3) ui. 3.30. 2) nHaiibinbIile fOPiBHIOE 3, HAMEHIIIOTO He iCHYE.
3.31. 1) Haiimeniie mopiBuioe 1, mHaibinbimoro me icuye. 3.32. 1) Tpu;
2) nBa. 3.33. 1) Tpu; 2) nBa. 3.34. —5. 3.35. 17. 3.36. 1) Henmapwua; 2) i
mapHa, Hi HemapHa; 3) mapHa; 4) Hemapua. 3.37. 1), 4) Ilapua; 2) =i
napHa, Hi HemapHa; 3) HemapHa. 3.38. 1), 3), 4) Hemapua; 2) mapsa.
3.39. Haiibinepmie smaueHHs 2, HaliMeHIne 3HaueHHa —7. 3.40. Haii-
Oinpile sHaueHHA 3, Halimenmre 3HaueHHs —1. 3.41. Hemapsa.
3.42. I1apHa. 3.44. Brasiska. Bukopucraru 3agauy 3.43. 3.46. 11 880 rpH.

3.47.0; 1. §# 4.16. E(y) = [2; +°0). 4.19. 2) t = 2; 3) spocTae Ha [0; 1],
crazmae Ha [1; 2]; 4) 4 m. 4.24. m < -2. 4.25. p > 4. 4.26. 8. 4.27. 16.
4.28. 1), 3), 4), 5). 4.29. 1) y=(x+3)%, x> -3; 2) y=(x—-1)2, x < L.
4.30. 1) y=(x-2)3, x>2; 2) y=(x+3)? x< -3. 4.34. Cnagae Ha

(—0; 0] i [2; +©0), spocTae Ha [0; 2]. 4.39. 1) y =Vx—-3; 2) y = —Jx + 2;
4) y=x2-1, xe[2 3]. 4.40. 1) y =Jx +5; 3) y:Ll; 4) y=2x2+3,
x +

x €[1; 8]. 4.41. Brasiexa. Ilicas COpOILIEHb OTPUMAEMO Y = 3 — ||x| - 1‘.
4.42. =27 776 rpH. 4.43. 68, 42, 16 Ta 17, 34, 68 abo 17, 42, 67 Ta 68,

34, 17. 85! 5.15. 1) 6; —3; 2) —é. 5.16. 1) 4; -3; 2) 3. 5.17. —2. 5.18. 19.

5.19. 1) a < %; 2)a> —%. 5.20. 1) b < 2; 2) b > -3. 5.21. 1) dAxmpo a =0,
N 5a ,

TO po3B’A3KiB Hemae; aAKio a # 0, To x = ?; 2) sixmro a = 0, To po3B’a3-

. 5.22. 1) dAxmo a =0, To po3B’A3-

KiB memae; sikmo a #0, To x =

KiB Hemae; sakmo a # 0, To x =—; 2) axmo a =0, To pos3B’saA3KiB He-

MEENE)
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mae; axmo a =0, To x :370. 5.23. 2) akmo a =-2, to x € R; sAKIo

a#+-2, 10 x=1; 4) axkmo a=2, To x € R; axkmo a #2, To x =a + 2.

’

5.24. 1) dxmo a = -1, To KopeHiB Hemae; AKIO a # —1, To x = 1
a+

3) sakmo a=-3, o x € R; sakmo a=-3, o x=a-3. 5.25. 1) 0;
2) 4; 3) J; 4) 4. 5.26. 1) 1; 2) —4; 3) J; 4) 6. 5.27. 1) —-1; 2) -2.

5.28. 1) -1; 2) 4. 5.29. 2) £_oo; %JU{_”U(%; +ooj.

5.30. 1) (@;_EJU[_L@} 5.31. 1), 4) Tax; 2),

2 2
3) wmi. 5.32. 1), 3) Hi; 2), 4) rak. 5.33. 2) axmpo a =0, To x =0,5;
-2+4+2a

ﬂxmo—2<a<0a60a>0,'rox12: ; AKINO a < -2, To J.

a
5.34. 1) Axmo a =0, To J; akmp a # 0, To x, :é, Xy = _l. 5.35. 0;
a a

2; 4. 5.36. —5; 1; 7. 5.37. fAxio a < 0, To KopeHiB Hemae; aAkio a = 0
abo a >4, To 2 KopeHi; AKmo a =4, to 3 xopeni; axkmpo 0<a <4, To
4 kopewni. 5.38. 1) Axmro a < 0, To xopeHiB Hemae; akmo a =0 abo a > 1,
To 2 KopeHi; akmo a =1, To 3 Kopeni; akmo 0<a <1, To 4 KopeHi.
540. m>1. 541. m<-1. 5.42. Ha 20 %. 5.43. 1) 550 i 803.

§I6! 6.15. 1) (—o0; 1)U E; + OO); 3) (—00; - é) U (25 + 0); B) (—00; — 2) U

U (1; +90). 6.16. 2) (—oo; —2)&{—%; + Oo} 4) (—00; —i}u(z; + OOJ;

6) (-o0; —-3)uU(4; +0). 6.17. 1) 6; 2) -1. 6.18. 1) 0; 2) 1.
6.19. 2) (—o0; —7) U (—2; 2); 4) (—°°; 5]. 6.20. 1) (—2; 0) U (b; +0);
3) (0; +o0). 6.21. 1) (=7; —3) U (3; +©); 2) (-o0; -3) U [0; 4].
6.22. 1) [-1; 1] U (8; +0); 2) (—o0; —3) U (0; 5). 6.23. 1) Axmio a <0,
TO x<z; agmo a =0, To poss’askiB memae; armo a >0, To x>z;
a a

2) akmo a <0, to x < 0; skmo a =0, to x € R; axmo a >0, To x > 0;
4) axkio a < 0, r1'ox>§; amo a =0, to x € R; akmio a > 0, Tox<§.
a a

6.24. 1) Axmpo a<0, o x <1; axmo a=0, To x € R; axmpo a >0,
o x 2 1; 2) axmo a < -2, To x > 0; akmo a =—-2, To Po3B’sA3KiB He-

Mae; aAKmo a > -2, 1o x<0. 6.25. 1) (2; +0); 2) (0; %} U (1; + o0);
3) (-0 -3]u(0;3]; 5) [-2;2)U[3;+0). 6.26. 1) (2; + o)

2) (00U 2); 4 (5-2)u(-L1D; 6) (-1 DUl +00).
6.27. 1) 3; 2) 2. 6.28. 1) 3; 2) 0. 6.29. 1. 6.30. HKoguoro.

63l. 1) (1L;3-V3)u@B+V3;+0); 4) [-3-13;-3+13])
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6.32. 4)[-3 - /11; — 3 +/11]. 6.33. 1) {=3} U [-1; 3]; 3) (-4; 1) U (~1; 0);
4) (=005 0) U {=3} U (4; +0). 6.34. 1) (—1; 3) U (3; 6); 2) (—o°0; —3] v
U {=1} U [5; +00); 4) (=005 —2) U (—2; 0) U (3; +0). 6.35. (-1; 0) U (1; 2]
6.36. 1) dxmo a < -2, To 6 < x < 3a; AKIIO @ = —2, TO PO3B’A3KiB HeMae;
ARIO a > —2, To —3a < x < 6; 2) akmo a < 3, To x < 2+ a abo x > 5; AKIIO
a=3,T0x € R; akmoa >3, To x < 5abox > 2+a. 6.37. 1) Axmo a < 4,
TO X < 2a a6o x > 8; axmo a =4, To x < 8 abo x > 8; axmo a >4, To x < 8
a6o x > 2a; 2) arkmo a <5, Toa -2 < x < 3, AKIIO @ = 5, TO X = 5; AKIIO

a>5 103<x<a-2. 638. 1)—é<b<é; 2) -7 <b <5. 6.39. 7 miry-
mox. SE@ 7.9. 1) Tak; 2) mi. 7.10. 1) Hi; 2) Tak. 7.11. -1; —16. 7.12. 0;

32. 7.13. -3. 7.14. 13. 7.15. 0. 7.16. 9. 7.17. 2) x+10+%.
-8x+

718. 1) x3-6x2-4x-8+ 721. a=5 b=-7. 7.22. a=2;

x_
b=1. 7.23. 2) (x-1D2(x+2)(x-38). 7.24. 1) (x+3)(x—1)(x—4);
2) (x +1)2(x+4)(x - 2). 7.25.1) 2; 2) =5; -1; 3; 3) 1; —2; 4) —2; 3; 1 +/6.
7.26. 1) —3; 2) —4; —2; 1; 3) —1; 2; 4) —2; 2; -1 + 22. 7.27. 1) (-2; 1) U
U (3; +0); 2) (-oo; —-4] u [1; 2]. 7.28. 1) [-1; 2] U [4; +o0);
2) (=o0; =3) U (-1; 2). 7.29. a=15; b=8. 7.30. a=-2; b=-1.
731. 1) x(x-2)2(x2-3x+7). 7.32. 2) (x+1)2(x-3)(x2-x+2).
7.33. 1) 0,25. 7.34. 2) 0,5; 2+5. 7.35. 3x-2. 7.36. 2.
7.37. (-o0; —2]u{l}. 7.38. {-1}U[8;+0). 7.39. 7500 k.

C 1 +2n
7.40. 1 =~ . x2k1; 2 = 2k, 8.13.
) f(x) 57 ) f(x) -2k, S8 T on’

. 8.29. Brasisrxa. 243 = 3°, mpoBecTHu iHIYKIiIO 3a YHMCIAMU

8.14.
n+1

3 3" oguuunamu. 8.32. 16 %.

Posxix 2. SO 9.22. 1) 1; 2) —5. 9.23. 1) 0,05; 2) 4. 9.24. 1) 40;
4) -125. 9.25. 2) 80; 3) —486. 9.26. 1) 0< x < 2; 3) x < -4, x > 2.
927.1)x<-3,x>0;2) x e R; 4) -1<x<1 9.28. 1) 2; -2; 2) -2;

3) %; 4) 3; 1. 9.29. 1) 2; -2; 2) -3; 3) &; 4) —7; 5) 6; 0; 6) Y2 1.

9.30. 1) f(4) < f(7); 3) f(0) < f(A8); 4) f(3) > f(-3). 9.31. 2) g(-9) < g(-8);
3) £(1,7) > g(0). 9.32. 2) g(-7) < g(-11); 3) g(-7)=g(7). 9.33. 1) £(9) > f(7);
4)f(9)>f(-7).934.1)112;3)213;4)-1i10.9.35.1)112;2)-1i0;
3)21i3.936.1,4 m; 1,96 m2. 9.37. 20 %. 9.38. 10 %. 9.39. 1) 2;
2) 1; 3) 1; 4) 0. 9.40. 1) 0; 2) 3; 3) 1; 4) 2. 9.43. 1) £2; 2) 2; —1;
3) xopeHiB Hemae; 4) 2; —2; §/§; —§/§. 9.44. 1) £1; 2) 1; -3; 3) Kope-
uis memae; 4) 1; —1; 95; -5, 9.45. (=3; ~1] U [5; + ©©). 9.46. [-3; 2).
9.49. 1) (-o0; —4)uU[-1;1]. 9.50. 2) (-5; 0]1U[2; 5). 9.51. 1) Sxmmo

5

a=>1, to Xy g = +8¥a —1; axmo a <1, To KopeHiB Hemae; 2) x =a+7

mia a € R. 9.52. 3) fAkmio a =0, to x € R; sk a # 0, To X, =11
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. /2
4) akmio a < 0, To xKopeHiB Hemae; sakiro a > 0, To x, =105, x, =10 E
a a

9.53. 10 °C. 9.54. Hi. Brasisxa. IIlpu BUKOHAHHI BKasaHOI IpPOIEIypU
He 3MiHIOETHCA cyMa KBaapaTis Tphox umcen. SIIO! 10.17. 1) 45; 2) 108;

5 2
3) — 4) —. 10.18. 1) 98; 2
)9 )27 ) )

4) 28. 10.20. 1) 15; 2) 6; 3) 36; 4) 18. 10.21. 1) 5; 2) 2; 3) 2; 4) 2.
10.22. 1) 3; 2) 3. 10.23. 1) 84; 2) 4p% 3) 5a2b?; 4) 2 Spas 1024.1) 5m;
2) 2b; 3)4t2m5;4)3 xmb. 10.25. 2) a < 0; 3)aeR 4)a=0;5)a >

6) a<-1; ) a € R; 8) a=2. 10.26. 1) b>0; 3) b € R; 4) b=0;
6) b<3; 7) b e R; 8 b=-1. 10.27. 2) x<0, y<0; 3) x>0, y>0.
10.28. 1) ¢>0,t>0; 4) <0, t <0. 10.29. 1) [t + 2}; 2) (a +1)% 3) x - 1;
4) 5-b. 10.30. 1) 5 —/2; 2) 3-+/7. 10.31. 3)
2) ¢; 3) —b; 4) m% 7) 2m3; 9) —0,2ab?; 10)
5) 2a3; 6) —10¢ 8) ¢'m1% 9) —0,3mpt. 10.34. 1) ¥7; 2) W3; 6) Ix.
10.35. 3) ¥5; 4) Wm*; 5) Xa7. 10.36. 1) Ym®; 2) o 4) gla7[pt.
10.37. 1) ¥c3; 4) gpt|a’]. 10.38. 1) 49; 2) 8; 3) 121; 4) -8; 5) 2;
6) 9. 10.39. 1) 100; 2) 4; 3) 25; 4) —27; 5) 3; 6) 4. 10.40. 1) 1; 2) —1.
10.41. 1) 2; 2) —1. 10.44. 2320 rpx. 10.45. [xa 4-x. SN 11.19. 1) 4a2V/2;
4) 3c2¥2¢2; 5) a2b¥ab?; 6) —2xy¥2x2. 11.20. 1) 5a33; 2) 2p¥/3;
3) 12m3%/2; 4) 5x¥2x. 11.21. 2) V/3x2; 3) —47y4; 5) —§-p%; 6) —42x4yt.
11.22. 1) ¥36%; 3) —at2; 4) ¥c°. 11.23. 1) V13 +1; 4) 3(JZ 1).

11.24. 1) JV11-2; 2) 3(‘/— 3615 -v2) 05 1y 4x - )

\/— o
11.26. 1) W; 2) \/E—\/Z. 11.27. 1) 4%; 3) ¥a+2;
4) _(J;+f)(\/§+[) 11.28. 2) f_ . 11.29. 1) 18¥3a; 2) —ﬁ.

11.30. 1) 342p; 2) _ﬁ' 11.32. 3) ¥ab; 4) 2, axmo 1 < x < 2; 2Jx -1,
a
akmo x>2. 11.33. 1) —¥a; 2) —2x, axmo x < —+/2; 2v2, saxmo

V2 < x <2; 2x, smmo x > 2. 11.34. 1) 1; 2) 0,6. 11.35. _V“Sl,
X+
4 _ 1\3
axmo ~1<x<1; Y5+ oemo x> 1. 11.36. 1) Y@~ D" 14 37, Jox;

x+3 a+2
1. 11.38. 1) -1, sxmo 0 <a <1; 1, axmo a > 1. 11.39. 1) a(¥ab + b);

1 63 1
2) .11.40.1) 3v5; 2)—-1;3)—.11.41.1) 2018; 2) 4; 3) =. 11.43. 4.
Jx+1 65 3
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11.44. 2) 3*/§+2f‘ V80 11.45. 1) 742 +5V3 12 6. 11.48. 12 3
360 x. 11.49. (0; 1), (0; —1). SHERI 12.9. 1) Tax; 2) mi. 12.10. 1) Tax;

2) rax. 12.11. 3) ¥5<%26; 4) 93 >1826. 12.12. 3) 37 > Y48;

4) ¥4 <We5. 1215. 2) [-2; +0). 12.16. 2) (—o0; +oo).
12.17. 1) -1<3x <3 2) 0<¥¥x<10. 12.18. 1) 0<¥x<2;

2) 1<¥x<3.1221. 1) 2i 3;3) 0i 1; 5) -3 i -2; 6) -3 i —2.
12.22.2) 11 2; 4) -21i -1; 6) -1 i 0. 12.23. 1) 1; 2; 2) -3; —2; —1;
0; 1. 12.24. 1) -1; 0; 1; 2; 2) 2; 3; 4; 5. 12.25. 2) (=7; 0] U [4; +0).

12.26. 1) (—-0; —2) U (1; +0); 2) (=003 0] U [2; 3). 12.27. 1) ¥5 < /3;

2) 810 < Y343. 12.28. 1) 33 < ¥/4; 2) Y7 < Y23/2. 12.29. 1) 2; 2) 1.
12.30. 1) 0; 2) 1. 12.33. 1200 rpu; Tpeba 3amoBuTu y Gipmu B
30 ckIAHUX TpAMOKYTHHKIB Ha cymy 1200 rpH, Toxi piska Oyae 6e3KOIII-
TOBHOIO, Ta ITfe i 2 cKia saaumurhes. Silol 13.10. 1) 4; 2) Hemae KOpeHiB;
3) 1; —1; 4) 2. 13.11. 1) 5; 2) uHemae KopeHis; 3) 1; —1; 4) 3. 13.12. 1) 1;
2) -8; 64. 13.13. 1) 1; —32; 2) 81. 13.14. 1) —6; 6; 2) —4; 4. 13.15. 1) —T;
7; 2) —5; 5. 13.16. 1) —1; 2) -2. 13.17. 1) -1; 2) 1. 13.18. 1) 52; 2) 15.
13.19. 1) 3; 2) 2. 13.20. 1) 1 + 2/2; 2) 0; —1. 13.21. 1) -1 ++/6; 2) 0; 2.
13.22. 1) 81; 2) 65; 730. 13.23. 1) 256; 2) 0. 13.24. 1) 0; 2; 2) 7,5; 4.
13.25. 1) 9; 2) 8; 6. 13.26. 1) 3; 2) 1; 4; 3) 8; 4) 2. 13.27. 1) 2; 2) 1; 9;
3) 2; 4) 1. 13.28. 2) -2; 0; 1; 3) —3; 2. 13.29. 1) 1; —3; 4) —7' 8
13.30. 2) /2. 13.31. 1) —/5. 13.32. 1) 1; 2) 0,5; 3) _é; 4) E
13.33. 1) 1; -2; 2) -0,5; 3)— 4) 0. 13.34. 3) Armpo a =3, To x > 0;

akimo a # 3, o x =1. 13.35. 2) meo a=-1, o x 2 1; axkmo a # —1,
o x =1. 13.36. 1) -0,5; 2) 1; 3) 1; 4) 4. 13.37. 1) -3; 2) 2; 3) 3;
4) 2. 13.38. 1) fxmo a < -2 a6o -1 < a <1 abo a > 2, To 3 KOpeHi; AKIIO
-2<a<-1a6ol < a < 2, 102 xopeni. 13.39. 1) fAxmo a < -1 abo a > 4,
T0 3 KopeHi; akimo —1 < a < 4, To 2 Kopeni. 13.40. Axio a < 3, To x = 3;
a®-3
a

2
AKINO @ 2 3, TO X = 2+( J 13.41. ko a <4, To x =1; aximo

2

2 _

a>4, 10 x:(“z 8}. 13.42. 2. 13.44. Hajimmxumii — A, HaiiBu-
a

it — B. S 14.7. 1) (-o0; 0] U [10; +0). 14.8. 2) [0; 1] U [4; 5].
14.9. 1) (=0,2; 0,5); 2) (2; +0). 14.10. 1) (0; 3); 2) [3; +°). 14.11. 2

14.12.-1.14.13. 2) [1; 2) U (2; +°0); 3){0; %)u(ﬁl; +00). 14.14. 1) x > 9

2) x > 5; 4) [0; 2] U [4; 20). 14.15. 2) x <1; 3) (003 —7) U [2; +00).

14.16. 1) 0 < x < 4; 4) (—o0; 5] U {—%;4} 14.17. 5. 14.18. 5.

14.19. 0 < x < 9. 14.20. 0 < x < 1. 14.21. 1) [i, 4}; 2) (-o0; —64) U
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U (1; +0). 14.22. 1) E; +ooj; 2) [0; 1). 14.23. 1) (2; 5); 2) [2; +°0).

14.24. 1) [2; 3] U [6; 7]; 2) [0; 1). 14.27. ¢ =-T7; d = 3. 14.28. a = 6;
b=-1,5. 14.29. —1; 3; 4; 5. 14.30. —2; 5; 6. 14.31. 1) {-4} U [-3; +o0);
2) [1;1,25]1U4{2). 14.32. 2) {0,2}U[0,6;1); 8) {-3} U [-2; 4]

2 1 1 5
14.33. 1) (005 1] U [4; +0); 2) (~005 0) U[1; 2 ;3){__; __JU(_; _},
Jul [1; 2] 3 5 752
14.34. 1) [-8; 3]; 3) [-1,5; —1)uU(1; 2]; 4) (—o0; =7] U (—=5; —3] U [2; +0).
14.35. dAxmo a < -1, To posB’sskiB Hemae; gArkmo —-1<a <0, ToO

xe[l-v1l+a;1++1+a]; axmo a>0, ToO xe[—0,5a;1+x/1+a}

14.36. —2; 2. 14.37. —i. 14.38. 1440 oci6. 14.39. 1) x =6, y =2, z2 =1,

2) x=6, y=1, 2=2; 3) x=8, y=3, z=1; 4) x=8, y=1, z=3.
5] 15.20. 1) 16; 2) 0,5; 4) —1475. 15.21. 1) 32; 3) 63,5; 4) 36.
15.22. 1) [0; +0); 2) (0; +0); 3) (2; +©); 4) (—°0; — 2] U [0; + o).
15.23.2) p>0;3)a > -2; 4) 0 < x < 4. 15.24. 1) x8; 2) x7. 15.25. 1) a73;
2) a 11, 15.26. 3) 2; 6) 1,2. 15.27. 1) 1; 5) 0,25; 6) 1,5. 15.28. 1) 271,

4) 0,5a7%3. 15.29. 2) 0,5a; 3) 0,008b3. 15.30. 1) 16 +x; 4) a—1.
11 3 1

15.31. 1) 4a2b2; 2) 9a° + a. 15.32. 2a2; 16. 15.37. 1) x2; 3) a% + bO3;

0,5 1 1 11

6) " . 15.38. 1) m3; 2) —1 ; 6) x5 +2. 15.39. 1) 32 > 53;

2% — 05 5 _ 05

ERRY 1 . EENY 9

2)26>35. 1540. 1) 20 <85 2) 32 <4 5. 1543, D a+15 2) 2
x_

15.44. 1) x+y; 2) L 15.47. -%° . 1,2. 15.52. 20 + 2a. 15.53. 2.

-1 a+b a

15.54. —2. 15.55.150 000 rpu. 15.56. Hi. §il6! 16.18. 2) —1; 3) kopeHis He-
n

mae; 4)+3;5)9;-3;6)1;-2.16.19.1)62; 2)4;4)—1;3.16.20.1) 712 < 7,252,
16.21. 2) 56 <4,86. 16.22. 2) f(-5)> f(-5,1); 4) f(-2,7) > f(2,8).
16.23. 2) g(1,7)<g(1,6); 4) g(7,9)=g(-7,9). 16.26. 1) —1,7; 2) +5.
16.27. 1) 2; -8; 2) £11. 16.28. 16. 16.29. 1. 16.30. 1) 2; 2) 1. 16.31. 1) 1;
2) 2. 16.34. 1) Henapuuwm; 2), 4) mapHuM; 3) BCTAHOBUTU HEMOIKJIU-
Bo. 16.35. 1), 3) Ilapuum; 2) BCTAaHOBUTH HEMOXKJIUBO; 4) HEIapHUM.
16.37. 2520 rpu. 16.38. —1.

Posia 3. §HI 17.21. 1) —310°; 770°; 2) 520° —560°. 17.22. 1) 120°%
2) 290°; 3) 70°; 4) 50°. 17.23. 1) 450° 2) 450°; 630°; 3) 360°; 540°; 720°
4) 540°, 17.24. 1) —90°; 2) 0% 360°. 17.27. 1) 0,75; 4) —4. 17.28. 2) 0,5
4) 2. 17.29. 1) ﬁ;l 2+[ . 3) V8 */— . 4) ~1. 17.30. 1) (2” 2) 1.

17.31. 1) (0; 1); 3)( V2, */—J 17.32. 2) (0; 1); 4)[; */—J 17.33. +;
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2

17.34. 17. 17.35. 1) —-2; 2) 1. 17.36. 1) —2; 2) 1. 17.37. P (a; - b);

B2

o

P, aoo(—a; —b). 17.38. 2) (-1; 0), (1; 0); 3) [ J; 4) (0; -1),

(0; 1). 17.39. 1)[ 2 I] 2) (1; 0), (~1; 0); 3) (1; 0). 17.40. 28 ymaxo-

125 T, 271
BoK. 17.41. ===, §HI8I 18.20. 1)
0 10" 5’

g. 18.22. 4) —2n < 6. 18.23. 2) 21 < 6,3; 3) —n > —3,2. 18.24. 1) 0,75;
4) 0. 18.25. 2) 0,25; 3) 0. 18.26. 2) 2; 23 —2. 18.27. 1) 2; 1,5; 2;
i_l, 1,5; 1. 18.28. 1) [I ‘/—] 4) (0; 1). 18.29. 2) (-1; 0);

[; ‘f} 18.30. 1) 8; 2) 16. 18.31. 1) 0,4; 2) —0,25. 18.32. 1) 0,5;
2) 1. 1833. 1) tg%+ctg2—;<—2; 2) s1n%—cos > ¥4

18.34. 1) tg3+ctg§>2, 2) coszn—s1n4 5. 18.37. 1) (1; 0);

2) (0; -1); 4) (1; 0), (0; 1), (-1; 0), (0; —1). 18.38. 2) (1; 0), (-1; 0).
18.39. 7000 rpm. 18.40. —1. §EE®I 19.20. 1) 0; 2; 4) -3; —2.
19.21. 2) —2; 0; 3) 1; 2. 19.22. 1) Hi; 2) Tax. 19.23. 1) IV; 2) II; 3) III;

4) IV. 19.24. 1) IT; 2) T; 3) IIT; 4) IV. 19.25. 1) _g; 2) 21. 19.26. 1) 4,5;

2) 7. 19.29. 1) [-7; 1]; 4) [1,5; +o0). 19.30. 2) [-1; 9]; 3) [1; 2];
4) [6; +o0). 19.31. 1) Hi napna, Hi HenapHa; 2) HenmapHa; 3), 4) mapHa.
19.32. 1), 4) Ilapua; 2) ui mapua, Hi HenmapHa; 3) HemapHa. 19.33. 1) 0;
4) —3ctgf. 19.34. 2) 2sinx; 3) 2tgx. 19.35. 1) 0< b < 1; 2) b < -1 a6o
b>1.1936.1)-1<a<1;2)1<a<x< 2 19.37.1) I a6o III; 2) IIT a6o IV;
3) I a6o IV; 4) II a6o IV. 19.41. (—o0; —1] U [3; +20). 19.42, (—o0; —4] L
U [2; +20). 19.43. a > 3. 19.44. a > 1. 19.45. (0; 0), (1; 0). 19.46. 12n — 1.
19.47. 12n-1. 1948. -1,25<a<-1. 1949. -0,25<a<0.

19.50. 1) g = %. 19.51. 6000 rpm. 19.52. f(x) = 1. §I20] 20.24. 1) tg o;

2) 2 3 9) — 1 ; 6) cos?X. 20.25. 1) ctgp; 3) —2tgo; 4) — 1 ;
cos x sin 2x 4 sin x
. 1 2

6) sin2 X, 20.28. 1) sin? 2x; 2) 0. 20.29. 2) sinx = ———; cosx = ——.
3 N3 N3

20.30. 1) sinp = 25 cosp = 12. 2031 1) coso = V25 tga - - 20,
3 13 3 5

ctg o = B 082, 2) tgp =2 sinp =2 - 245, cosp = = = V5
2 N N
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20.33. 1) cos3a —sin3a; 2) tg2a. 20.34. 1) sin2B + cos2B; 2) ctg? x.
20.37. 1) 2; 2) 1,5; 3) 4. 20.38. 1) —19; 2) -0,5; 3) 1,325. 20.40. 0.
20.41. 1) —3; 4; 2) ue icayoorb. 20.42. [3; 7]. 20.43. 1) -2tg a; 2) 2tg o.
20.44. 1) -2ctgo; 2) 2ctga. 20.45. 1) cosoa-sinoa; 2) 1.
20.46. 1) —sinoa —coso; 2) 1. 20.47. PiBui mixk co6orw. Brasieka. Pos-
TJISTHBTE PiSHUITI0 BUPAas3iB Ta AOBediTh, 110 BoHA mopiBHioe 0. 20.48. PiB-
Hi Mix coboro (muB. BKasiBxky mo 20.47). 20.49. 3) 0,5392; 6) 1,4 aGo
1

2) 18; 3) 47; 4) 322; 5) l; 6) J5 a6o —/5. 20.52. 1)3;2)4; Yy
3 1 [ S

3) 7; 4) V5 abo —/5. 20.53. 2) Max. 1; 3) mpama y =1

3 «HOOpoXkHiMm» TOukamu Buraany (nk; 1), ke Z. 7] 1 x

20.54. 1) Bigpisor 3 kimmamu (—2; 1) i (2; 1); 2) mapabosa

nk Mau. 1

y=x2 y SAKOI «IOPOKHi» TOUKH 3 abCrucaMu x =

3
keZ. 2055 1. 20.56. 1) 3780 Br. 20.57. x:3,/g—7—c—%.

SI2H 21.15. 1) —2; 2) —/3. 21.16. 1) —1; 2) —1,25. 21.17. 2) 0; 4) 1.
21.18. 1) 1; 3) —1. 21.19. 1) sin2 o; 2) 1; 8) —1; 4) cos? o 21.20. 1) cos? o
2) 0. 21.23. 1) 0,8; 4) 0,6 a6o —0,6. 21.24. 1) —0,6; 2) —0,8.

21.25. cosf = 5,s1nB_E 21.26. sino = 8,cosoc——E 21.29. —E
13 17 17

17
21.30. 1) —g; 2) rymoxkyTtHuii. 21.31. 1) 1; 2) 0; 3) 0; 4) 2. 21.32. 1) 1;
2) 0; 3) 0; 4) 2. 21.33. 1. 21.34. 1. 21.35. 1) 1; 2) 0. 21.36. 1) 1; 2) 0.
21.37. 1) cos?a; 3) 0,5ctg?a. 21.38. 0,5ctg?a. 21.39. 14 mauox.
21.40. p=3. §EE221 22.19. 1) f(t)= 2,5sin(3nt+?%).

22.20. 1) f(¢) = 4sin(4t +%) 22.21. 1), 2), 4) Hi; 3) rak. 22.22. 1) 2x;
nk

4) 4. 22.23. 2) 307; 3) 18. 22.24. 2) g +3nk k€ Z. 22.25. 2) Z
22.26. 1) sin 0,77 > sin 0,87 2) cos2 > cos3. 22.27. 3) tg 0,27 < tg 0, 37;

4)  ctg(-3)>ctg(-2). 22.28. 1) [ 43“ +onk; %*2“'*] keZ.

22.29. 2) %’H 61k < x < L?TM 6nk, keZ. 2232 1) x =% 4 P
nk, [—£+2nk; 3—n+2nk},
4 4

keZ. 2234. 2) 2, axmo x=0 abo x=2m; 4, gKOO X =T.
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22.35. 2) 0, axmo x = 2, axmo x - 5% 22.36. 2) L < x <™ a6o

2 2 3 2
_E+2nk<x —+21‘[k, ke N. 22.37. 1) ZLk x<£+2—k, kEZ;
2 2 3 6 3

2)2,5 < x < mabo2nk < x < m+2nk, ke N. 2242, -2; 2. 22.43. -1; 1.
22.46. 12. 22.47. 15. 22.49. 845 rpu. 22.50. (3; 7), (7; 3).

§I281 23.23. 2) sin o; 3) tg x tg y. 23.24. 1) /3 cosa; 4) ctgy. 23.27. 1) 1;
2)( 23.28. 1) 1; 2)_ 23.29. 1) 4*F+3 9) _ 7;65. 23.30. 1)3+14‘/§;

2) %. 23.31. 1) 0,6; 2) 0,352. 23.32. 1) 0,6; 2) —0,352.
21 23
23.34. 1) —; 2) 1. 23.36. 2L 23.37. 123, 23.38. 0. 23.41. 1) +1;
J§ 220 33
2) +2; 4) —/13; J13. 23.42. 3) [-13; 13]; 4) [-V/10; 10]. 23.45. %‘
1 1
23.46. 135°. 23.49. L. 23.50. . 23.51. 1) -1; 2) 2. 23.52. 1.
J3 V3
23.55. 1; 2; 3; 4. 23.56. —T < b < 13. 23.57. 6. 23.59. tgatep < 1.
23.60. 400 K. §I2 24.26. 1) L =cos(0=32°), gy 1-sina o, o0 24
2 1+sina 25

24.28. 0,96. 24.29. 1) 20052%; 4) 2sin?7°30; 6) 2sin?35°.

24.30. 2) 2cos? %; 3) 2sin210° 5) 2sin? G—gj 24.31. 1) 2; 2) sin 2x.

24.32. 1) cos3a; 2) sin2x. 24.33. 1) g; 4) —1%. 24.34. 2) %; 3) 1%.

24.35. 1) Tak; 2) mi. 24.36. 1) Hi; 2) rax. 24.37. —0,5. 24.38. 1.
24.39. 1) sin2a; 2) 4; 3) 2; 4) tg o 24.40. 1) 2; 2) tg 2x. 24.43. %sin 405

3

. 24.44. ctga. 24.45. 0,84, 24.46. —0,96. 24.47. 1) |sin %; 2) —tg 20.

3o

24.48. 1) -—cos2a; 2) ctg—. 24.49. cosp =-0,28; sinfp =0,96.

24.50. 1) —0,96; 2) 0,936. 24.51. 1) —0,28; 2) 0,936. 24.53. 1) %; 2) V3.

1 7 1 1 1
. 24.56. 1. 24.57. 2. 24.58. —. 24.59. 1) + —; 2) +/7.
J3 9 2 4 J10

5

+ 2. 24.61. 1) i; 2) _%. 24.62. 0,104. 24.63. 0,37.
8

24.64. o =135° [ =45° 24.65. a=75° B =15° 24.66. 1) cosa;
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2) —2cos %. 24.67. 28 rpu. §I28! 25.15. 1) tg50; 2) —ctg 5a. 25.16. 1) —tg o

1 2523 2 V2

sin 2x 2sin 50°sin 5°
Cnouarky moHumsuTu cremiab. 25.35. 1) tg2a; 2) ctgh,ba.
25.36. 1) —ctg 3a; 2) tg4,5a. 25.37. 2) 2. 25.38. 1) 0,5; 2) 2. 25.39. 1) 1;

2) tgba. 25.22. 1) — . 25.24. Bkaasiska.

J3.
8 b
443 . o+B 7 o+ B 9
3) . 4) —05. 2547. sin2 P T . os -9
3 2 J130 2 J130
27 65
25.48. . 25.49. 3. 25.54. 21 480 rpu. 25.55. - 02
7130 63
Posnin 4. SH26! 26.15. 1) 0; 2) ﬁ. 26.16. 1) - L; 2) 3.

\/gy
26.17. 1) B } 2) [-1-42; -1++2] 26.18. 1) [1; 4]; 2) [-1; 0,5].
26.19. 1) Henapua; 2) Hi nmapHa, Hi Henapra. 26.20. 1) Hemapua; 2) ui
mapHa, Hi HemapHa. 26.21. 1) [Z 311 2) { 2). 26.22. 1) [—g;O};

4
5.
3’

2) [o; g} 26.23. 1) 1; 7; 2) 0; 1. 26.24. 1) 0; 1,5; 2) —2; —3.

3) _%. 26.26. 1) 0,96; 4) 5. 26.29. 1) 6 — 2m; 4) %" 26.30. 2) 61— 16;

3)_27". 26.31.1) 1; 2)2. 26.32. 1; 2)2. 26.33. 1)[-2; 1]; 2)[-6; 2) L (3; 8].

26.34. 1) [-0,4;1]; 2) {—1;—1%(%; 5} 26.37. 1) _%, 2) -0,28.

2
36

26.38. 1) 225" 2) 0,28. 26.41. [0; 2n]. 26.42. [r; 3x].

4)2" 5 26.44.2)7;3) " 26.45. 1)1 —1; 2) 0. 26.46. 1) 1; 2) 87 — 25.
2 6 18
n?  5n?
26.47. n(x2 + x +0,5). 26.48. 3) [0; ], 4) { 1 } 26.49. 1) { j
2
2){ i } 26.50. ~158 cm. 26.51. 5, 4 Ta 7 pubanox. SI2H@ 27.7. 2) Ko-

2716
peHiB Hemace; 3) 1; 3; 4) V6. 27.8. 1) — 6+ \/—

2)313)o_§4) -1; 4.

27.9. 1) é; 2) 0. 27.10. 1) -1; 2) 1. 27.11. 1) %; f; 2) 1; f; 3) sin0, 5;

4) % 27.12. 1) g; 2) @; 3) —sin1,5; 4) 1. 27.13. 1) (—o0; 3]; 2) [1; 0).
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27.14. 1) (-o0; -3]; 2) [0; 0,5). 27.15. 1) [-1; 1]; 4) (~oo; ctg 2).

27.16. 2) {_1; %) 3) (—oo;—\/g]. 27.17. 1) [-m; 0]; 2) (2r; 3n).

27.18. 1) [n; 2x]; 2) (—2m; —n). 27.19. 2. 27.20. 2,5. 27.21. 1) J; 2) 1; 3) %,

V3
5

Jg; 2)+V2; 3) -0,6; 4) L. 27.24. 1) 0,5;

J3
2)-1; 3) J; 4) 0; 1. 27.25. 1){ —1- IJ [ 1443, }2)(00tg1),

4) [%’ 1}. 27.26. 2) [cos1; 1]; 3) J; 4) [g, 1:'. 27.27. 1) xmo a =1,

To x e[-1;1]; armo a#1, To x=-sinl. 27.28. 1) fAxmo a =-2,

n—+n2+16

To x €[-1;1]; arimo a # -2, To x =cosl. 27.29. 1) sinf;
2) @. 27.30. 3tg(§(1—ﬁ)). 27.31. 1) 0; —-1; 1; 2) 0,5; 1; 3) £0,5; O.
27.32. 1) +0,5; 0; 2) 0; 0,5; 3) 1. 27.33. 1) (—1; 2), (—1; —2). 27.34. (2; -1),

2 2
(-2; —-1). 27.35. (—? E} 27.36. fAxmio a € (0; t], To X = cOSa; AKIIO

a €[-2mn; 0), TO x = cos%; axkmo a € (—90; — 21) U {0} U (w; + o), TO KO-
periB Hemae. 27.37. fAxmo a € (0; 2n], TO x = cos%; AKINO a € [—g; 0}
TO X = c0S2a; AKIIO g € (—OO; —g) w {0} U (2m; + ©0), TO KOpeHiB HeMae.

27.38. fAxio a < 0, Tol< x<—2i; armo a =0, to x € R; akmo a > 0,
a a

10 —2i<x <1 27.41. 5000 xm/c2. 27.42. (3; -2), (5; 2), (-3; 2),
a a

(-5; —2). §H281 28.11. 1)x¢—§+%k ke Z; 2)x¢+%+2ﬂ:k ke Z;

3t mk

3)x¢§+nk, . 28.12. 1)x¢—§+2nk,k€Z;

2) x # m+6nk, ke Z. 28.13. 1) 75° + 180°k, k € Z; 2) 180° + T20°k, k < Z.
28.14. 1) 50° + 180°k, k € Z; 2) 200° + 360°k, k  Z. 28.15. 1) —§+ nk,

ke Z; 2) 4nk abo —%+4nk, ke Z. 28.16. 1) %, ke Z; 2) 4n + 4nk,

ke Z. 28.17. 1)—+6nk keZ; 2)—3—2 %k ke Z. 28.19. 4) +r + 3nk,
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k1 T Tk nk

ke Z. 28.20. 3) (-1) 5t e ke 4)—+? ke Z. 28.21. 1) nk,

keZ; 3)_+%k keZ; 4)2nk, ke Z. 28.22. 1)—+Tck keZ; 2)—+nk

ke Z; 4) 2nk, ke Z. 28.23. 1) Z+nk, ke Z; 2) 45°+180°, ke Z.
6

TR —T

,keZ.

28.24. 1) —% + 7k, k€ Z; 2)135° +180°k, k € Z. 28.25. 2)

2
28.26. 1) (g+2nkj , k=012 ... 28.27. 1) g; 2) 4_“. 28.28. 1) -2m;

T

2) -2 28.29. 11x 5m nk, 5n, m, Tn

; 2T 2830, 1) ™% r, T
16~ 16 12 27 120 12° 12

28.31.1)-5<a<-42)a=1i-2<a<0.28.32.1)3< b < 4;2)b = -2;
1<b<3.2833.1)J; 3)nk, k € Z; 4)£+nk, ke Z.28.34. 1) T; 2) 2k,

keZ; 4) nk, ke Z. 28.35. 1) —1,5; 1k, ke Z; 2) —0,5; §+nk,keZ

28.36. 1) 1; g-l-nk, keZ; 2) 5; nk, ke Z. 28.37. —n. 28.38. ——

2 2
28.39. %(1 +6n)%, neZ. 28.40. (% + 27m] , neZ. 284l. %’T.

28.42. 7. 28.43. §+ kb ke Z: %+ onm, meZ. 28.44. %’T P

nez —Z+nk, ke Z. 28.45. % 28.46. 4. 28.47. fxmo a<—g

NG

. 1
abo a >1, To KopeHiB Hemae; SKIIO —? <a< E a6o a=1, to 1 Ko-

pPiHB; SAKIIO %< a<1, T0o 2 xopemi. 28.48. fAxmio a<% abo a >1,

V2

. 1 .
TO KOpeHiB HeMae; AKINO — < g < — abo a =1, To 1 KOpiHb; AKIIO
2 2

2

> <a<1l, o 2 xopeni. 28.49. 1) fAxmo a =0, To KOpeHiB HeMmae;

akmo a =0, To x:arctgl+nk, ke Z; 4) akmo a=1, o x # g+nk,
a

ke Z; axkmo a#1, To x:g+nk, ke Z. 28.50. 2) fArmo a=0, To

x € R; akmo a#0, to x=nk, ke Z; 3) axkmo —1<a<1, To Kope-

. 1
HiB HeMae; arkmo a < -1 a6o a >1, To x = +arccos— + 2k, k< Z.
a

28.51. —-7; —13. 28.52. —-3; —21. 28.53. 1) (-1)* arcsinL+nn,
+n+8nk
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neZ, keZ. 28.54. 2) iarccos[—%}+2nm, meZ, iarccos%+ 2nk,

keZ; iarccos% +2nn, neZ. 28.55. —n-— arccos%; arccos — — 2n.
28.56. —1 — arcsin %; arcsin% - 7. 28.57. 1060 IPH.
SEE9l 295 1) ig +2nk, keZ; 2) (<D % +nk, keZ
296. 1) (- % +nk, keZ; @ 2) ig +onk, keZ

29.7. 3) (-Dkarcsin(2-+3)+nk, keZ. 298. 1) 21k, keZ;
4) (-1)karcsin(l—~3)+nk, keZ. 29.10. 1) (_1)k%+ nk, keZ;

V1o -1
3

3) +*arccos

+2nk, keZ. 29.11. 1) (_1)kg+nk, ke Z;

V19 -2

2) +arccos +2nk, ReZ; 4) nk, ke Z. 29.12. 1) +Z | onk,
6
keZ; 3) (—1)"’%+nk, ke Z; —g+2n‘n, neZz 4) i§+2nk, keZ.

29.13. 3) 1%4—271}3, keZ; 4) n+2%k, keZ. 29.14. 2) i§+nk, keZ.

29.15. 1) —£+ﬂ:k, keZ; (‘1)”2‘2””’ neZ; 2) 2nk, keZ;

‘%*2’”” neZ. 29.16. 1) ‘%*2”"“ keZ; 2) 2nk, ke Z; g+znn,

neZ. 29.17. 1) arctg% rah, REZi 4) () Eink keZ.

+
29.18. 2) +arccos 3 _Gﬁ +2nk, keZ; 3) (-1)* % +nk, keZ.

29.19. 2) i% + 1k ke Z. 29.20. 1) ig + 1k ke Z. 29.22. %+ onk, ke Z.

29.23. 9% 29.24. 57 2925 ™. 29.26. ~. 29.27. 2) "4 1k, ke Z;
6 3 12 3 2

£ 2+ 2mn, n € Z. 20.28. 1) i%+ 2rk, k< 2. 20.29. 1) £+ 2, k € Z;
b1 2n i
2)nk,keZ;—Z+nn, neZ.29.30. 3)?+2nk, keZ; 4)§+2ﬂ:k,k€Z.

29.31. 3. 29.32. 3. 29.33. —%+2nk, ke Z. 29.34. 7—;+2Tck, keZ.

29.35. %’t L omk,  keZ.  29.36. _%" +onk,  keZ

O ik ke Z. 29.39. 1)i%+nk,keZ; 2)%#‘_’*,

2

29.38. (-1)#*! arcsin
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nk,keZ;i£+nm,meZ; 2)£+nk,
2 6 4

2
ke Z. 29.41. Ba 8 rox. §80! 30.7. 1) nk, k< Z; (—1)"g+nn, neZz

kEZ;g-H'm,neZ. 29.40. 1)§+

Tm, neZ; 5) nk’ ke Z; nm’ meZ.
3 3 5

2) n+2nk, keZ; (1) +
18

30.8. 1)g+nk, kEZ;i§+2nn, n e Z; 2) 4nk, keZ;i%+ ,neZz

6) %k, ke Z; i%+nk, ke Z. 30.9. 1) —%+Tck, k € Z; —arctg10 + nm,

meZ; 2) £+ nk, keZ; _larctgl+nm, me Z. 30.10. 1) —E-t—nk,
16 4 4 6 6 4
keZ; —arctgl+n‘m, meZ; 2) Xy nk, keZ; —larctg3+ T m e Z.
6 8 2 2 2

80.12. 1) (<" "+ 4k, ke Z; 2) Ty onk, ke Z. 3013, 2) 4 TE
4 4 6 14 7

keZ; 4) + 51 2™ pez ™ ez 5y 2nk, keZ; 8) -~ hez;
9 3 2 8 2

T 07,8004 1) Bk ke Zs ) hez; 5 T T kez;
12" 3 2 2 4 2

l(—1)”‘&11'csin§+n-n, ke Z; 10) nk, ke Z; Tcm, meZ. 30.15. —3—ﬂ.
2 4 2 2 5 8

30.16. %’T. 30.17. 2) arctg(1++2)+nk, ke Z; 4) g+ ok, ke

—2arctg% +2nm, m e Z. 30.18. 1) EJF nk, ke Z; arctg3 +nm, m e Z;

4) 2k, keZs 2arctgg+2nm, meZ. 30.19. 1) gﬂgk, ke Z;

n+2nn, neZ; 4) nk, ke Z; ‘%*H)"%*’m’ neZ. 30.20. 1) nk,

keZy (-1 ™ nezy 4y Dok, kez; Doy Zian, nez.
6 2 2 4 6

30.21. -5<a<5. 30.22. -13<b<13. 30.23. 1) _4_7;+ Tf, keZ;

ST on, neZ 3024 2) iR peze T i nez

12 16 4 12

30.25. 2) %+%, neZz (—1)’”-%arcsin 17—1+TC;77., m e Z; 5) nk,

keZ;+Z 4 2nn, n e Z. 30.26. 1)£+ﬁ,kez;£+nm,meZ; T,
4 6 3 2 4

ke Z; (—1)n+1%+nn, neZ. 30.21. %. 30.28. %. 30.29. 2) nk, ke Z;

arctg2+mn, neZ. 30.30. 1) —§+nk, keZ; arctg%-l-nzn, neZz;
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2) 74wk k2. 3031wk, k€ Z5 o+ 2nm, m e Z. 30.32. s wh, ke Z;

n+2tn, neZ. 30.33. - "; 0. 30.34. 2%, _T 3035 _T _ ",
24 9’ 6 4 12
X 8036 - - T 30.37. 2) n+4nk, keZ; 4) x =1k, ke Z;
4 £ 6 6 4
y="" mez; 2:_%+2g”, neZ. 30.38. 1) 8mn, neZ; 8) x = mn,
nez;y-Ty 2k  VB-1 5049, ¥3 -1
6 3 2 2
10 T T
4603 < a < 3,5 30.42. g < — 0 460 -3 <a < 2. 30.43. . 30.44. .
3 18 12

30.45. +1; 0. 30.46. 0; 1; 2. 30.47. 1 no6a 1 rox 13 xB. 30.48. x < y < 2.

SES® 318. 1) {g+2nk;2n+2nk}, keZ; 2) (—n+nk;—§+nk),
kEeZ. 31.9. 1) (2nk;%+2nkj, keZ; 2) [—%+nk;§+nk} keZ.

31.11. Hi. 31.12. 1)(i k. o ”kj ke Z; 3) "_k TR kez.
24 2° 24 2 8 4

3n

2+2nkj ke Z; 4)[ " Bk m Tk

—} keZ.

31.13. 2)[ + 2nk;
24 424 4

31.14. 1) Tionk cEionk|o| i onk Ty onk|, kez.
4 6 6 4

31.15. 2) {—% + 2ntk; — arccosg + 2nkj (arccosg + 27tk; 5% + 21‘Ck}

ke Z. 31.17. 2) { + mk; 56n + nk}, ke Z. 31.18. 1) (g + 2nk; T+ ZRkJ,

ke Z 2)[Zn+2nk;%+2nk} ke Z.31.19. 1)[ + 27k; %+2nk}

5n

kez: 2 [T vonk O 1 onk )| kez 3120 1){ + onk; 2T +2nk}
4 4 3 3

ke Z; 2) [nk; g+nkju(%+nk; n+nk} keZ.
n b8
31.21. 1) —?+2nk E+2nk ke Z; 2) nik; Z+ nk|, keZ.

31.22. 1) [3+nk 2+nkj keZ. 31.23. 2) (2nk; n+2nk], ke Z.

31.24. 4) Ik | Ol E ok Tk, keZ.
3 3 2
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31.25. 1) [—g + 2k g+ 2nk} keZ; 2) [2nk; %+ 2nk} keZ.

31.26. 1) )Rl | B TR 30 R ey [T ke Bk ) e 2
27187278 2 3 3
4) (§+nk; %Tn+nkj, ke Z. 31.28. 2) {n+2nk} U [Zrck; g+2nk} U

U [3?“+2nk; 2n+2nk} keZ. 31.29. a<-2-6 a6o a>+/2.

31.30. a < -2 -+/2 a6o a > 2. 31.31. 660 rpH. 31.32. Ilepmuii rpaBeIs.
Posmin 5. §i82] 32.11. 1) 4; 2) 0. 32.12. 1) 0; 2) 3. 32.13. 1) 0,5;
2) -1; 3) —4; 4) 0. 32.14. 1) —0,5; 2) —-1; 3) —3; 4) 0. 32.15. 0,2.
32.16. 0,5. 32.17. 1) 0,25; 2) 4. 32.18. 1) 1; 2) 0,25. 32.19. 1) 0; 2) 0,25.
32.20. 1) 0; 2) -0,5. 32.21. % 32.22. % 32.23. 6 mic. §I88] 33.19. 1) oo;

2) co. 33.20. 1) co; 2) co. 33.21. 1) 12; 4) 1. 33.22. 2) 48; 3) 85.
33.23. 2) 2; 3) 3. 33.24. 1) -5; 4) 2. 33.27. 1) —4,5; 2) 0,5. 33.28. 1) 1,6;

2) 1,5. 33.29. 0,25. 33.30. é 33.31. 1) co; 2) oo, 33.32. 1) o0; 2) oo,

33.33. 30 rpu. 33.34. 3; 8. §E84 34.11. 1) 2Ax; 2) 1. 34.12. 1) -3Ax;
2) -1,5. 34.13. 1) 5; 2) —4. 34.14. 1) —9; 5. 34.15. Af(x,) < Ag(xy).

34.16. 1) 3x2 = %% 0; 3. 34.17. 2) L:é; 16. 34.18. 2x > 3x%

2Jx
0<x< 2 34.20. g’(ij<g'(%). 34.21. 1) -2; 2) 0,25. 34.22. 1) 0;

2) 0,25. 34.23. 2) g'(x) = 3 + 2x. 34.24. 1) ['(x) = 2. 34.25. 2x + 322
5> 0 x<—1§ a6 x > 1. 34.26. [2x| = x% 0; 2; —2. 34.27. Tax;

(1) = 2. 34.28. £(2) = 4. 34.29. 1,2 c. §I88 35.13. —0,25. 35.14. —0,25.
35.15. 3 c. 35.16. 4 c. 35.17. f/(x,) = 0; f/(x,) = —/3. 35.18. f(x,) = /3;

flx,) = 0. 35.19. 2. 35.20. £3. 35.21. ; c. 35.22. % 35.23. %.
35.24. 1) —4; —1; 3; 2) f'(1) < f'(5). 35.25. 1) —3; 1; 3; 2) g'(2) < g'(0).
35.26. y - %x+ 15 85.27. y = —2x — 1. 35.28. 1) y = —x — 2; 3) 2 o’
35.29. 1) y = 3x + 2; 3) g or2. 35.30. (~0,5; —2). 35.31. Ha 709 rpm, Ha
450 rpn. §IBB1 36.25. 1) 7wk, < Z3 2) 3. 86.26. 1) T+ k. k € Z; 2) 4.

36.27. x > —2. 36.28. x < 5. 36.31. 18. 36.32. 10. 36.39. 1) -3; —1;
2) +0,5. 36.40. 1) —1; 5; 2) i%. 36.41. 1) 5 c; 2) 2 c. 36.42. 1) 7 c;
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2) 4 c. 36.43. (2; 5). 36.44. (-3; —15). 36.45. +%+2n‘k, E e Z.

36.46. (1) %-}-ﬂ:k, ke Z. 36.48. 1; _g. 36.49. 1; ~2. 36.50. y = —2x + 4.

36.51. y = 2x — 3. 36.53. (_1)k+1§+ nk, k € Z. 36.54. ¢§+ 2nk, k € Z.

36.55. *. 36.56. - 5. 36.57. y = 31 — 5x. 36.58. y = 6x — T.
25 25

36.61. arccosZ. 36.62. I o< 7z 3663 “.TE L o< oz
b8 4 2 4 2
5%9 131 T 5%
36.64. ?+2nk; T+2nk ,k c Z. 36.65. §+2nk; ?+2nk ke Z.

36.66. y = —x/@. 36.67. (—10,75; 4,75). 36.68. (5,5; 3,5). 36.69. (0; 47);

(0; 11), (—%7; Oj, (—1?1; 0). 36.70. (0; —-2), (0; 14), (0,5; 0), (—3,5; 0).

36.71. y=2x+1. 36.72. y=x-0,25. 36.73. 8. 36.74. 6. 36.76. Hi.
35x5 8x +4

37.13. 2) 12x2(x3 +5)3; 4) ———— . 37.14. 3) ——— |

§ 7. ) 12228 55 ) R e

sin x

2\/cos x
; 2) —5cos? xsin x. 37.19. 1) 4; 2) 1. 37.20. 1) 6; 2) —5.

37.15. 0; 4; 2. 37.16. 0; —6; —3. 37.17. 1) — ; 2) 3sin? xcos x.

cos X
2+/sin x
V3 o1 1 n

37.21. l)y :?4.535; Z)y:—Ex-J-E. 37.22. l)y = —x+§x; Z)y :ix.

37.23. 1) y':écosg; 2) y =-TsinTx. 37.24. 1) yr:_%smf;

2
ke oz,
2

37.18. 1)

2) y = 10cos10x. 37.25. x :%+ ’;k, ke Z. 37.26. x = ‘%*

37.27. y=8x —1.37.28. y =1 — 4x. 37.29. 1) 30°; 2) 45°. 37.30. 1) 60°;
2) 45°. 3731. n + 2nn, n € Z; J_r§+2nk, k e Z. 31.32. nk, k € Z.

3733. y = 2x — 1. 37.34. y = 3x — 5. 37.35. 1. 37.36. 0,25.

3 _ Qi _
37.37.2) 20¢t8°Gx ~2) g0 ) ~SIN2X -1 g7 99 Tax. 37.42. 15.
sin2(5x — 2) 2Jcos2 x — x

37.43. 5; 13. §WS8l 38.13. 1) i%+2nk, ke z 2) x, = L

x,=3.38.14. 1) (—1)’*’%+ nk, Bk € Z; 2) 1; —3. 38.19. 1) 1; —3; —1; 2) He-
Mae KputTuyHux Touok. 38.20. 1) —-2; 4; 1; 2) 2. 38.21. 3) spocrae Ha

[0; 1], ctagae ma [1; +o0). 38.22. 4) 3pocTae Ha {—g+2nk; %+2nk},
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k e Z; cuagae Ha {6 + 27k; %+2nk} k e Z. 38.23. 1) 0; 2) [-2; 2].

38.24. [-4;4]. 38.27. 1) Hi; 2) rmax. 38.28. 1) Hi; 2) max.
38.30. 1) J_r% ok, ke Z; 2) "2_"", ke Z; (-1 % +7n, neZ. 38.31. 2) 1k,

NG

ke Z; E+ﬂ, neZ. 38.33. larcsing; E—larcsing. 3834.0 < -1-—
6 3 2 3 2 2 3 2

abo a >+1,5. 38.35. b<-3- V3 a6o b>+/3-1. 38.36. 180 TOf,.
§89! 39.11. 3) x,, = —1; x,, = 1; 4) x,, = 4. 39.12. 1) Hemae T0o40K

max

excrpemymy; 2) x,.. = —6; x ;. = 6. 39.15. «x_.. :é. 39.16. x . =1

39.17. x, - g+ 2nk; X, = —£+2nk, keZ 3918. x = %+2nk;

x :%’Hznk, ke Z 3919. 1) x,, = —3; y,. = —162; x__ = 3;

Ynae = Y(3) = 162. 39.20. 2) x,. = -2; y,.. = 1. 39.21. [-2; 2].

39.22. [-1; 1]. 39.23. 5 TOUOK eKCTpeMyMy, 3 TOUKKM MiHIMyMy, 2 TOUKH
mMaxkcumMmymy. 39.24. 3 TOUKH eKcTpeMyMy, 1 TouKa MaKCUMyMy, 2 TOUKU

vimimymy.  39.25. 2n+4nn, neZ. 39.26. §+ nk, keZ.

39.27. 2 =2 1o csin 5  kez 3928 % - g—%arcsin§+ ks

5
3 \/% ’ max

EeZ. 39.29. 1,25 wm. 39.30. (2;g+nk], (-2; nk), keZ.

§40! 10.7. 2) Ogumn. 40.8. 2) Tpu. 40.9. 1) Maxn. 2; 2) [-5; 3].
40.10. 2) [-6; 3]. 40.13. 2) (-oc; 1]. 40.14. 2) [-4; +o°].

40.15. 2) g = - 16[ . 40.16. 2) a > 0,644/, y
3

40.17. 2) ﬂmuo a < -1 a6o a > 7, To Kope-

HiB Hemae; AKmo a = -1, a =0 abo a =7, To

1 xopinp; axkmo -1 <a<0abo0<a <7 - -3 0/1 5. x

2 xopemi. 40.18. 1) {_i +ooj 9) mi. \/
s

40.19. 2) [-32; +); 3) a = -12.

40 20. 300 rp. 40.21. P(x) = a(x3 - x), Maur. 2
- nesKe YHCJIIO.

- 417 8 + 8. 41.8. 5 + 5. 41.9. 1) m1ng(x) g(-2)=-4;

max g(x)=g(0)=0; 3) [1_1}}131] gx)=g(-1)=4; [_mlagil g(x) = g(3) = 68.
41.10. 4) [{T{.if;] f(x) =1(2)=7(-1) = 0; max f(x)=70)=7(3) =4

A1.11. min x(t) = x(2) = 2 (M); max x(t) = x(4) = 9> (). 41.12. min s(t) =
[0; 4] 3 [0; 4] 3 [0; 3]
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=s(1) = 1 (m); max s(t) = s(3) =11 (m). 41.13. max f(x) = f(-1,5) = 7,25;
3 [0; 3] [-2; 2]

min f(x)=f1)=f(2)=1. 41.14. max g(x) =g(-1)=-1; min g(x) =

[-2; 2] [-3; 3] [-3; 3]

NG

= g(2,5) = -13,25. 41.15. 1) 1+§; 2) 1- 1. 41.16. 1) =; 2) -1—775.

41.17. 18 + 6. 41.18. 12 + 6. 41.19. Ksagpar 3i croponooo 40 .
41.20. O6upBa xatretu mo 6 cm. 41.21. 1) minf(x) = f(3) =10;
[2; 4]

max f(x) = f(2) = 11. 41.22. 2) min g(x)=g(1) = -2; max g(x)=g(4) = 2.
[2; 4] [0; 4] [0; 4]
41.23. minv(t) =v(3)=27 (m/c), max v(t) = v(6) = 36 (M/c).
[3; 8] [3; 8]
41.24. minv(t) = v(3) = -9 (w/0), maxv(t) = v(1) = 3 (w/0). 41.27. 1) 21;
H [0; 3]

2) —-38. 41.28. 1) 105; 2) -52. 41.29. {m%x}f(x)>2,5.
0;—“
4

41.30. ma3x f(x) > 5. 41.31. (0,5; 0,5). 41.32. (1; —0,5). 41.33. 10 cm.
vy
41.34. Cropona ocHoBu — 2 M, Bucora — 1 M. 41.35. CTOpoHM OCHOBU —
4 om i 2 gm; o6’em — 32 am3. 41.36. CropoHa ocHOBH — 2 1AM, OiuHe
pedbpo — 1 am, mepumerp OGiumoi rpami — 6 mm. 41.37. AP =4 KwMm.
41.40. [1,5; 4]. 41.41. [1,5; 4]. 41.42. 1,5. 41.43. 0,8. 41.45. 1.
41.46. 8 mox. 41.47. 20 obeprin. §I2I 42.1. 1) 1; 2) 0. 42.2. 1) 0; 2) 1.
42.5. 1) 4; 2) —-1; 1; 3) 1; 4) 2; —2. 42.6. 1) 4; 2) 0; 3) 1; 4) 1; —1.
42.7. (2; 2). 42.8. (1; 1), (-2; —2). 42.9. (—o0; 1]. 42.10. (0; +0).
42.13. 438 rpu. 42.14. -3; 1. Brkasieka. 3amima: t=x+1.
§E8! 43.3. 1) x = —2; 2) me icuye. 43.4. 1) He icmye; 2) x = 4.
43.5. 1) y=-1;2)y=4x — 7; 3) y = x + 2; 4) ue icuye. 43.6. 1) y = —1;
2)y=2x+9;3)y=x —1; 4) e icaye. 43.9. 1) x = -5; y =4; 2) x = 2;
y = 2x + 4. 43.10. 1) x = 4; y = 4; 2) x = 1; y = 3x + 3.
2cosx 30 2sinx 132

A 44.7. 1 ;2 . 8.1 ) 2) ———

) sind x Bx+1)3 ) cosd x (6x +1)3
44.9. 1) Ha (—©o°; —1] — onykauii Bropy; Ha [—1; +00) — OonmyKJIuUii BHUB;
(-=1; —5) — Tourka meperuny. 44.10. 2) Ha [0; ©] — omykauii Bropy; Ha
[7; 2r] — omykaumit BHU3; (n; 0) — Touxka meperuny. 44.18. 84 yumi.

44.19.1;1 + /2. Brasiexa. Posrasabre BexTOpH d(x; 1)ib(1 + x5 /3 — x)

Ta BUKOPUCTaMTE TOM (PaKT, 1110 d - b < |d||b|.
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IMPEOIMETHUI ITIOKAKYNK

Anrebpaiune piBHAHHSA N-TO CTe-
neHda 68

Awmmutityna KonuBaub 218
AprymenTt @pyukii 13
ApudmMeTnuHU KOPiHBb 11-TO CTe-
nens 87

Apudmeruunuit KyoiuHUN KO-
piab 87

Apxrkocuryc 259

Apkkoranrenc 262

Apxcunyc 257

Apxkranrenc 261

Acumnrora 413

— BepTuKajbHa 413

— ropusoHTaJbHa 414

— moxwuya 414

Big’emunii kyT nmosopory 165
Binbunuii unen aaredbpaiuHoro
piBHSHHS 68

— — MHOrouJeHa 63

Bunecennsa MHOMKHUKA 3-TIi1 3HA-
Ka xopena 103

BiactuBocTi Kopens n-ro creme-
Ha 95-99

— 00epHEHUX TPUTOHOMETPUUHUX
dyuKIii 264

— OCHOBHUX BUIIB (QyHKIiiT 35

— creneHeBoi QyHKILii 86

— CTeleHs 3 pallioHaJbHUM ITOKas-
HuUKOM 142, 143

— TPUTOHOMETPUUHUX (PYHK-

it 213

BueceHHA MHOMKHUKA IIiJ 3HAK
Kopeusa 104

Bryrpimaa gyukmis 367
Tapmoniuni KonuBamusa 218
T'eomerpuunuii 3mict moxin-

HOI 351

T'panuna ¢pyaknii B Touri 335

— YyncJIoBOl mociimoBHOCTL 327

— (yukIii Ha HeckinuenHocTi 330
T'pagix dpyurmii 32

- —y=cosx 211
- —y=ctgx 212
— —y=sinx 210
- —y=tgx 212

T'padiunnit cmoci6 3aganua GYHK-
mii 16

HudepennioBanasa GyHKIii 343
IinenHss MHOTOUJIeHIB 64

— — 3 ocrauero 65

HomaTHuii KyT moBopory 165
HocraTHA yMOBaA iCHYBaHHS eKcC-
Tpemymy 385

Horuuna mo rpadika pyaKIii 351
Hpyra noxigua pyuKii 417
Excrpemymu ¢pysKIii 383
EnemeHnTt MHOKUHU T

3aMiHa 3MiHHOI y TPUTOHOMETPUY-
HUX piBHAHHAX 295

3Benene anrebpaiune piBHAHHS 69
3HaKU TPUTOHOMETPUUYHUX (PYHK-
i mo uBepTaAx 184

3pocranua QyHKIII 24

Iurepsan 7

Ippamionansui HepiBHOCTI 131

— piBHAHHA 118

— yncyaa 6

KoedimienTu anrebpaiuuoro pis-
HSHHS N-TO cTeneHsa 68

Kopiup mHOrOouwIeHa 64

Kopinb (po3B’sa30K) piBHAHHA 44
Kopiab n-ro cremens 86
Kocunyc xyra 166, 167
Kocunycoiga 211

Koraurenc kyra 166, 167
Koraurencoiga 213

Kpuruuni rouku Gpyuriii 375
Kyrt nmoBopory 164

KyroBuii xoedimienr goruu-

HOi 351

JlokanpHuii excrpemym 383
Makcumym ¢yukii 383

Meron momomiskuOro Kyra 227

— iuTepBaiiB 55

— MaTeMaTU4YHOI iHAyKIil 74
MuwurreBa mBugKicTs pyxy 350
Mimimym pyurmii 383
Muorounes 63

Muosxuna 7

— ckinuenHa 7

— HecKiHueHHa 7

Muosxuna 3HaYeHb QPyHKIIT 14

— — TPUTOHOMETPUYHUX QYHKIIiH
182, 184

MonoTorHiCTh QyHKIIT 24
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Haii6inbire snauenna GyHKIi 27
Hatimennrte sHaueHHs QyHKILI 27
Hatimernmuit nogaTHuil mepion
TpuroHoMmerpuuHoi pyukrii 210,
215

Haiinpocrinti Tpuronomerpuuni
HepiBHOCTi 315

— — piBHAHHA 281

Hepisuicts 54

— 3 mapamerpom 59
HeckinuenHa rpanunsa QyHK-

mii 337

Hyuni dyskimii 23

ObepHena Qpynkiia 38

O0GepHEHI TPUTOHOMETPUYHI PYyHK-
il 256

O06’emHAHHA MHOMKIUH 8

O6s1acTh BUBHAUEHHS TPUTOHOME-
TpuuHUX QyHKIiA 181

— — Qyukmii 13

— pomyctuMux 3HaueHb (O13)
piBHsHHS 47

— — — HepiBHOCTi 56

Opunnune Koo 167

Opuopinui piBHauaa 305
OsHaka 3pOCTaHHS, CIIaTaHHS
dyuKIii 375

— cTtaJyiocTi QyHKII 374

Oxkin Touxku 383

OcHOBHa TPUTOHOMETPUYHA TO-
TOXKHiCTH 192

OcHOBHI CIiBBifHOIIIEHHS MiX
TPUTOHOMETPUYHUMU DYHKIIAMU
OIHOTO If TOTO CAMOT'0 apryMeH-
Ty 192-195

Ilepepis mHOKUH 8

ITepiox rapmoHiuHUX KOJIT-

BaHb 218

IlepiogruHicTh TPUTOHOMETPWU-
Hux QyHuKIii 186

— ¢ynkuiin 209

ITigmuoxuua 7

ITo6ynoBa rpadikiB GyHKIiIH 3a
JIIOIIOMOTOIO IIepeTBopeHs 34, 36
IToxasuuk Kopeusa 87

IToposkua muoxMUHA T

IToxigma HayimpocTimux QyHK-
it 344

— ckJyagmeHoi GyHKIii 368

— crermeHeBol GyHKII 359
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— ¢ynkii B Touni 343

— — y = sinx 360
— — y = cosx 360
- —y=tgx 361
- —y =ctgx 361

ITouarxoBa (pasa xoauBaub 218
ITouaTkoBuit pagiyc 164
IIpaBuna nudepenmioBanasa 357,
358

IIpaBuso misa opmMyJ 3BEIEH-
Ha 202

IIpupict aprymenty 342

— dyHKIii 343

ITpomiskKu 3HaKOCTaJNIOCTI (DYHK-
mii 23

— 3pocTaHHA QYHKIII 24

— MOHOTOHHOCTI QYyHKIiI 24

— cnagauHsa QYHKIIT 24
IIporunesxui yucna 6

Panmianna mipa Kyra 174
Pagurkan 87

PiBHOCHJIBHI TTepEeTBOPEHHA PiB-
HAHB 45

— — HepiBHOCTEH 55

PiBuanua moruunoi 352

—cost = a 281
—ctgt =a 285
— sint = a 283
- tgt=a 285
—x"=a 89

- x*=m 156
-Yx=a118

- {f(x) = Ye(x) 119
- {f(x) = g(x) 120

— 3 mapameTpom 48

— piBHOCuUJIBHI 45
PiBuanua-macaigku 46
PosB’asku HepiBHOCTiI 54
Cepenusa mBUAKiCTE pyxy 349
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BJITACTUBOCTI APUOMETUYHOIO KOPEHA n-rO CTEMEHA
SfIkmo a = 0, To ('\‘/;)” =a.

a, SKIo N — HeIlapHe.
Slxmo ab > 0, 1o Yab = gfla| - 2fb].
W
ot
dxmo a > 0, to ¥%a = */a. mpfgmk - Bgk

fAxmo k — mime uucimo, a > 0, To ((‘/E)k =Yak.

, AKIIIO N1 — IIapPHe,;

a
HKH.IOGb)O,biO,TO'\I/%:

BNACTUBOCTI CTEMNEHA 3 PALULIOHATNTBHUAM MOKA3HUKOM
Axmo a > 0, b > 0, p i ¢ — panionasbHi yncia, TO:

aP -al = gPt? (ab)? = aPbP a P =

b iat - apa aY _af ay”_(bY
ar ca?t =a b bp b a
(aP)? = aPt

3HAYEHHA TPUTOHOMETPUYHUX ®YHKUIN OEAKUX KYTIB

ol Z|Z|Z| 2| 2n | 3n | 5n 3t |,
a 6 |4(3|2| 3 | 4 6 | " | 2 |“"
0° [30°]45°[60°|90°| 120° | 135° | 150° [180°|270°|360°
1
sina| O | = ﬁﬁ 1 ﬁ Q l 0 -1 0
21212 2 2 2
1 1
cosa| 1 @ ﬁ — 0 -— —Q —ﬁ -1 0 1
212 2 2 2
1 1
tga | 0 3 1|3 - | B3] -1 N o -1]o0
1 1
ctea) - 13| LIg| 0T LB - |0 -

OCHOBHI CNnIBBIAHOWEHHA MDK TPUTOHOMETPUYHUMMW
OYHKUIAMU OOAHOIO U TOro CAMOIro APr'YMEHTY

sin2 o +cos?2a =1 tgazsma 1+tg2a= 12
cosa cos? a,
tgactga =1 ctgazc?sa 1+ctg2a= .1
sin a sin2 a
TPATOHOMETPUYHI ®OPMYII OOOABAHHA
sin(a + B) = sinacosP + cosasin 3
sin(a — pB) = sinacosP — cosasinf
cos(a + ) = cosacosfP —sinasinf3
cos(a — ) = cosacosP + sinasin 3
tga+t ctgactgp -1
tg(o+p) = XD gy - SECED L
1-tgatgP ctga +ctgp
tga—-t ctgactgp +1
ta(a—p) = 2P gy - HEacteP L
1+tgatgp ctgp —ctga
®OPMYJIU NOABIAHOIO KYTA
sin 2o = 2sin a.cos a
cos2a = cos?a —sin?a = 2cos2a—-1=1-2sin? a
tg 20 = _2tga
1-tg2a
POPMYIIN NOHUXEHHA CTENEHA
9 1-cos2a 9 1+ cos2a 2 1-cos2a
sin“c o = —m cos¢4 o = ——m8M8M— tg o=—"
2 2 1+ cos2a

®OPMYIIK CYMMU | PI3HWULI O,D,HOﬂMEHHMX
TPUTOHOMETPUYHUX dYHKLUIN
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oa—f o+p
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cos
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oa+p oa—f
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cos
2
o

—B
2

sina + sinP = 2sin

sina —sinp = 2sin

cosa + cosP = 2cos

+B

.o .
coso —cosf = —2s1nTs1n




3HAYEHHA OBEPHEHUX TPUTOHOMETPUYHUX OYHKLIN

TABNUUA NOXIAHUX

C'=0 x =1 (x2) = 2x
(x3) = 3x2 (x") =nx",neZ
1y 1 1
= =-= (xy = —=
(xj x2? 2Jx
(sinx)’ = cosx (cosx) = —sinx
1
(tgxy = —— (ctgx) = ——
cos? x sin? x

1 1
o |1 | ¥ N2 L) gl 1iV2Bg
2 2 2 2 2 2
. _ryp_r)_r | _T r i E i
arcsin o D) 3 1 6 0 6 4 3 2
St | 8m | 2n ) m | mop T T
arccoso | w 6 2 3 B 3 4 6
J31 31
o -Jy8!| -1 |——=-—7| 0 | —=— 1 3
J3 3= % 3 -3 V3
oo | E | T _r ™ | o=
arctea | T3 | 73 6 0 6 4| 3
arcctg o Sm | 3m 2n T T r r
g% & | 3 3 2 3 4| 6
HAWUMNPOCTIWE TPUTOHOMETPUYHI PIBHSAHHSA
sint = a
la| > 1 ol <1
a=+0;a==*1 a=0 a=1 a=-1
T b
D |t =(-1farcsina + 1k, |t = 1k, t=§+275k, t=—§+2nk,
keZ keZz keZ keZ
cost =a
|a|>1 |a| <1
a+0;a=+1 a=0 a=1 a=-1
%) t = xarccosa + 2nk, t=g+nk, t=2nk, | t = n+ 27k,
keZ bLeZ keZ keZ
tgt=a

t =arctga+nk, ke Z

ctgt=a

t =arcctga+nk, ke Z

NMPABUNA OU®EPEHLUIKOBAHHA
(utv)y=uzv
(uv) =u'v+vu

(Cu) = Cu', C — crana

’
u)  uv-uv
v v2

PIBHAHHSA JOTUYHOI
[0 FTPA®IKA ®YHKLII y = f(x) Y TOUL A(xy; f(x,))

y= f(x()) + f/(xo)(x - x())

NMPOMDKKU MOHOTOHHOCTI ®YHKLII
Axmo f'(x) > 0 B KoXKHIN Touli mpoMiKKYy (a; b), To QyHKIIiA
y = f(x) spocrae Ha (a; b).
Axmo f'(x) < 0 B KOKHINA TOUni mpoMixkkry (a; b), To GQyHKIiA
y = f(x) cuazae =Ha (a; b).

TOYKU EKCTPEMYMY

Jkmo B TOUNi X, IOXifHA 3MIHHIOE 3HAK 3 «+» Ha «—»
(pyxawounuch y HapaAMi 3pOCTaHHSA X), TO X, — TOYKA MAKCUMyMY,
a AKINO 3 «—» Ha «+», TO X, — TOUYKa MiHiMyMy.

+ Y - - -
I N x, T ox

max min





